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PREFACE. 


This book is devoted to the intrinsic geometry ot configurations 
postulated in abstract space. Generally, the space is supposed 
to be of four dimensions : there are, however, three sections dealing 
with configurations in multiple space of an unspecific number of 
dimensions. The treatment is analytical. Throughout, there is a 
preferential selection of processes which, actually used for space of 
four dimensions, can be formally extended for use in any multiple 
space. 

The completely comprehensive amplitude, whether the number 
of its dimensions be four or be any greater integer, is supposed 
to be uncurved : that is to say, there is the assumption that, along 
every direction through every point, a straight line can be drawn 
which lies wholly within the amplitude however far the course of 
the line be continued in either sense. An equivalent description is 
provided by the characteristic property that all the geodesics of 
the amplitude itself shall be straight lines. 

Such a space is a purely mathematical conception, as strictly 
ideal as are the self-consistent mathematical conceptions of the 
planar space and the solid space assumed in the axioms of Euclid, 
as strictly ideal also as are the equally self-consistent mathematical 
conceptions of the elliptic and the hyperbolic triple spaces for which 
the Euclidean axiom of parallels is waived. Mathematically, there 
is no impassable bar against adventure into spaces of more than 
the three dimensions of experience ; nor is there any requirement 
that the spaces shall be absolutely uncurved or be specially curved. 
The main difficulties consist, of the calculations needed to construct 
the analytical expression of properties of the configurations, and of 
geometrical interpretation to be given to novel analytical results. 
A useful guide to the latter is constituted by the geodesics of the 
respective configurations of the various types. 

The restriction to quadruple space, here adopted, is imposed, 
from a desire to consider, with reasonable fullness, the fundamental 
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possibilities which present themselves in the earliest extension of 
the number of dimensions beyond the three that are characteristic 
of average experience. 

Within that experience, there is a sufficiently clear perception 
that (what in common parlance is called) ordinary space is a space 
of three dimensions. Wlien specific description is desired, the 
dimensions are often described as length, breadth, height : also, to 
use another set of indicative terms, as right-and-left, backwards- 
and-forwards, up-and-down. Measurements in these three directions 
(but not solely in this group of three directions) are independent of 
one another, in the sense that no selected two of the three measures 
can be combined to provide the remaining unselected measure. 
Further, the three directions in unrestricted combinations suffice 
for the expression of all analogous measurements. 

Contemplative minds often attain intellectual satisfaction when 
they discern correspondences, between their observations of ai 
external world which they call real, and the results of logical 
theory which they call abstract in relation to such observations. 
An occasional tendency to intercha^nge the real and the abstract in 
such correspondences, as though they are equivalent, can interfere 
with strictness of argument, can even prove obnoxious to lucidity 
of the statements in which reasoned thought is expressed. One 
consequence is not rare : confusion is caused in the presentation 
of a new theory, launched in the name of science. An obvious 
illustration is provided by the notion of a fourth dimension. The 
notion was propounded by the matheiiiaticians : the added dimension, 
which they have incorporated in an abstract geometry, is coordinate 
in quality and in possibilities with the three dimensions firm i liar 
already in conceptions of triple space. The fourth dimension has 
been appropriated by some physicists, for what is called a 'natural’ 
geometry, without any requirement as to coordination in quality 
and in possibilities with the three dimensions familiar to experience. 
Then an external interest becomes aroused in a section of the 
unmathematical and unphysical public which, moved by new 
scientific generalities, can be titillated by a phrase or be attracted 
by a catch-word: its attention can even be arrested by startling 
headlines in a newspaper announcing an alleged ‘ discovery ’ of 
a fifth dimension. Attempts, to understand the announcement and 
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'to obtain some comj^iehension of its significance, are unconditional 
failures. The very notion of dimension, in a mathematical sense, 
can hardly be formulated in the tabloid shape that is desired. Space 
is a fundamental notion, in some sense probably common to all 
mindV Ideas as to its nature, that may be acquired after the 
earliest vague 23erception of extension, are founded on conceptions 
suggested by observations of the external world. Gradually, the 
specification of extension ceases to be unfamiliar, though only after 
'continued reflection : gradually, some mental grasp of the dimensions 
of space is attained. 

It has long been customary to describe the triple space of 
human exj^erience as an uncurved (or flat) space. Sometimes the 
description is tacitly based on an assuinjDtion that the linear property 
is obvious, though there is the usual difficulty of establishing that 
jDrojjerty when once the obviousness is seriously challenged. Often 
an argument is based upon a fact that all the observations, obtained 
by instruments of measurement and subsequently combined by 
calculation, accord with the assumjition. Yet inferences from such 
observations cannot be deemed accurate, beyond the degree of 
accuracy of the observations themselves. There is a limit of 
minuteness below which observations have not been effected; the 
magnitudes, to which exjiression is given in theories of the atom 
and of the electron, as yet defy attemi)ts at direct measurement. 
E(pially beyond the present possibilities of direct measurement 
are the generous distances assigned in speculations about the 
magnitude of the universe, being untold millions of light-years. 
Thus for the very small in theory as for the very large in nature, 
the degree of accuracy attainable by measurements imposes a limit 
u])on the range of knowledge, which can be acclaimed as the result 
of observation and of experiment. Of course, for most scientific 
purposes of the type styled practical, a hj^pothesis, that our triple 
space is flat, will and does suffice; it is an adequate working 
hypothesis. But its efficiency in limited practice does not constitute 
a proof that the space of our experience is actually uncurved. 

On the other hand, mathematical calculations made in the 
various theories of relativity i)oiiit towards a suggestion that, on 
the grand scale, the space of our universe is not uncurved. Such 
an inference demands consideration. It should, however, be remarked 
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that an inference from far-reaching theories, lavishly propounded 
at the present epoch, cannot be accepted as established fact, in 
the absence of any observations which might constitute a qualified 
establishment or might offer a simple verification of the in- 
ference. 

Nevertheless, the inference is a legitimate consequence of the 
theories. Within the restricted range of its hypothetical validity, 
it entails other consequences, similarly legitimate and similarly 
restricted in validity. The very notion of curvature, for any 
amplitude such as a curve or a surface or a region, mathematically 
implies some uncurved configuration by reference to which the 
curvature is defined and is estimated ; and that implied uncurved 
configuration either constitutes, or exists in, some ideal space more 
comprehensive than the curved amplitude. Thus the curvature at 
any point of a curve, which exists in some Euclidean space of two 
dimensions or in some Euclidean space of three dimensions, is 
a mathematical measure of the current deviation of the curve from 
straightness, the measure being framed by reference to successive 
straight lines in the two-fold space or in the three-fold space which 
contains the one-dimensional curve. * The curvature at any point 
of a surface is estimated, initially, by the curvatures of its organic 
geodesic curves : and all these curvatures are estimated by deviations 
from straight lines in the Euclidean triple space containing the 
two-dimensional surface. Later, for reasons which are explicitly 
mathematical, it is found convenient to adopt a measure (often 
called the Gauss measure) of curvature of the surface : it is the 
product of the two principal (maximum and minimum) curvatures 
of the geodesics through the point of the surface. Such a measure, 
however, is an incomplete representation of the curvature of the 
surface : taken alone, it would make the sole measure of a curved 
developable surfiice equal to zero and therefore would make the 
measure the same as for a plane. In actual fact, the Gauss measure 
is only one of the two principal measures of curvature : another, 
and different measure, being the sum (instead of the product) of 
the two principal curvatures of geodesics, must be retained in order 
to provide for all adequate estimate of the curvature of the surface. 
But, for the immediate issue, the important conception is that, 
jn framing a mathematical estimate of the curvature of a curved 
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(Jonfiguration, we require an uncurved space, more extensive 
dimensionally than the curved configuration in question. 

Accordingly, if the objective triple space of the universe is 
actually found to possess the quality of curvature, whenever and 
in whatever way that quality may be revealed by measurement, 
the mathematical conception of that curvature would exact the 
existence of some further space of ultimate reference. That further 
^Dace would be more extensive in dimensional range than the three- 
dimensional objective space of the universe; and, in mathematical 
conception, it would be characterised by complete linearity. 

Thus there would arise a demand, certainly for one dimension, 
possibly for more than a single dimension, additional to the three 
dimensions, still possessed b)^ the space of experience, if and after 
curvature of ' ordinary ' space shall have been established. In the 
mathematical conception, the additional dimension or the additional 
dimensions would be of the same intrinsic extensional character as 
the three dimensions already known for space. But, once more, 
the contribution of another dimension, thus required through the 
mathematical conception of the presumed curvature of the triple 
space of observation, is no proof of a corresponding objective 
existence of another dimension. At the utmost, there is a suggestion 
of further dimension or dimensions: objective existence, if it is to 
be accepted in credence, must be established, directly or indirectly, 
by observation and (probably) through measurement. 

It is not always thus, either in bygone discussions or in current 
theories, that the existence of more than three dimensions has 
been adumbrated. The mathematician, on the one hand, finds no 
difficulty in postulating any additional number of dimensions for 
his abstract space : on the other hand, he does not profess to be 
dealing with topics other than the properties of abstract space. 
But since the days of Lagrange, perhaps even from earlier days, 
the objective existence of at least a fourth dimension has claimed 
occasional notice from mathematical physicists. Sometimes it has 
been as passing a fancy as was Lagrange's statement, which gives 
{esthetic symmetry to his analysis by a suggestion (never again 
mentioned by him) that time can be regarded as a fourth dimension. 
In recent days, it has assumed the status of an intellectual conviction. 
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almost amounting to an article in a creed of relativity, that tim6 
is a fourth dimension, to be ranked (presumably as coordinate in 
quality) with the three dimensions customary in common conceptions 
of space. 

A mighty stride is needed if we are to pass, from the direct 
interpretation of mathematical formulae which purport to represent 
relations in nature, forward to an esoteric doctrine that, because 
certain lengths (as three constituent variables of one kind) anc^ 
time (as one constituent variable of a different kind) are convenient 
for a mathematical explanation of the universe, these four constituent 
variables must compose an irresoluble order of four coordinate 
dimensions. The term ‘ dimension,' as used to denote the conception 
of range in space, seems a misnomer if used equally to denote the 
conception of range in time. 

There is, of course, the estiiblished practice of graphical con- 
venience (and also of brevity in description) by which the word 
‘dimension' is substituted for the word ‘variable.' But, in the 
ordinary exercise of that practice, there is no underlying assumption 
that the substituted word then denfltes an ordered extension, 
coordinate with the magnitudes similarly represented in an arbitrary 
illustrative diagram. Two types of instances may be adduced. 

Maintained as a variable, time can be conventionally represented 
along a line in a diagram, simultaneously with variables that denote 
distances. But other variables, such as temperature, potential, 
pressure, statistical aggregates, all of them as completely distinct 
from space- variables as is time, can be (and are) conventionally re- 
presented also along lines in diagrams. However convenient such 
diagrammatic uses may be for mathematical investigation, they do 
not constitute either time, or tem[)erature, or potential, or pressure, 
or any statistical aggregate, as a dimension isotelic with the ordered 
dimensions of triple space. 

Again, to cite the purely mathematical use of the diagrammatic 
practice of substituting the term dimension for the term variable, 
it is a commonplace that the aggregate of all spheres in Euclidean 
triple space requires four independent variables for its mathematical 
.expression, these variables being the three coordinates of a centre 
and the length of a radius : such an aggregate ip frequently described 
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as four-dimensional, even though the complete configuration occurs 
in a three-dimensional comprehending space. Similarly, the mathe- 
matical expression of the aggregate of straight lines in the same 
Euclidean triple space demands four independent variables: their 
configuration is frequently termed four-dimensional, in consequence 
of the (juadruple variation. In such descriptions, the word dimension 
is a graphic substitute for the word variable : there is no shadow 
of a contention that tbe four dimensions constitute a combination 
6f the customary three dimensions of perceived space with cn 
added fourth spatial dimension. Whatever convenience may arise 
in practice, and whatever advantage may be derived in their 
utilisation for the attainment of results, the diagrams are an 
imagined representation of entities under discussion and do not 
establish the intrinsic ordering of the nature of those entities. 

Certainly in abstract geometry, whatever be the numbei of 
dimensions, no discrimination is made among them as regards 
significance or capacity for representing suitable magnitudes. From 
the beginning it is assumed, usually without passing hint and 
without specific mention of the assumption, that the dimensions 
are coordinate among themselves, not in the special mathematical 
meaning of the term, but in its customary non-scientific sense. 
Accurate calculations constitute additional knowledge within the 
domain limited by the fundamental pustulates, explicit and implicit; 
but a claim for accuracy can justifiably be conceded only within 
that domain. In framing explanations of tlie physical universe, 
new definitions may be imported whicli can utilise calculations 
within the domain of abstract geometry; and calculations, thus 
based on observed phenomena, may lead to new results of a verified 
or a verifiable character. When this end is attained, the explanatory 
theory can be regarded as a working hypothesis. But we may not 
therefore conclude that certain conventions, incidentally assumed 
for the purposes of the calculation, are raised to the rank of 
established truths ; the safe judgment is that, within the range 
tested, the working hypothesis is trustworthy. The history of 
human speculations shews that physical theories, necessarily limited 
by the degree of accuracy of observations, and modified not in- 
frequently by conceptions otherwise alien to their range, fluctuate 
with the changing thought of successive generations; they can 
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be revolutionised, they can be abandoned, in the light of new 
discoveries. 

The analytical method, which this treatise employs fof the 
discussion of the intrinsic geometry of the various types of con- 
figuration in homaloidal quadruple space, is substantially an 
amplification of the method devised by Gauss in his treatment 
of curved surfaces in homaloidal triple space. 

There is, however, one supplementary section, which is entirely 
devoted to the invariants and covariants of configurations. For 
the analysis necessary in the section, Lie s theory of continuous 
groups has been applied, in preference to the methods of the 
absolute differential calculus (the calculus of tensors). Of this 
calculus, developed by Ricci, Levi-Civita, and others, from earlier 
investigations by Christoffel, a connected exposition has been given 
in Levi-Civita s book* which contains also several applications to 
mechanics, optics, and general relativity. The extension, to n-fold 
space, of the Gauss theory of surfaces was initiated by Riemann| ; 
and it has provided a fertile field of research for a multitude of 
investigators. A systematic account of this extended geometry 
and of many of its developments has been given by EisenhartJ. 
It seems practically certain that every method of dealing analytically 
with the invariants of configurations entails elaborate analysis 
that apparently is inevitable in some form. Wbat seems to me 
the relative advantage of the group-method accrues from one 
characteristic property which is possessed by that method alone. 
The process requires the integration of a complete Jacobian system 
of simultaneous partial differential equations of the first order; 
the requisite integration is achieved through a use of the known 
algebraical theory of invariantive forms. Every integral of such 
a system of partial equations is known to be expressible in terms 
of a specific limited number of algebraically independent integrals . 
and the adequate aggregate of such integrals is provided, so far as 
concerns concomitants for quadruple space, by means of binariants 

Lezioni di calcolo differenziale assoluto : an English translation was published (1927) 
by Dlackie and Son. 

t In his dissertation cited later (vol. ii, p. 134, footnote). 

X In hi&book Riemannian Geometry (Princeton, 1926). 



PREFACE 


XV 


and ternariaiits. Tlie geometrical interpretation of every member 
of the aggregate, up to each stage, has been obtained; and thus 
every other covariantive magnitude at that stage, wliether actually 
obtained or not, is expressible algebraically in tej'ins of the 
interpreted members of the aggregate, and therefore can have its 
value expressed in terms of the fundamental invariants and co- 
variants. In other words, the aggregate thus established is adequate 
for the expression of all concomitants ; and consequently the group- 
Tnethod provides tlie means of constructing concomitants directly, 
an(l idso of selecting, at each stage, a minimum aggregate of 
independent concomitants in terms of which (and in teims of 
which alone) all possible concomitants of the configurations can 
be expressed. 

The book is composed of five chief sections. 

The first of these sections, mainly preparatory in scope, is 
restricted to the uncurved configurations which can occur in 
(|uadrnple space, they are termed a line, a plniie, and a flat, being 
of one, of two, and of three, dimensions respectively. One out- 
standing feature of the treatment is a prevalent use of parametric 
rej)resentation . in tlie case of planes by two parameters, and in 
the case of fiats by three parameters, this representation is of 
]»ei .distent reeurrence in the .siibsecpient ditferentinl geometry of 
curved configurations. Tlie section occupies a larger portion of the 
book than would have been its allotted share, bad there been any 
accessible volume which ja esented the special kind of treatment 
of the topics considered. 

The second section is devoted to the intrinsic geometry of skew 
curves in the quadruple space. By the continued application of 
the analysis iii the first section, the whole framework of such 
a curve, in relation to all the diflerent kinds of its curvatures, is 
constructed. A chapter is added, outlining the complete aggregate 
of results, anal3^tical and descriptive, for curves in n-fold space. 

The third section is occupied with surfaces existing freely in 
quadruple space: that is to say, the suifaces are lepreseiited 
analytically solely in that space, without reference to possible three- 
dimensional regions which, existing themselves in the quadruple 

h 
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space, might contain the surfaces. Some attention is given to 
cui'vature properties of general curves on sucli surfaces. It appears 
that, except for one set of results belonging specially to any surface 
in a space which is quadruple (that is, of i)recisely double the 
dimensional range of the surface), the main descriptive aiid in- 
trinsic properties of a surface depend upon the properties of the 
superficial geodesics. Indeed, it may liere he pointed out that, in 
all the curved configurations, the geodesic lines are the fundaniental ly 
important elements, alike for surfaces existing freely in the (][uadrupltf 
space, for curved regions in that space and for surfaces lying within 
such curved regions: they are as significant as are straight lines 
in Euclidean geometry. 

The fourth section has been assigned to regions, being curved 
triple spaces within the homaloidal quadruple space: but (with 
one later exception) only general regions are considered, and no 
specific attention is paid to particular regions sucli as are given 
by the simplest algebraical e(][uations. As part of the discussion t)f 
general regions, ample attention is given to surfaces actually 
existing within a region (but not unrestrictedly existing in quadruple 
space, as in the third section) and to curves also (existing witliin 
a region. 

Properties of the curvature of triple regions \\ itliin a hoiuatmlal 
quadruple H]jace (and, as will be indicated immediately, of ])rnuary 
amplitudes within n-fold homaloidal s])ace) call for a passing remark 
The consideration of regional geodesics leads to an estimate of 
linear curvature of the region in any direction at a point, being 
tlie circular curvature of the regional gecxlesic through the diiection , 
and it appears that, at every point, the region is characteristM.! 
by three principal measures of linear curvature, with three piincipal 
directions for geodesics. Upon the circular cui vature of regional 
geodesics is based tlie estimate of superficial curvature of the region 
in any orientation at the point; and it a[)j)cars that theie art* two 
distinct measures of superficial curvature. (_)ne of these measures 
is the Iliemann measure of curvature of the region : it is an 
extension of the customary Gauss measure of cuivatuie for a 
surface in triple Euclidean .space. The other measure of superKcial 
curvature of a region seems to have been ignored or to have 
escaj)ed notice: it is an additive measure of the linear curvatures, 
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iiiid it is the coirespondiiig extension of the so-called 'mean’ 
measure of curvature for a surface in triple Euclidean space. Further, 
each of these two measures of superficial curvature has its own 
three^ 2)rincipal values, each of which can be expressed solely in 
terms of the three iirinci^Dal measures of linear curvature of tlui 
region; and the orientations for these res[)ective jnincipal values 
are located by the directions of the geodesics for the principal 
measures of linear curvature. Finally, at eveiy point, there is 
a measure of volumetric curvature of the l egioii, characteristic of 
the region at the point without regard to orientation of any kind. 
That measure of volumetric curvature is the jiroduct of the three 
jnincipal measures of linear curvature, it hears the same relatR)n 
to a globe as is borne to a sphere by the Gauss measure for surfaces 
in tilj)le sjmee. 

The results, relatiiiM; to the different cuivatures of a leuion in 
([uadruple s[)acc, jiractically comjjel an addition to this fourth 
section, in the form of an outline of the curvatures of a jirimary 
(// — l)-fold am[)litude in homaloidal 7i-fbld s[)ace. Again, it is 
found that the linear curvature of the amplitudinal geodesic is 
fundamental in the discussion. There aie u — 1 j)rincipal values 
of that linear curvature; and there are CDrres2)ondlng n — I princiiial 
directions in the aiii2)htude, at right angles to one another. Theie 
are two measures of sui^eificial curvature at every iKmit of the 
ainjilitude — the Kiemann measure, and the additive measure, 
and each ofthe.se measures has 2(n — — -) priiicqial values, 
exjiressible solely in terms of the 1 principal mt*asures of linear 
cuivature, and settled as to orientation by the pair-combinations 
of directions of those ]n incipal measures. There are three measures 
of vohimetiic curvatuie at every 2)oint of the amplitude: each ot 
these measures has its jinncipal values, .sulIi jjrincipal values being 
exjjressible in terms of the iirincijial measures of linear cuivature, 
and the regional orientations for the values are settled by the 
triadic combinations of the diiections of the jjrinciijal measures 
of linear curvature. There arc grades of curvature, of succe.ssive 
sjiatial dimensions, u\) to a tiiial (and sole) measuie, Avhich is of 
dimensionality — J and is the product of the /i — I 2)rinci2Jal 
measures of linear curvature. For the determination of the jjrincipal 
values of every special grade of measure ot curvature, and also 
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for the determiluition of the respective associated orientations of 
these several principal values, the principal measures of the linear 
curvature of geodesics and the corresponding directions of those 
principal measures are completely sufficient. 

To return to conligurations within a region in homaloidal 
quadruple space, it is to be noted that, when kinds and measures 
of curvature of a surface in the region are considered, two kinds 
of linear curvature have to be taken into account. One such kind 
is due to the relative deviation between a geodesic of the surface 
and a regional geodesic touching that superficial geodesic. The 
other kind arises through the circular curvature of tliat regional 
geodesic touching the surface. The two kinds, in appropriate 
combinations, give the circular measure, the torsion, and the tilt, 
of the geodesic on the surface. It is to be remarked that the same 
kind of combination occurs, though the significance is somewhat 
obscured, for any curve on a surface in homaloidal triple space; 
because the Gauss theory takes account of the circular curvature of 
the superficial geodesic touching the curve (it is the curvature 
of the normal section of the surface)^ and it takes account also 
of the deviation of the curve from that su])erficial geodesic, such 
deviation being measured by the geodesic curvature of the curve. 

Two chapters have been interpolated between the foiiith and 
the fifth sections. The first of them is concerned with illustrations 
of the general properties of a region when a particular region — 
in this instance, an ovoid as repiesented by the equation of the 
second degree analogous to that of an ellipsoid — is selected. The 
second of the two chapters is devoted to minimal problems. Through- 
out the book, geodesics have an ample share of attention, even if 
viewed as a minimal problem in a single independent variable : 
accordingly, in this second chapter, minimal surfaces in free space 
and in a region (being a problem in two independent variables), 
and minimalregion&^(being a problem in three independent variables), 
are considered, though the problems are not full)^ resolved for the 
regional configurations. 

The fifth and concluding section deals with the theory of 
invariantive concomitants of all possible types belonging to the 
possible general configurations of the various dimensions- curves. 
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surfaces in free space and in a region, and regions. The values 
of intrinsic magnitudes, though not the topographical relations, of 
any configuration of any number of dimensions in the (quadruple 
space^ must be unaffected by change of site and by change of 
orientation of the configuration; and they must remain substantially 
unaffected by every modification or alteration in the parametric 
representation of the configuration. Accordingly, if it is possible 
to construct an aggregate of forms, which are invariantive through 
all changes of site, all changes of orientation, and all changes of 
parametric representation, and which are sufficiently numerous in 
each grade as to comprehend all invariantive forms up to that 
grade, such a constructed aggregate will contain, actually in explicit 
form or potentially by fitting expression, all invariants and therefore 
the expression for all intrinsic magnitudes, what remains is the 
geometrical interpretation of the expressions which are obtained. 
Now Lie’s theory of continuous groups provides the criteria, which 
are necessary and sufficient to secure that all these requirements 
of invariance are met ; that theory, therefore, is employed. The 
concurrent analysis, needed in applying the method, consists of 
the construction and tfie subsequent integration of the necessary 
simultaneous partial differential eijuations of the first order, these 
constituting a complete Jacobian system. The algebraical identi- 
fication of an adequate number of simultaneous integrals at each 
stage is provided by the known results of the theory of the 
concomitants of binary homogeneous forms and of ternary homo- 
geneous forms; and, at each of the early stages, the constituents 
of the respective adequate aggregates are obtained and their 
geometrical interpretation is derived. The net result is an in- 
dependent establishment, based solely upon the theory of invariantive 
forms, of the essential and intrinsic geometrical magnitudes of the 
respective configurations. 

The corresponding investigation for 7i,-fold homaloidal space, 
pursued by the same method with the necessary purely formal 
extensions, demands the utilisation of afull theory of the simultaneous 
concomitants of homogeneous forma in 2, 3, . . . , — 1, variables and 

in the associated variables of the different classes corresponding 
to the sub-spaces of different dimensions within the respective 
amplitudes. 
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When the included topics of the book are thus specified, it is' 
only proper to indicate omissions also — at least, those omissions 
which definitely belong solely to the selected range of geometry. 
There is no question of dealing with comparatively external subjects, 
such as the use of multi-dimensional geometry in the theory of 
rays in heterogeneous media and in the mechanics of theories 
of relativity. There is no discussion of various attempts to prove 
the objective existence of a fourth dimension nor any considera- 
tion of the arguments which seek to establish time as that fourth* 
dimension. The whole development has been carefully restricted to 
solely geometrical relations of configurations in a homaloidal space 
of four dimensions, which are coordinate with one another and are 
unrestrictedly interchangeable without regard to possible objective 
significance. Even so, within this range, not a few important 
subjects have been omitted, of which the following may be mentioned : 
the general foundations of miilti|)le geometry; the modes of re- 
presentation (such as conformal and geodesic) of one region in 
another; the i)roperties of families of orthogonal amplitudes; the 
Levi-Civita theory of geodesic parallels; and the characteristic 
features of a curved region which is developable into a region of 
more restricted curvature such as a flat. 

Moreover this recital of omitted subjects does not profess to be 
complete. One indeed, which seems suitable for investigation, is 
almost urgent. The square of the arc-element of a surface is re[)re- 
sented, analytically, by a homogeneous (piadratic differential form 
in two parameters. The Gauss theory of surfaces shews that, when 
certain conditions are satisfied by the coefficients of that form and 
by the coefficients of an associated form, the arc belongs to a sur- 
face in homaloidal triple space. But the inference cannot be drawn, 
in the absence of the associated form or under a failure to satisfy all 
the conditions: yet, as an isolated datum, the postulated expression 
for the arc-element remains apparently the same in character for 
a surface in free quadruple space as for a surface within a curved 
region in that space and for a surface in any multiple space. The 
same problem is presented by the postulation of the square of the 
arc-element in a triple region, as a homogeneous quadratic differen- 
tial form in three parameters. What is re(j[uired is a determination 
of the tests for the smallest number of dimensions of that homa- 
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ioidal space, which shall contain a configuration characterised by 
any postulated arc-element represented by means of a quadratic 
difterential Ibrm in two parameters or in three parameters re- 
spectively. 

The main subject of geometry, outside the section of two 
dimensions and of three dimensions associated with the name of 
Euclid as the representative of the old Greek geometers, is often 
divided into the ranges of metageometry and hypergeometry. 

Metageometry for the most part deals with the self-consistent 
geometries of two dimensions and of three dimensions, which 
emerge when the Euclidean axiom of ])arallels (or any one of its 
modern ec[uivalents) is set aside 

Hv per geometry deals with the geometry of flat spaces of four 
or more than lour dimensions and of all types of configurations 
ill such spaces. Two main directions have maiked the growth of 
knowledge in liypcrgeometry which, in eftect, began during the last 
century. The algebraic analysis for n-fold sjiace originated in some 
of Cayley’s early papers* in 1844 and 1846. The differential 
analysis for /i-fold space really originated with Iliemann’s disserta- 
tion of 1854, though general vector analysis had made an earlier 
appearance in Grassmann’s Aiisdehiiuiiijslehre of 1844. Some notion 
of the extent of literature devoted to hypergeometry may be 
derived fiom Sommer ville’s bibliography J published in 1911 ; and 
stnne indication of the amount, published since that date, is 
provided by the selected papers quoted in Eisenhart’s Itifiinaniiiaa 
(feometry. As regards the rudiments of the subject, mention may 
be made of Schoute’s MidinUmensioHale (jreoiaetrie\. 

But I am not attempting even an outline of the history of 
the subject. In the comparatively few instances, when jirevious 
investigations have been of direct assistance to me, due references 
aie given as a matter of course. Practically, however, while use 

* Coll. Math. PfljjLTA, Vul I, No. 11, No. 50 

t "Ueber die Hypothesen 'welcbe der Geometne zu Grande liegen," Goit. IViss. Ahh., 
Bd. xiii (lS(i6), pp '254-269, and reprinted in the editions of Biemann’a Gesammelte 
Mathematische Werke. An English translation is due to Cliiford, Mathematical Papers^ 
pp 55-69. 

X hihhotjraphij of non-Euclid ean Giomctnj^ University of St Andrews, 1911. 

In two volumes, Sammlunir Schubert, Leipzig (190‘2, 1905) 
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has been made of the results obtained in the theories of differential 
equations, of groups, and of algebraic invariants, the whole book 
has grown in continuous development of its own from first to last, 
without occasion on my part to select or modify or incorporate the 
researches of other writers. 

In the production of the book, as on many occasions in past 
years, I have received the unfailing and resj)onsive assistance of 
the Staff* of the Cambridge University Press. For that assistance,' 
I return them my sincere thanks. 

Finally, for corrections, for criticisms, and for suggestions, during 
the laborious task of levising the proof-sheets, I am deeply indebted 
to Mr E. H. Neville, M.A., formerly Fellow of Trinity College, 
Cambridge, and now Professor of Mathematics in the University 
of Reading. For the generous help which, amid the many claims 
upon him, he has given me in unstinted measure at this time, I 
tender my tribute of thanks to him as a collaborator and a friend. 


Bailey’s Hotel, S.W. 7 
IG July 1930 


A. R. F. 
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CHAPTER I. 


Preliminary Notions. 

Amplitudes: dimensions, 

1. The geometry, which is here considered, is based upon certain 
conceptions acc^uired in the gradual development of the assumptions 
and definitions of the older geometries of two dimensions and of three 
dimensions. These conceptions will be stated by title : usually, they will 
be postulated without attempts at logical foundation or metaphysical analysis, 
though sometimes definitions are provided which are little more than tauto- 
logical explanations of the generalised title. 

Among such conceptions are position, extent, direction, and (perhaps) 
rotation, to take some initial examples. They are fundamental in one mode 
of constructing an abstract geometry. In the customary mathematical pre- 
sentation here adopted, we deal with relative position and relative direction; 
that IS, the mathematical estimates of position and of direction arc con- 
structed in association with some frame of reference. Often, a frame of 
reference is implicitly assumed without specific description. That frame may 
itself, in turn, be relative to some other frame unless there is an explicit 
assumption of definite fixture : but, for the most part, the epithet ' relative ’ 
is omitted while it is tacitly implied. 

A point is taken as the fundamental entity in the scheme of geometry ; 
as a fundamental entity, it is taken to be irrcsoluble and to be void of all 
properties save position. The complete range of an infinitude of all the 
points, selected for the consideration of a generic body of issues, is called an 
amplitude , and an amplitude is sometimes said to consist of all its points. 
In an amplitude, a point is determined uniquely by its position . and the 
same point can belong to distinct amplitudes, being determined (or determin- 
able) uniquely in each of them. 

Amplitudes arc said to be of a number of dimensions; occasionally, they 
are said to possess a number of degrees of freedom ; occasionally, they are 
called manifolds, specifically designated by an integer. The respective in- 
tegers for an amplitude under the various titles are, of course, one and the 
same. 

We have amplitudes of one dimension or amplitudes with one degree 
of freedom. In ordinary parlance, they may be described ;i3 one-fold : the 
implication being that, in each instance, the range (which may be limited, 
or which may be unlimited) is one-fold in extent. 
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We have amplitudes of two dimensions or amplitudes with two degrees 
of freedom. They may be described as two-fold : the implication being that, 
in each instance, the range (which may be limited wholly, or may be limited 
partially, or may be completely unlimited) is two-fold in extent : or, what is 
a more explicit equivalent implication, that the range can be compounded of 
a couple of one-fold ranges, neither of which can be resolved or be transformed 
into the other or can be extended so as to include the other. Moreover, there 
are alternatives in the selection of the one-fold ranges that compose a 
two-fold range : each adeejuate selection must be equivalent to every other 
adequate selection, as regards the comprehended extent. 

And so for amplitudes of dimensions, in number greater than two. 
In each instance, the specification is made by the appropriate integer n , 
and the description, by a title such as /i-fold. That integer is the number 
of independent one-fold ranges into which the amplitude can be resolved 
or from which it can be composed; and the range of the amplitude is the 
aggregate of the component one- fold ranges. 

Ultimately resolved, the range of any amplitude, whatever be its di- 
mensions, consists of the aggregate of its points. Now the usual analytical 
specification of a point in a geometrical amplitude is effected by the assign- 
ment of independent variables, in number equal to the number of dimensions 
of the amplitude within whose range the pojnt is specified. The amplitude 
itself may be contained, wholly or partially, ^within another amplitude of 
larger dimensions. In the range of that larger amplitude, the analytical 
specification of the representative point will have a different form, appro- 
priate to the wider range : all the forms, if there be more than one for the 
same point, must be exactly and completely equivalent to one another for 
that point. Even within a range, a suitable assignment of independent 
variables is not unique ; thus it may consist of Cartesian coordinates, or polar 
coordinates, or parametric variables characteristic of the particular amplitude: 
but the effect must be unique, whatever representation be adopted. 


Representation of a point. 

2. In a given 71-fold amplitude, the variables specifying a typical point 
are often taken to be x^^ aJn- These arc not necessarily Cartesian 
coordinates , if they arc, the appropriate amplitude is, mathematically, the 
simplest among those of n dimensions. But it may be some 7i-fold amplitude 
in a larger range of 714-771 dimensions: in that event, the variables arc not 
Cartesian coordinates but can be any characteristic parameters, as is the fact 
in much of modern investigation concerned with abstract geometry. 

In the ensuing discussions, attention will be concentrated mainly upon 
four-fold amplitudes, as affording the earliest extension beyond what is 
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popularly described as the space of human experience. Many of the results 
can be enlarged, by mere formalisation, to ?i-fold amplitudes: such enlarge- 
ments will, as a rule, bo omitted from consideration and even from explicit 
mention, unless they clarify the properties of a four-fold amplitude For its 
most g^encral unrestricted representation in such an amplitude, a point re- 
quires four variables : these will be denoted by x, y, z, v These variables are 
usually taken to be Cartesian coordinates of the four-fold amplitude ; but 
this assumption is a convention, not a necessity. 


Curve, straight line. 

3. An amplitude of one dimension is usually called a curve. Sometimes 
the word ‘line* is adopted as an equivalent of the word ‘curve,’ for describing 
such an amplitude, but ‘line’ is usual, and certainly is more convenient, as 
the title of a particular kind of curve. 

Yet a satisfactory definition of a straight line, which here will throughout 
be called a line, is not easy to propound for submission to detailed criticism. 
Sometimes there is implicit reference to intrinsic properties of the amplitude 
thus named : sometimes the character is indicated by its relations with an 
external frame of reference : hence various definitions have been propounded. 

Thus a straight line has been defined as a curve which lies evenly between 
any two of its points. Bub the virtue of the definition lies m the unexplained 
adverb ‘ evenly,’ If, for example, evenness is a brief characterisation of the 
property by which any part of the curve can, without any modification of 
the curve in shape or size, be changed in position so as to be made to fit 
any other portion of the curve — such as pushing the curve along itself — the 
definition would include all great circles on the surface of a three-dimensional 
sphere and all helices of the same pitch on the surface of a three-dimen- 
sional circular cylinder. The adopted implicit interpretation of evenness is, 
in essence, an assumption concerning what usually are called the curvature 
and the torsion : the assumption is that both are constant, and (for a line) 
arc zero. 

A straight line has alternatively been defined as the curve of shortest 
length between any two of its points. But length, measured in an amplitude, 
may be a restricted asset of the amplitude : and the shortest length in an 
amplitude between two points, as cunnexiblo positions in the amplitude, 
need not be (and often will not be) the shortest length between those two 
points as connexible positions in a different amplitude. Thus the shortest 
superficial length between two points on a spherical surface in what is 
called ‘ordinary space’ is not the same as the shortest length between 
those two points measured in that space. The definition is descriptive but 
inadequate. 


1—2 
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Again, a straight line has been defined implicitly by a requirement that, 
if G is any arbitrarily selected point on such a curve joining two points A 
and B, the direction CA and the direction GB, estimated along the curve 
(whether they be in the same sense or in opposite senses, according to the 
position of (7), are independent of the selected point G and are the saTne for 
all points G on the curve. It is to be noted that, for certain modes of estimat- 
ing the direction under this definition, the implied definition would admit 
the spherical great circle and the cylindrical helix. 

Once more, the notion of rotation in the surrounding space has beeij 
invoked. A straight line then is defined as a curve such that it could be 
an axis of rotation for one of the more extensive amplitudes in which it 
exists, provided the rotation requires no deformation, no stretching, no dis- 
continuity, in its operation. The limitations thus imposed on the rotation 
seem to demand imported properties, which have ultimately been derived 
through inferences from the characteristics of a straight line, long previously 
postulated without reference to rotation. 

Perhaps the most direct way of estimating straightness is to be found 
in a frank assumption of linearity as an essential quality or limitation in 
the undefined conception of direction. As a working definition under this 
assumption, there is a requirement that, at any point A in a straight line, 
the direction of the line shall be the same ii^ relation to the most extended 
frame of reference containing the line, whatever point A be chosen. Such a 
working definition involves the existence of amplitudes more extensive than 
the line itself : this existence is assumed, definitely, at almost every stage 
from the beginning of the investigation of the properties of all curves, and 
therefore is not postulated merely to facilitate the consideration of straight 
lines. 

4. The mathematical (or analytical) representation of a line is obtained 
by the expression of the linearity of direction, thus postulated as being 
unchanged throughout the range of the one-fold amplitude constituting 
(or constituted by) the line. We are assuming a four-dimensional space 
through practically all the discussions that follow : and all the configurations, 
which are considered, exist in this (quadruple continuum. A frame of reference 
IS adopted, consisting of four axes OX, OY, OZ, OV, usually supposed to be 
perpendicular to one another in pairs. They are taken as coordinate axes. 
The line, joining two points A and B which are given, is made uniquely 
definite by framing the analytical expressions of the inclinations of the line 
AB to the lines OX, OY, OZ, OV, in succession. 

Surfojce : •plane. 

6. An amplitude of two dimensions is called a surface. The simplest 
surface is that which is called a plane surface or, m.ore briefly, a plane. 
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As already explained, amplitudes of two dimensions can be regarded as 
composed of (or as resoluble into) a couple of completely independent typical 
amplitudes, each of one dimension. In particular, the plane surface is re- 
garded as composed of straight lines, in the following manner. Let A, B, C, 
be any three points in the quadruple continuum, limited by the sole excluding 
restriction that they are not to be collinear. Lot P denote a current point on 
the line AB, where P may range also outside the segment AB m both direc- 
tions ; and let Q denote a current point on the line AC, with a freedom of range 
also outside the segment AC in both directions. For any position of P, and for 
any position of Q, each point being chosen independently of the other, let R 
denote a current point on the line PQ, with a similar unrestricted freedom 
of range outside the segment PQ of that line in both directions. The locus of 
R, for all positions on PQ, for all selections of P, and for all selections of Q, 
is called a plane. 

No essential limitation is imposed by the adoption of AB and AC as 
the basic lines; it will appear (p. 15) that the same plane is obtained by the 
adoption of AB and PC, and by the adoption of AC and PC, as basic lines. 
Basic lines, or guiding lines, for a plane are not unique. 

The plane is described as the plane through A, P, C : or, simply, as the 
plane A PC. 

Region: flat. 

6. An amplitude of three dimensions is here called a region. (The word 
‘ space ' seems the natural successor to ‘ curve ’ and ‘surface ' in the ascending 
grade of dimensions. There is, however, .some convenience in reserving the 
general word ‘ space ' so that it may be used to denote an amplitude of any 
number of dimensions ; in particular, it will be used to indicate the quadruple 
continuum — as a space of four dimensions — within which the various curves, 
surfaces, and regions, exist.) 

As a plane is a particular surface, composed of lines in the manner already 
defined, so a region similarly defined in connection with lines and planes is 
called a flat (The word ‘ volume ’ suggests total content rather than range, 
just as ‘ area ’ suggests the total content of a surface or of some portion ol a 
surface rather than its range.) The title hyperplane is also frequently used : 
but a part-use of the word plane, connoting a two-fold range, harmonises ill 
with what is a three-fold range. Moreover, this title hypcrplane is frequently 
used to denote the most extensive linear space* of ;i — 1 dimensions in a 
space of n dimensions. 

The constructive definition of a flat, by regarding it as composed of (or 
resoluble into) lines and planes and therefore as composed of (or resoluble 
into) lines alone, is taken as follows. Lot A, P, C, D, be any four points in 

* Clifford used the word hor^loidal to deacribe all linear spaces of more than two dimensions. 
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the quadruple continuum, limited by the sole excluding restriction that the 
four points arc not com planar (and, specially therefore, that no three of the 
four points are collinear). Let R be any current point in the plane ABC, 
with a freedom of range over the whole of that plane as given by its pre- 
ceding construction (§ 5). Let S be any current point in the line with 
a freedom of range outside the segment AD of that line in both directions. 
Let T be any current point m the line RS, with a freedom of range outside 
the segment RS of that line in both directions. Then the locus of T, for all 
positions on the line RS, for all positions of S on the line AD, and for 
all positions of R in the plane ABC, is called a flat. 

As with a plane, so with a flat, no essential limitation is imposed by the 
adoption oi ABC as a basic plane and the line Ai) as a basic line (or by the 
adoption of A B, AC, AD, as basic lines, or guiding lines) : it will appear (p. 18) 
that the same fiat is obtained by the adoption of ABC with BD or with CD 
as a basic line, or by the adoption of the plane BCD as a basic plane with BA 
or CA or DA as a basic line, and so for the other possible alternatives. 
Basic lines, or guiding lines, for a flat arc not unique. 

The flat is described as the flat through A, B, C, D . or, simply, as the 
flat ABGD. 

7. When the comprehensive abstract space is limited to four dimensions, 
there are no subsidiary amplitudes of that number of dimensions: every 
four-dimensional amplitude either is a porfion, or is composed of portions, 
of the completely conipiehending space. Consequently, in quadruple space, 
the only kinds of subsidiary amplitudes demanding consideration arc those 
of one dimension, those of two dimensions, and those of three dimensions. 
Occasions arise when the variables x, y, z, v, of a point in the space arc 
changed to other variables p, q, r, s, by four relations independent of one 
another ; but such relations arc a transformation from one quadruple space 
into another quadruple space. Under the condition that the relations are 
independent, no amplitude, differing from the complete quadruple space in 
essential quality, is thereby constituted. 

Similarly in n-fold space, no subsidiary n-fold amplitude is to be recognised. 
There are n — 1 distinct types of subsidiary amplitudes existent in that 
space ; and they are of 1, 2, . .., ti — 1, dimensions respectively, whether homa- 
loidal or curved. 

Representation of a point. 

8 . The only charactensbic possession of a point is its position, usually 
estimated in a frame of reference; a point has no dimensions, that is, its 
range provides no degree of freedom. 

In the frame, there are four axes OX, OY, OZ, OV. There is no intrinsic 
necessity that they should be perpendicular to one another in all the six 
pair-combinations; but, unless there is either a manifest assumption or an 
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explicit atatement to the contrary, complete orthogonality ia to be under- 
stood. Also, in manifest agreement with the customary convention for the 
two-dimensional and the three-dimensional geometries, the several directions 
OX, OF, OZ, OF, will be regarded as positive*, and the several directions XO, 
FO, ZO, VO, will be regarded as negative. 

Compounded from these four axes m pairs, there are six pianos of refer- 
ence, being XOY, YOZ, ZOX, XOV, FOF, ZOV. These six planes are to 
be regarded as perpendicular to one another, m all the fifteen pairs; the 
significance of this statement of property, here made dogmatically, will appear 
later after a discussion of the angular relation of any two planes, when it will 
be found, e.g., that the perpendicularity of AO F and YOZ is different from 
that of A'^OF and ZOV. 

Compounded from the four axes in threes, there .ire four flats of reference, 
being OYZV, OZVX, 0 FAF, OXYZ. These four flats are to be regarded as 
peipendicular to one another, in all the six pairs; they are also respectively 
perpendicular to the four axes OA, OF, OZ, OF; and, as in the last instance 
concerning planes, the significance of these statemc'nts will appear later after 
the discussion of the orientation of flats 



9 . In the accompanying diagram (Fig 1), the lines OA, OF, OZ, are drawn 
according to the prevalent convention for three-dimensional space. The fourth 
axis OF, and all lines parallel to OF, are represented by dotted lines; and 
all these parallel directions are imagined to be perpendicular to the three 
reciprocally perpendicular directions OA, OF, OZ. 
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The configuration, of which 

O, A, B, C, 

S, /, /i, 

arc angular points, is the customary rectangular parallelepiped in the, three- 
dimensional flat OXYZ. The configuration, of which 

g\ h\ 

P, a, A % 

are angular points, is the same parallelepiped moved parallel to the axis OF, 
without change of shape or orientation, all the dotted lengths being equal to OD. 

The lines 

BK A Cg, g'y, Df\ aP, 
are parallel to OX ; the lines 

0/ g8, Ah, h'a, Dg\ fy, ffP, 

are parallel to OF; the lines 

Ag, h8, Bf, f'l3, Dh\ g'a, yP, 
are piirallel to OZ ; and the lines 

Af\ Bg\ Ch\ fa, gP, hy, BP, 

are parallel to OF. ^ 

If the coordinates of P are a, 6, c, d, each of the seven specified lines 
parallel to OX is equal to OA, that is, to a; each of the seven specified 
lines parallel to OF is equal to OB, that is, to h ; each of the seven speci- 
fied lines parallel to OZ is equal to 00, that is, to c ; and each of the seven 
specified lines parallel to 0 F is equal to OD, that is, to d. 

The coordinates of the various angular points in the diagram, other than P, 
are as follows ; 


and 


A is the point a, 0, 0, 0, 

B 0, b, 0, 0,1 

0 0, 0, c, 0, 

D 0, 0, 0, d, 

f is the point 

9 

h 

r 

^ 

//' 


a is the point 0, h, c, d, 


0 a, 0, c, d, 

7 a, b, 0, d, 

B a, b, c, 0, 


0, 6, c, 0,' 
o, 0. c, 0, 
a, b, 0, 0, 
a, 0, 0, d, 

0, b, 0, d, 
0, 0, c, d, 
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Further, the lines 

Of, AB, are parallel to one another) i.u /la . 

BG,hg,^h',<^P \ “"d of length (f.* + c»)*; 

S’, ] of length (c» + a*)i, 

^1*5. ''"i*!- (»•+»■)*; 

7 ':: andoflmgtl. (4-+d>)<, 


OOL ' 

Bfi 

1 Off 

1 m 

1 

AP 


)’ 9y . 

r m 

^ I 

1 

are of length (ft* -I- c* -h d*)*, each bracketed pair of lines being parallel to one 

another, the lines 





OP] 

or, 

t Dff] 

Ah'] 


BP\ 

r h: 

1’ 9V 

■’ ha \ 

' 1 

are of length (c* -h d^ -h a*)^, in bracketed p irallel pairs ; the linos 

Oy] 

Dh\ 

^g] 

Bf 


ap 

■’ h's] 

’ 9<* . 

r //3: 

■ I 

are of length (d^ + a^+ ft®)^, in bracketed parallel pairs ; and the lines 

os ] 

Af] 

Sg] 

1 Ch\ 

1 

DPI 

1’ /'«' 

1’ 9'^] 

r- a'yJ 

1 ’ 


are of length (a^ + 6“ + c*)^, in bracketed parallel pairs. 


Finally, the eight lines 

01\ Aa, Bff, Cy, DB, //', gg\ hh' ■ 

are of length (g} + 6* + c* + ; and each of them has la, \h, \ c, \d, for its 

middle point. 

In the four-dimensional parallelepiped in the diagram, there are sixteen 
corners, thirty-two linear edges, twenty-four plane faces, and eight flat regions 
(or cells). 


Parametmc representation of points in an amplitude. 

10. It may be pointed out, however, that while the method of repre- 
senting a point by its Cartesian coordinates, each explicitly expressed solely 
with reference to rectangular axes, is convenient initially, there accrues an 
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advantage, in the intrinsic geometry of conBgurations, from expressing those 
coordinates by special reference to the amplitude of which the point is an 
element. 

Thus, when a typical point on a curve is selected, its coordinates x, y, z, v, 
would be expressed as functions of a parameter; an instance arises in the 
helix 

x = a (sin cos 8 cos ys — sin 8 sin 7.s-), 
y = a (sin jS sin S cos ys + cos 8 sin 7s), 
z = a cos cos 7s, 

V = s sin a, 

where s is the length of arc measured along the curve, and a, a, 7, 8, aie 
in ter- related constants. 


When a typical point on a surface is selected, y, z, v, would be expressed 
as functions of two parameters ; an instance occurs from the spherical surface 

X cos a cos ^ + y cos a sin + -2: sin a = c 
z^ = a 

for which we may take 

x = c cos a cos ^ + p sin a cos 0 + q sin /S, 
y = c cos a sin 0 -¥ p sin o^sin 0 — q cos 0 , 
z = c sin a — p cos a, " 

« = (ftS _ c* - p® - 

where p and q are the two parameters, varying independently of one another 
on the surface. 


When a typical point in a region is selected, x, y, z, v, Avould be expressed 
as functions of three parameters ; an instance occurs from the ovoidal region 


within which we can take 


x'^ y2 ^2 y2 
— !"'/-+ + 7 = 

abed 


a: = la tTH* 

1 (a — 6) (a — c) (a — d)\ * 

«=Jft («' + ?>)(& + <7) + 

J \ {b-a)(b-ij(b-d)l ’ 

f (c + p) (c + q) (c +jr)p 
1 (c - a) (c - 6) (c - (/)J ’ 

= + (d + q ) (d + r)]^ 

\ {d-a){d -b){d- c)] * 

where p, (7, r, are the three current parameters of tl\p region (see Chap. xxil). 
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Representation of a line: direction-cosines. 

11. The analytical representation of a (straight) line is obtained simply 
by using the measure of its inclinations to the respective coordinate axes. 
In the diagram in § 9 (p. 7), the projections of the point P on the four 
axes OX, OY, OZ, OV, are A, Ji, 0, /), respectively. We denote by I, m, n, k, 
the cosines of the angles XOP, YOP, ZOP, VOP, respectively, these, four 
quantities are called the four direction-cosines of the line OP. Manifestly, 

0A=l.0P, 0B = m.0P, OC = n.OP, 0D = k.0P, 
h-bnee, as OP^ = OA^ + + OC^ + 0D\ we have 

^a + m2 + /i2 + /.2 = l, 

which IS a universal relation affecting the four direction-fosincs of any line. 

Next, suppose the point 0 to be «, b. c, d, referred to another parallel 
system of axes - on a line OP through O, suppose the eooidinates of P to be 
Xy y, z,v\ and denote by I, m, ?*, k, the directioii-cosincs of the line measured 
from 0 towards P along the line. (If a point Q be taken on PO produced 
through 0, the direction-cosincs l\ ni\ n, k\ of OQ aie equal to — — m, — n, — k.) 

Also, denote the distance OP by r. Then we have 

— a = Ir, y — h = nir, z — c = nr, v — (l = kr, 

while 

=: (oi - a)® + (y - bf +( 2 - c)® + (v - df , 

and we usually assume, as a convention, that, in deducing a value for r, the 
positive sign is given to the square root of the last expression. Furthci, 

.r — a _y — h _z — c _v — d 
I ni n k 

Here, we can regard a, b, c, d, as a fixed point on the line, and x, y, z, v, as a 
current point on the line ; and therefore these three equations can be regarded 
as the equations of the line. If, moreover we take 

I = \P, m = pP, n = vP, k = kP, 
where P is any non- zero magnitude, the equations become 
x—a_y—b_z—c_v—d 

\ V « ' 

where /a, i/, k, arc not now actually equal to, but are only proportional to, 
the direction-cosines of the hue. The latter form is chosen as the typical 
form of the (three) equations of a line. 

Manifestly, the coordinates of any point on a line through a, b, c, d, with 
direction- cosines I, m, n, k, are 

x = a-\-lrj y = h-\- mr, z = c + nr, v = d + kr, 

that is, along the direction I, m, n, k, as measured from a, b, c, d. For the rest 
of the whole line, in the opposite direction from a, b, c, d, we may cither 
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reverse the signs of ly m, ky or admit negative values of r. When we take r 
as a parametric variable along the line, we can regard these four equations as 
the equations of the line. The equations can also be taken in the form 
a = a + \Ry y = h + fiR, z = c + vR, v = d-{- kR ; 

m 

and then the distance along the line from the fixed point up to any position 
of the current point is 

(X» + /i,* + t-* + *»)*12, 

where R is the parameter of the current point. 

Later (§ 17), it will appear that the three equations of a line need not 
necessarily occur in this form and that, in any form, three independent 
equations are necessary and sufficient for the mathematical specification of 
the line. 

12 . Next, let a, h'y c', d!, be any point on the line, distinct from the 
point a, hy c, d. As the coordinates must satisfy the equations, we must have 
a — a — h _c' — c _d' — d 

X fl V K ' 

and therefore, on the elimination of X, /i, v, #c, from the equations of the line, 
we have 

x — a y — h z-c_ v — d 

which are the equations of a (straight) line joining the points a, b\ c\ d\ and 

0*j by Cy dm 

Take a point z^y in the quadruple space, such that 

aa + /9a' ab + /86' ac + /9c' ad + /9d' 

+ ^ a + /8 ’ + 

where a and /9 are any magnitudes. Then 

Xj- a ^ P yi-b ^ /9 
a' — a a + /9* V — b a + /9* 
and so for the others : hence 

x^— ii _y\^b _Zi— c _Vi — d 

a' — a b' — b c — c d' — d' 

and therefore the point a?i, yi, Ziy Vi, lies on the line, whatever values be 
assigned to a and /9. Conversely, any point on the line joining a', 6', c', d', 
to a, by Cy dy can be represented by the four expressions for x^, yi, Zi, Vi, 
above given. If we write 

a _ /9 _a + /9 

1 - 7 - 7 ' 1 “' 

so that 7 is a parametric variable taking the place of the ratio a : /9, any 
point on the line is given by 

ari= a + 7 (a' - a), yi = 6 + y (b' — 6 ), ^1 = 0 + 7 {c - c), Vj = d + 7 (d' - d). 
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■ Tho parametric variable 7 can range from — oo to + 00 . As it ranges from 
- GO to 0, the point ranges along that part of the line between its distant 
extremity and a, 6, c, d, which does not enclose the point a, h\ c', d\ As 7 
ranges from 0 to 1, the point ranges along the portion of the line between 
a, 6, c, df and a\ h\ c\ d\ As 7 ranges from 1 bo + oo , the point ranges along 
that part of the line between its distant extremity and a\ h\ c', d\ which 
does not enclose the point a, 6, c, d. 

Ex. 1 . Verify that the lines in each pair 

riaand^li^ 0^ BI\ Oy and Od and 

in the diagram (p. 7) have the same direction-cosmcs ; likewise the lines in each pair 
ah and AM, and /'j5, yg and ^ 6 ', 
hf and //), bff and gD^ fiA' and AZ), 

Of and fP, Og and Oh and hT. 

ObUin other lines parallel (§ 18) to any pair of these specified lines in the diagram. 

Ex. 2 . Shew that, if three points ai, 61 , c,, dy -, cj, dy, r/,, 6 ,, c,, dy, arc not 

collincar, any three indeiicndent equations of the set 


«ll 

61, 

<^U 

rf., 

1 =0 




rfi, 

1 

O3, 


''31 

‘^ 3 . 

1 


must not bo satisfied simultaneously. 

Representation oj a plane. 

13. The analytical representation of a plane can be deduced immediately 
from the definition already given (§ 5). Let the three points A, B, C, there 
specified, be Ui, 6i, Ci, dy, a2, 6z, Cz, rfz, cfa, 63, c.,, ds. A current point F on 
AB is (§12) 

«i + a (az - fli), 61 + a (62 - 61), Ci + a (cz - Ci), di + a (dz - rfi), 
where a is a parameter that can range from — x to + 00 . A current point Q 
on AC is (§ 12) 

“1 + ^ (ua — cAi), hi + (63 — 61 ), Cl + ^ (C 3 — Cl), di-\- (d^ — di), 

where 0 is another (and independent) parameter, with the same range of 
variation as a. Then a current point R on PQ is (§ 12) 

a? = ai + a (fla - ai) + 7 [K + 13 (ch- «i)} - (ai + a (fh - ai))], 

where 7 is another (and also independent) parameter, with the same range of 
variation as a and 0 : that is, 

x = ai-{-\' (ttz — tti) + fi.' (ua - tti), 

and, similarly, 

y = 61 + V (6a - 61) + p (63 - 61), 

^ = Cl + \' (ca - Cl) + p (cs - Cl), 
u = di + V (da — di) + p (da - di). 
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where V = a — 7a, = 7)9. Thus and fi are two parameters : they range, 

independently of one another, from — x to + x ; and. when a, /9, 7, are 
omitted from further consideration, and fi can be taken as two parameters, 
with full variation between — x and + x , and independent of one another. 
Thus Xj y, z, V, satisfy two equations 

x — y — ^ — Cl, v — dx =0. 

0-2 — Ctlj &2 — C2 — Cl, £^2 di 

“ ^ii ^3 ” Cj — Cl, da — di 

But the locus of li, which is the point a;, y, u, is the plane ABC. Hcndb 
a plane is represented analytically by two equations, each of the first degree 
in the current ct)ordinatcs x, y, z, v. 

Now let I, m, ?i, /j, be the direction-cosines of the line AB in the direction 
from A to B'j and let l\ m\ n, be those of the line -dC in the direction 
from A to (7. Also let AB = r, AG = r\ and write \'r = \ fir=fi. Then 
the coordinates of the current point K in the plane ABC are 

X = fti + \l + yl\ 

2^ = 61 + \m + /tm', 

^ = Ci + \w + 

V = di -h \k^ -h fiV ; 

and the two equations of the plane become 

a; — tti, y — bx, z — Cx, v — dx =0. 

/ , m , n , k 

' V , m , n' , k' 

In this form, the equations of the plane place into evidence the distinguishing 
properties: (i), that the plane passes through the point ai, 61, Ci, di; and 
(ii), that the plane contains the two lines through 61, Ci, di, with the 
respective direction-cosines Z, in, n, k; l\ m\ n\ k'. Further, .'b — ai, y — hx, 
z — cxt V — di, are equal to LR\ MR', NR', KR', where R' is the distance AR, 
and L, M, N, K, are the direction-cosines of A 72 measured in the direction 
from A to 72 ; hence 

L = pi +ar, 

M = pm -h <rm', 

N = pn + an', 

7^ = pA; -I- ak', 

where X = pR', p. = aR'. Thus any variable direction through the point A in 
the plane is represented analytically in terms of two directions of reference 
through that point, by means of two parameters p and a. It will appear 
immediately that these two parameters, p and a, are not independent of one 
another. 
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The equations of the plane are satisfied by taking x, y, z, v, = Oi, 6i, Ci, di, 
or =aa, 621 Ca, dzi or =0^1 ^3, C3, da, verifying the fact that the plane passes 
through A, B,C. 

In constructing these equations, the point A was chosen as an initial 
point of reference. But 

Ui H- (tta - tti) + fj! (tta - tti) = aa + X" {(ix - Ug) + ^ ' (^3 - Og), 

^1 + (62 — hi) + fL (63 — 61) = 62 + X" {hi — 62) + y!* (63 — 62)1 

Cl + X' (C2 - Cl) + ^ (c 3 - Cl) = C2 + X" (Cl - C2) + ya" (C3 - Cg), 

di + X^ (d2 — di) + (da — di) = + (di — dg) + y!* (da — dg), 

provided X" = 1 — X' — /a" = X" ; and the right-hand sides of the four 

equations are new expressions for the coordinates a;, y, z, v, of which 
consequently satisfy the two equations 

X -az, y -hz, z - cg, V - dg =0, 

(ii — ttg, 61 — hzt Cl — Cg, di — dg 

^*3 “ Og, 63 — hzt Ca — Cg, da — dg 1 

be*ing the equivalent to the two equations of the plane ABC. Also, if 
V\ ni*\ n", k", be the direction-cosines of the line BG in the direction BC, 
these two equations have the form 


-«2. 

y-K 

^-Cg, 

V — dg 

= 0. 

i . 

m , 

71 , k 


1" . 

7?l" , 

«" , 

k" 



In these equations, B manifestly is the initial point of reference. 

Similarly, if G is chosen as the initial point of reference, the two equations 
of the plane arc obtainable in the forms 


®-« 3 , 

y-ba, 

^ ~ C3, 

V — da 1 : 

=0, 

. 

Vl' , 

Jl' , 

k' I 


1 " . 

in" , 

7 l" , 

k" i 


X -Uj, 

y - h. 

^ -C3, 

V -dz 

=0. 

— ^ 3 i 

K - bi, 

Cl “ C3, 

di — da 


ttg — 03, 

62 — 63 > 

Cg — C3, 

dg ^ dg 



The general conclusion therefore is that a plane, determined by the 
requirements of passing through a point a, 6, c, d, and containing two 
directions i, 711, ii, k ; l\ m\ n\ k * ; is represented by the two equations 

X — a, y — h, z — c, u — d =0, 

I , ra , 71 , k 

V , m' , 7 i' , k^ 
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or by the four equations 

a; = a + Xi + fil' ' 
y = h \ni + fimf 
z = c -\-\n + fLu' 

V d X^ ^lIc 

where X and ti are two independent parameters, capable of varying separately 
between — oo and + go . And ib is an immediate corollary that any three 
directions in a plane satisfy the relations 


1 , 

m , 

n , 

k 

1'. 

m' , 


k' 

1", 



A" 


In passing, we remark that (as will be seen later) there arc other forms of 
equations of a plane : but all of them are equivalent to two (and only two) 
independent equations, linear in the current variables and involving no other 
variable quantities such as parameters. 


Ex. 1. Shew that the plane can be represented by the (twp) iiidepeudcnt equations of 
the set 


X , 

y . 

" 1 


1 

“li 

bu 

«1» 

du 

1 

®2i 

bit 


di. 

1 


6a, 

Cl, 

d„ 

1 


Ex. 2. Prove that, if the equations 


X — rt] , 

y-bx. 

^-Cl, 

v — di 

= 0, 

12 , 


Wg , 

/■g 


, 


W3 , 

^3 


X-Oi, 


- — Cg, 

w-dg 

= 0, 

h 1 

fill , 


h 


h , 

nil , 

71 i , 

k. 


x-a,. 

y-K 

C-C3, 

v-rfj 

= 0, 

h , 

Till , 

/I, , 



h , 

, 

Wg , 




are to represent one and the .same plane, the necessary and sufficient conditions are that 
the relations 



^71 Cp c^, 

d,-d„ 

Ir , 

nir , fir , 

kr 

1 . , 

m, , n, , 

k. 


shall be satisfied for all the combinations q, =1, 2, 3 , and r, a, =1, 2, 3. 
To how many independent relations are these conditions equivalent 1 
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Representation of a flat. 

14 . The analytical representation of a flat can be deduced from the 
definition (§ 6), in the same manner as was the analytical representation of 
a Let the rion-collinear points A, 71, C, determining a plane ABC, be 

(In ^r, Cr, for r= 1, 2, 3, as before; and let a fourth point 7), not lying in 
the plane ABC, be a4, d^. A current point R in the plane ABC is 

given by 

X* = aj + V (ttj — ttj) + p ((^3 - Ui), 
ij =bi-\- (bz — bj) H- //,' (63 — bi), 

y = Cl + (ca - Cl) + pf (C3 - Cl), 

v' = di + {dz — df) + p! (dj — dj). 


A current point S in the line A I) is given by 

x" = ai + y(fi4^ai), 

•/" = bi + y(b 4 -bi), 
y' = Ci + 7(ci-Ci), 

y"=(/l+7(f/4-di). 

Hence a current point T on the line i2>S* is given by 
x = x' + S(x"-x') 

= «1 + p (Uz — ai) + a- (rtj — ai) + t (^4 - tti), 
y = 61 -hp(bz- bi) +a-(b 3 - 61) + T (61 - 61), 
j = Cl + p (ci - Cl) + a (cj- Cl) + T (C4 - Cl), 

y = di + p (dz — di) + tr (dg — di) + t (dj - di), 

where 

p = V — S\', (T = pf — hp, T = hy. 

The parameters X' and p! are general and they are independent of one 
another, the parameter 7 is general, and likewise 5. Hence p, a, t, are three 
parameters, independent of one another, each capable of variation by itself 
from — QO to + 00 . Accordingly, the coordinates of T satisfy the single 
equation 


- fb. y - ^1, 

ttg — «!, bz — ^1, 
cia-ai, 63-61, 
rf4-tti, 64-61, 


Cz Cl, dz — d| 
C 3 — Cl , dg — di 
C 4 -C 1 , d 4 -di 


which therefore is the (single) equation of a flat. 

Now let I, m, n, k, be the direction-cosines of AB; I', n\ k\ those of 


V G. 
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AC\ V\ m", those of AD. Then the coordinates of a current point .T 

in the flat A BCD are 

X = ai-\- \l + fiV + vV , 

2 / = 6i + \iii-\- vm'\ 

-s = Cl + X/t + fin' + vn" , 

V — d| + \k + fih + vh , 

where X, fi, p, are three independent parameters; an(J the equation of the 
flat becomes 

— y — ^if i; — di =0. 

I j m , , h 

1* t / 1 f 

L , VI , n , h 

L I 'in j /{ j n> 

From the first form of the equation of the flab, we verity at once tliab the flat 
passes through the four points A, B, (7, D. From the second form, we infer 
that, if X, Jlf, N, if, are the direction -cosines of any line in the flat, 

L =^pl +aV +Tr , 

M = pin -h am + ttu", 

N = pn + an^ -H rn” , 

K = pk 4- ak' + rk" 

Alternative (or apparently alternative) forms of the equation of the flat 
arc obtained when difl'erenb arrangements of thi) four points A, B, G, /i, are 
taken so as to adopt a basic plane ditt'erent from ABC with a ditterent basic 
line AD. They are cipn valent to one another, and all of them arc equivaleiib 
to the single symmetrical form 

X , y , z , V , L =0. 

Ui, bij Cl, di, 1 

C 2 , dg, 1 

C 3 , da, 1 

a 4 , 64 , C 4 , 1 

What seems the most cuiivcnieiit form of the equation of a flat is given by 
the foregoing expressions for the four coordinates of a current point in terms 
of the three independent parameters X, p, v. 

It thus appears 

(i) that a line can be drawn through two, and not through more than 
two, arbitrary points , conditions are necessary if a third assigned 
point is on the line : 
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(ii) that a plane can be drawn through three, and not through more 
than three, arbitrary points ; conditions arc necessary if a fourth 
assigned point is in the plane ■ 

(ill) that a flat can be drawn through four, and not through more than 
four, arbitrary points ; a condition is necessary if a fifth assigned 
point lies within the flat 

Also, a line is represented by three equations, a plane by two equations, and 
a flat by one ecpiation, each such equation being of the first degree in the 
variables. Alternative forms of the three equations of a line, and of the two 
equations of a plane, have yet to be indicated. 


Kx. 1. Obtain tlie equations of tlio four (jiarallel) planes ABC^ io 

the figure on 7, as follows 


AKC, . 

X y z ^ 

■h ' 1 + = b 

it b c 

v^O, 


V y z . 
.-+■:+ -1, 
aba 

v — d] 

f<jh , . 

(m“ 

II 

o ^ 

+ 

+ 

f =--0, 

a/3y , . 

- - + f + “ -2, 

a b V 

r = rf 


Obtain also the .similar equations of the sets of four (parallel) pianos 
(i) BCD, fcfh, f^h\ fiy8 

(II) CJJA, rfhf, y8a 

(III) BAB, AYy, /i/Y, 8a(B. 


Ex Verify that the six ]ioint.s /, h^f\ g\ h\ he in the flat 

.r y z 0 ^ 

+ *. + + ; 

(1 b c a 

that tho (j)arallol) flaU 0«/3y, I'ABC, have the icspecti\e equations 

a b c a 

X y z . o , 

il b^ V d 

find that the (jiarallcl) flats ^XECa^y^ ha\c the rc.spcctive equations 

1, 

abed 


X y z 1 

it b^ V d 


Types of ampliUide in n-fold homaloidtd space are limited in number. 

16. In confirmation of an inference that, in a quadiuple continuum, no 
amplitude can exist which, being represented by a linear equation or by 
linear equations, is required to contain more than four arbitrarily assumed 
points, the following argument can be adduced 


2—2 
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Consider a general amplitude of linear type, existing in any 9i-fold space : 
let it be represented by r independent equations, each of them linear. These 
independent equations can be resolved so as to express r of the variables in 
terms of the remainder ■ let the resolved expression be 

"h I +1 ^1+1 “H ^^8, r+2 1-2 "1" • ■ ■ "1" ^s.n^nt 

for 5 = 1, ..., r. The number of constants «« and ag^m in each equation is 
+ 1 ; thus the expression of the amplitude contains r (71 — r + 1) constants 
in fill ; and these, in the most general instance, can be regarded as un- 
connected by relations. Let the amplitude be required to contain m arbi- 
trarily assumed points. The equations of the amplitude musL be satisfied by 
the coordinates of each point : and therefore there must be r relations to be 
satisfied in connection with each point. Consequently there will be mr rela- 
tions in all, arising out of the requirement imposed on the amplitude : and 
each such relation is linear in the constants ag and Hence, in general, 

(71 — r -H 1 ), 

and therefore 

n — r +1. 

For the analytical expression of an amplitude, there must be one equation 
at least : that is, 

r — 1 > 0. 

Hence * ^ 

7/1 < a — (r — 1) < n : 

so that no lim^ar amplitude can be made to pass through more than 71 arbi- 
trarily assumed points. In particular, no linear amplitude in a quadruple 
continuum can be required to pass through more than four arbitrary points. 

Further, the number r of independent equations (whether linear or not, 
separately or in independent and equivalent combinations), which are the 
analytical expression of an amplitude of any number of degrees of freedom 
existing in any w-fold space, is not greater than ??. If it wore greater than 71, 
there would then be a number of relations among the variables greater than 
the number of variables : in that event, the relations could not be inde- 
pendent and simultaneous. If the number be equal to n, the n equations 
among the n variables can be imagined as resolved : the resolution would 
provide an aggregate of sets of values, each set providing constant values for 
flji, ..., Xnj that is, determining a point; and therefore the 71 relations among 
the n variables would provide a number of points, each point being in itself 
of no dimensions. In all other instances, r is less than n; and so we have, as 
providing possible amplitudes with ranges, 

n > r ^ 1. 

It follows immediately that, in a quadruple continuum, the only amplitudes, 
which arise for consideration, arc curves, surfaces, and regions, with lines, 
planes, and flats, as the simplest instances of the respective types. 



CHAPTER 11. 

Lines. 


Lemmas on determinants. 

16. Certain Iciiinias on determinants will bt‘ required in this chapter and, 
occasionally, at some later stages : they are given here so that, when necessary, 
they may be quoted without any subsequent interruption of a discussion. 

Let sets of quantities, each set containing the same number of quantities, 
be denoted by 

^1. yu zu I’l. Wi, ■■ , 

^'ii Z/2» ^2 j W;2, ■ 

«3, 2/3, ^3, Vg, i/;a, ..., 


and for all values of integers i and j specifying the sets, let 

A,; = oc^Xj 4- y,yj + z,zj -\‘V,Vj + w,Wj + .... 

Then the results, which will most often be required, are as follows 
S! «'i, 2/i *= ^11, Ai2 , 

I ^2, 2/2 I -^12, -^22 


2 :, 

^1, 

2 / 1 . 

z, “=; 

-dll, 

-"■Iri, 

An, 

1 


^2j 

2 / 2 . 

^2 j 


A 22 , 

A 23 j 




2 /j. 

*2 

-di3, 


A 33 


a-'i. 

2/1* 

Z\y 

V !2 — 

^1 1 — 

d-ii, 

di2. 

-di3, 

A in 

‘i'2i 

2/2. 


Vz 1 

di2, 

-^22, 

-^23, 

Ail 

^3, 

2 / 3 . 

Z3f 

V 3 1 ! 

•di3, 


Asj, 

A:il 

X^. 

2/4. 

^■ 4 , 

’’4 1 1 

d.14, 

A 21 , 


-^44 


and so on: where, in the first summation, all possible similar determinants 
of two rows are constructed out of the first two sets of quantities : in the 
second summation, all possible similar determinants of three rows are con- 
structed out of the first three sets of quantities : and so forth. 

Similar results that will be used are : 



V 

■n. 

2/1 

Xi, 

yi — dll. 

di2 1 




^' 2 , 

yi 

X 3 , 

yj di3, 

d23 1 


X 

Xi, 

2/1. 

^1 


^1. 

yi. 

Zi = dll. 

di2. 

A 13 


Xni 

2/2. 

Zz 


Xz, 

y2. 

Zi dia, 

A 22, 

d23 


Xz , 

2/3. 

Z 3 


^4, 

y4. 

Zn \ di4, 

d 24, 

da* 


and so on. 
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Also, it is convenient to use the expansion of the determinant 


A, 

H, 


L 

H, 

B, 

F. 

M 

0, 

F, 

0. 

N 

L. 

M, 

F, 

D 


in the form 

D (ABC + 2FGH - AF^ - - (UP) 

- B(JL^ - CA]\P - ABN^ + 2AFMN + 2BGNL + 2(mLM 
+ F^L^ H- G^M^ + BPiY^ - 2GHMN - 2HFNL - 2FGLM, 
in connection with theory of curves in four-fold space (Chap. Vlii). 

Equations of a line, 

17. We have seen that a straight line may be repiesented by the 
equations 

— a _y — h _z — c — d __ 

I m n k ' 

where 7U, n, k, arc the diroction-cosincs of the line measured from a given 
point a, 6, c, d, on the line towards the current point y, u, on the line ; 
T denotes the distance from the fixed point to ^he current point ; and I, wi, ?i, k, 
satisfy the permanent relation -f — 1. 

Also, if a', //, c\ d\ be another point on the line, the equations may b(j 
taken in the form 

X — a_i/— b_z^c_ V — d _ r 

a — a 1) —b c —G d — d 1 ) ’ 

where D denotes the distance between the points a, 6, c, rZ, and a\ b\ c\ d. 
In this form, the diiection-cosincs of the line, measured from a, b, c, f/, 
toAvards a', b\ c\ d\ aie 

I _ ^ ^ _ 1 

d - b^~ c' - d' - d^ D’ 

while 

r = {(« — af+iy — If + {z- c)* + (w - df )*, 

D = 1(«' - af + (&' - bf + (c' - c)* + (d' - d)*) i, 
a positive sign being taken for the latter radical. Manifestly three linear 
e(\uations, when taken in the form 

X — a _y — h — c _v — d 

\ fJ. V tc * 

are sufficient to specify the line, the direction-cosines then being 

vQ~^3 ^ 

where Q denotes -h /a® + v® And these three linear equations are in- 
dependent of one another. 
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The foregoing form is the most generally useful form for the equations 
of a line. There arc other forma, equivalent, always linear, and always con- 
sisting of three menibeis. Of these, the set 

L^x + Mxy -H NyZ + Kiv = ai ' 

L^x -H M^y + Nzz + K2V = U2 ■ , 

L^ic -I- M^y + + K3V = ch , 

assumed to be independent of one another, occurs occasionally. It is easily 
reducible to the form already given. Let a, b, c, d, be any simultaneous 
values of x, ?/, v, satisfying the equations, such a combination can be 

chosen in an unlimited number of ways. Then the equations may be written 

Li (x — a) -h Ml ( y — />) + jVi (z — c) + J{^i (v — d) = 0, 

Tj2 (^x — (i) + ]if 2 ( y — “1“ ^2 — ^') 1“ ^^2 — d^ = 0, 

fj2 (x — Cl) + Mj ( y — (z — c) + ^3 ~ ^ j 

and thcrcfoic, if 



X 




M 



V 


Mu 


Ju 

- 

Nu 

Ki. 

Jn 

Ku 

Z^i, 

Ml 

Mu 


1C2 


Nu 

Ku 

Li 1 

Zl 2 > 

Lz, 

Mi 1 

Mu 


Kz 



Kz, 

Lz \ 

Kz, 

Lz, 

Mz ! 






K 


Q'^ 






~ - 


Mu 


©r 







Lz, 

Mu 

iV. ! 








u. 

Mu 

Nz i 





where 


@ = :i Mu 

A\, 

Ki - = 

2V , 


2//1//3 

, Mi, 

Ni, 

Ki 



SLiLi 

: Ms, 

Nz, 

Kz 

'^ LiLu 

ILzLz. 



the three equations can be resolved into the canonical form 
x — (I y — b_^ — c_v — d 

\ fJU V K, 

The direction-cosines of the line, being XQ"-, /i-Q kQ \ arc ex- 

pressible in terms of the coefficients L, M, N, K ; and it is to be noticed that 
they satisfy the relations 

X Tji + fiMi + vNi -l- kICi = 0 , 

\Ij2 "h "1“ “h ^^2 ~ 

XL^ + fiM^ + 

the significance of each of these relations appearing later (§§ 44, 45). 
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Moreover, it is to be remarked that each of the three new equations 
which, combined, give the line, is of the form 

Lx + My -h Nz + Kv= p, 

that is, it represents a flat. We therefore infer that, in four-fold space, a line 
IS the intersection of three fiats. It will be seen later that, in general in four- 
fold space, a line is not the intersection of two planes, contrary to the property 
of three-fold space ; for, in four-fold space, two general planes intersect only 
in a point (§ 29). 

Again, it will be established (if it is not already obvious) that any two of 
the flats determine a plane, by means of their equations ; and therefore we 
can regard a line as the intersection of a flat and a plane. But, in this mode 
of regarding a line, there is the exclusive limitation that the three equations, 
representing flats, must be linearly independent : the geometrical limitation, 
for the purpose of giving a line as the intersection of a flat and a plane, 
is that the plane must not lie in the flat 

Parallel lines. 

18 . A line has been defined (§§ 3, 11) in connection with its property of 
uniform direction. We therefore define two lifies as parallel, when they have 
the same direction, that is, when they are characterised by the same direction - 
cosines 

Let two lines, having the same direction-cosines I, m, u, k, be 

x—a_y—b^z—c^v—d 
I 111 n k 

and 

x — a_y — h'_2 — c_V'-d! 

I in n k 

The point a\ 6', c\ d\ must not lie on the former ; the point a, h, c, d, must 
not lie on the latter: otherwise, the two lines would be the same Con- 
sequently, the three equations 

a' — a _h' — b _ c — c ^ d' — d 
I 111 n k 

must not simultaneously be satisfied (that is, one may be satisfied, two may 
be satisfied, but not all three) Now the two equations 

x — a, y — b, z — c, v — d =0 
tt' — a, b' — 6, c' — c, d' — d 
I j ni , n , k 

represent a plane passing through the point a, b,.c, d\ the plane contains 
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the line through that point in the direction given by m, 7i, k : and it contains 
the line joining h\ c\ d\ to a, 6, c, d. But the equations are equivalent to 

X — a\ y — h\ z — c\ v — d' =0, 

It ttf J) fc I c ““ Cy d d 
I y m y n y k ' 

which manifestly represent the same plane . and they shew that the plane 
contains the line through a', h\ c\ d\ m the direction given by ly vi, n, k. 
Thus a plane can be drawn through the two lines. 

If the two lines can meet at a finite distance from the points a, 6, c, dy 
and a'y b\ c',, d', let the distance of the meeting point be r from the former 
and r from the latter. Then the coordinates of that meeting point arii 

tt + IVy b + mPy c + nVy d + kr, 

because it lie.s on the first line , and they are 

a + Ir'y b' + mVy c + nVy d' + kvy 

because it lies on the second line while r and r are presumed finite. 
Accordingly, we should have 

a-^lr = a lr\ b + m r = 6' + mVy c + 7ir = c' + n r', d + kr = d' + kr. 

But for finite quantities r and Vy these equations are not simultaneously 
satisfied , and therefore the assumption cannot be justified. 

Consequently, the two lines do not meet at a finite distance, however 
great ; and they lie in one and the same plane. They therefore are characterised 
by the property which, under the ancient definition, is called parallelism. 
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Inclination of two lines. 

19. When two lines meet in a point, a plane can be drawn through the 
point containing the two lines; and their inclination can be derived from the 
properties of a linear triangle in the plane. Let the two lines through Llie 
point n, by c, d, be 

X — a _y — b z — c _v — d 
I m n k ’ 

./■ — (fc _ 7/ — 6 z — c V — d 
V ~ ‘ ni ^ n' ^ k' * 

where ly in, 7i, A', and l\ ni\ n\ k\ are the direction-cosines of the lines. On 
the former, take any point P, distant r from A : on the latter, tak(' any 
point P\ distant r from A : and join the points P and P' by a line, which 
necessarily lies in the plane, and which completes the triangle PA P'. If 6 
denote the angle PAP'y we have 

PP'^ = A P^^- AF^ - 2il P AP' cos e 
= r® + r'* — 2rr' cos 9. 

The coordinates of P are a -h Ar, b + 7a/’, 717’, d + kr: those of P' are 

a + l'r\ b + nir, c + }ir\ d -I- k'/ , and therefore 

PF^ = ilr- I'j y + (mr - m'rf + (nr - nVf + (kr - kV)- 

= (P H- + /7^ + k^) + 7’'® (l '^ -h f 7i'“ + Jc^) 

— 2rr' (IV + mm + 7?a' + kk') 

= — 2rr (IV -h mm' -H nn + kk'\ 


Hence 

cos 6 = lU + mm' + nn' + kk'. 

For given values of A, t/i, n. A;, and A', m\ n'y k\ there arc two values of 6, 
being ^and— so that, by this formula, no convention for the positive 
value of ^ is required. 

Further, we have 
sin* ^ = 1 — cos* 0 

= (A* -I- iiP -h /i* + A;*) (A'* + 77t'* + 7i'* + /c'*) — (AA' + 7n//i' + nn' + kk'Y 
= (mn' — nm'y + (nl' — In'y -H (Im' — mty 
+ (Ik' — kl'y H- (mk' - kni'y -h (nk' — kn'y 
= S (Im' — 7/1 A')*, 
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with the conventional significance for the summation-sign; hence 

sin ^ = [S {Ini — mVy]^. 

A convention, concerning the positive direction in which 6 is to be measured, 
IS required in onler to settle the sign of the radical. 

When the equations of the lines occur in the forms 

X — a _y — b _z — c v — d 

X fl V K ' 

X — a _kf — h _z — c v — d 

fJL V K 


their inclination 0 is given by 


and then 


^ XX' -h -I- VV' + KK 

cos 0= - ■ 

(\* +^‘+p^ + + ;e' 2 )i 


sin 6 = 




+ ^^2+^2+ **)* (X,'* + + k'®)* ■ 


Kc Vt'rify tli.it 6 can be fxpresHed in the forms 

((yy/ yt' - ;iyy<') ± {Ik' - 1 i')] - + ((y<?' - In') + (/yj/-' - km')]- + {{Im' - mV) + {nk' - 

wliero tin* positive si"u can be t.iken tlii-ouglnmt, and the negative sign i.in bo taken 
throughout. 


20. The inclination of two straight lines 

X — a _y — h_z — c^u — d. 

I m ti k ’ 

X — a ^ y — b' z — c' /» — rf' 

V ~ ^ ni ^ i7~ ^ kf ’ 

which are a.ssumed not to meet, can be derived thiough the preceding result. 

Let a \ h'\ c \ d'\ be any arbitrary point, and through this point let lines 
be drawn parallel to the po.stulated lines; their equations arc 

^ — a" _ y — 6" _ ^ — c" y — d" 

I ni n ~ k ' 

X — — b" _ z — d' __v -- d" 

V ~ vV ~~ n' V ’ 

respectively. The inclination of the latter lines is (§ 19) given by 
cos 0 = 11' mm H- ?m' -|- kk\ 
sin 0= {(Ini — miy]^ , 
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This inclination 0, as it does not involve a", 6", c", d'\ is independent of the 
position of the arbitrary point; and it depends only upon the direcLion- 
cosincs of the two initial lines. It is called the inclination of those initial 
lines. 

When the equations of the given lines involve quantities v, /c, 

/a', k\ which arc only proportional to Lhe direction-cosines and are not 
their actual values, the formiil.T for cos 6 and sin 6 are modified exactly as 
in § 19. 


Conditions of 'parallelism of two lines. 

21. In Euclidean geometry, whether of two dimensions or of three 
dimensions, two lines are parallel to one another, if their inclination is zero 
when the directions are taken in the same sense, and if it is tt when the 
directions are taken in opposite senses. To settle whether this condition for 
parallelism is sufficient under the preceding condition, we suppose that 

sin* ^ = 0, 

that is, 

^{Im' - mV 

As we arc dealing with real lines, so that eachr of the six terms on the left- 
hand side is a real non-negative square, we must have each such square equal 
to zero. Thus 

vitV — mu = 0, nV — In' = 0, Im' — mV = 0, 

W — kV = 0, mk' — km' = 0, nk' — hu = 0, 

all of Avhich are satisfied by 

I _ m' _k' _ (P -I- -I- -I- k'^)^ 

I m n k ~ + n* H- k^)^ 

where a positive sign is attributed to each radical. When Z, 'm, n, k, and 
Z', m', n't k't are the actual direction-cosines, the last fraction becomes ± 1, 
and the direction -cosines of the one line are then equally the direction - 
cosines of the other line, that is, according to the definition of § 18, the two 
lines are parallel. Thus we infer that tw^o lines are parallel if their inclination 
is zero or tt. 

Further, the necessary and sufficient analytical conditions for the 
parallelism of the two lines is 

V^nV^^n'^k' 

I m n k ' 

If the quantities A,, ft, v, k, and p,', v', k\ occur in the equations of the 
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t^o lines, these quantities being only proportional to the direction-cosincs 
and not being their actual values, the necessary and sufficient analytical 
conditions for parallelism of the lines arc 

K _I1 __V K 
\ V fC 


Condition of perpendicularity of two lines. 

22. As two lines are perpendicular to one another when their inclination 
is Jtt, the one single necessary and sufficient condition that the two lines should 
be perpendicular is 

IV + mm' + nn' + kk' = 0, 

or, when the direction -parameters are not actual direction-cosines, 

XX' -I- pp! -h VV -I- KK = 0. 

It is to be noted, m passing, that while only a single line can be drawn 
through a point parallel to a given line, the same limitation to uniqueness 
does not arise for a line drawn through a point perpendicular to a given line. 
In fact, if such a line 

X — a' '-h' _z — c — d' 

~n' “ ~k' * 

be perpendicular to a given line 

X — a _ y — h _ z — c __v ^ d 
I vb n k ' 

the only limitation, upon the ratios V : ni . n : k\ is the condition 

IV -h mm' -f- nn -|- kk' = 0. 

Thus the coordinates of any point on the perpendicular line satisfy the 
equation 

l{x — a') -\-m{y — b') n{z — c) + (y — d') = 0, 

that is, the perpendicular line lies in a flat. And it is easy to infer that any 
line in this flat is perpendicular to the given line 

Ec. 1. Required the directwn-cosinea of a line perpendicular to three given lines 

Let the three lines have dircction-uoaines wii, Hi, k\ \ /g, wig, ng, ; and ^j, wij, Wg, ^j, 
respectively ; and write 

cos a = + 

cos j3 = + wij nil -1- Wj ki , 

cos y = U + Jill wig -I- Til Wg + ^*2 ■ 


As to this result, see §§ 44, 45, post. 
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Let the required dircction-coMinca of a line perpeiidiculiir to all these three lines be 
/, m, n, then 

Wi + mw j + n/ii + = 0, 

111 + + /,/ 2 = 0, 

^^3 + mm , + an j + /:/ j = 0 , 

and therefore 

I m n k' \ 


7Wi, 

/ll, 



''1, 

Mi 

1, 


/•i, 

lu 

7/1 1 

— 


7 // 1 , 

/q 

7/12, 

^2, 

ki 




h 



h. 

//l2 


h. 

W 2 , 

»»2 

W<3, 




''•ii 


h 



h. 

7 /I 3 




ns 


on taking as the comnion value of the four fractions Now 

/^ + »i'® + a- + ^'* = l ; 

hence 

D'^ = '2 wij Jiij h 2 
^»2i ''ii 
ya.,, 71 J, X| 

— 2^1** , 2^1 ^2 y 2^1 ^3 

2/i^,, 2^2^, 2^/ 

^ 1 , cos y, cos () 

cosy, 1 , cos a 
cos |3, cos (I, 1 

= 1 - cos'^a — con- (3 — cos'^y + fj cos y 

We choose the positive sign for the square root of the right-hand side, thus 
/J = (1 — cos '-' a — C0s‘^j9 CO.s2y 2 cos u cos (J cos y)^. 

Consequently, the values of 1, m, yi, I', aie known 

If the given lines are perpendicular, a— W, /S— Jtt, y = 47r, and then D = l. We then 
.should have, with the chosen xiositivc sign, 



7 / 1 ,, 

n\i 

k, 

, 7 / 1 = — 

7li, 

1 ., 



7//., 

V/2, 

k, 


712, 

/a, 

h 



TIt, 

/■I 



^’31 

h 

•ti — 

^■ 1 . 


7 /I 1 

, k=- 

^ 1 . 

771,, 

Hi 


^'2 1 

h. 

//I 2 


h. 

7 /I 2 , 

7*2 


1 

h. 

77 /, 


hi 

771,1 

71, 


I , 7/1, 71 , k’ =^2 + ?/i2 + a’®-|-/,2B 1, 

? 1 , 7 / 1 ], 7 / 1 , kci 

^2 1 ^2 1 ^2 


and therefore 
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a. I'olation among the diicctioii-cosincH of four linoH which arc perpendicular to one another 
111 pairs. We shall return later (jj 25) to frame.s of four perpendicular lines. 

Ex 2. Obtain the directwn-co&ine» of a line making angles 0, 0, 0, respcttively^ vnth the 
thee hnea '/y?i, vif, n^, k^; wij, 

Draw the line perpendicular to the three given lines, its dircction-cosines /, wi, ?i, k^ 
are known, from the result of the preceding example. Let u be the angle made with thi.s 
perpendicular by the rcipiiied line, the direction-co.siiios of which we denote b} A, if, N, K. 
Then 

LI + Mm +A'/ =cosii>, 

Lli + Mm 1 + Nn i + Kki = cos 
Lli + Mnu + Nni + Kk, - cos 0, 

LI ^ + Mm^ + Nn^ + Kk.^ = cos 0 
The deteriiiinatit of the coefficients on the left-hand side i.s 


1 , 

m , 


k 

h, 

m^ 

itl, 

/■j 

h. 



/, 

h, 

’^*31 

’'1, 

/. 


Hence 


wlicre 


= I . . Oui -f H . Da-k-k . I)k = J) 


DL^ 


COS bi , 

?/l , 

» 

y[' 

= Dl cos W -1- Pf LOS d -1- Qi OOS 0 

C OH ^ , 

/«!, 




cos 0, 

m., 




COS 0, 






DM 

DN 

DK 


= Dm CO.S cii + cos 6 -|- </„ cos 0 + //,„ cos 0 , 
= Dn cos W -I- Pn tOS ^ -H Qn cos 0 + lln COS 0, 
— Dk cos Qj -h /\ cos 0 -H cos 0 -|- /'j cos 0, 


/•,= 

//I , 


/ 


" , 

i- , 

1 1 




^1 


''J, 

^2i 

t‘2 


Wj, 

>'3, 

k^ 


’ll, 

^3, 

Is 


/ , 

? , 

m 

. A = 


711 , 

1} 


k.,. 

L, 



h. 

7«., 

III 


/i, 


m\ 


lu 

?«,, 

’ll 

<l,= 

'« 1 


1 

. -V... - 

n , 

/ . 

1 


Ml,, 

71,, 

^■i 


’ll. 

^1» 

h 


«l„ 

Wj, 

I'l 


"3, 

^1, 





III 

II 

1 

1. 

7)1 , 

n 


tu 

^1, 

7W, 


lu 

Wll, 



h. 

^3 1 

TWj 


h. 

”*3i 

^3 
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1 1 

91 , 1 

1 


« , 


1 , 


niu 

«1, 



«ii 




wig, 





no, 


^2 

1 

11 



m 

1 7 

II 

1, 

m , 

a 


^■l, 

f,, mi 



lu 

JBl, 

a, 


1c2, 

^2, mj 



h. 

»l2, 

912 


From these, we have 

+ m, n, L 

1 W72, 


and aimilarly 


2P , 

SWj . 

^ll, 

1 ' 

S;;2> 



22^3, 



, 1 

1, 

'> , 

0 

= Hin2a 


0, 1 , cos a 

0, cos aj 1 


Again, 


/? J «*.*= Hin2 y. 



m , 

91 , 

m , 

ii , 



”ij, 

*»i. 

1 ?»i, 


^*3 


mg, 

«2’. h 

i mi. 

/ii , 

Xi 


the right-hand side is (fj 16) equal to 


and therefore 
Similarly 


Also 


SP, 

2;<j , 

SPi 

2Zia, 

2<,s , 

2(3 

2Ji„ 

Slj/i, 

2(2^1 


1, 0 , 0 |=scosy-coa o cos/9; 

0, 1 , cos a 

0, cos /9, cos y 

Pi Ql + Pm (^m + Pn Qn+Pk Qk = COS O COS ^ - COS y . 


Cl Pi + Cni Pm + Cn Pn + Cfc Pk = COS ^ COB y — COS a, 
JilPl + PmPm + Pn Pn+Pk Pk = COS y COS O - COS /9. 


IPi + ?nPm + nPn + ^/’jfc = 0, 

Ktfl + »iQm + + ^Cfc = 0, 

IJii + inRf^ + fkRn "h If^Rk — 0. 

Substituting the values of L, Jf, A”, we have 
/>z = Z)* ( A2 + + iV-* + K^) 

= cos^ Q) + sill* a cos* ^ -H SI ri* /3 cos® (^ + siii^ y cos* ^ 
+ 2 (cos a cos 3 - cos y) cos d cos 0 
+ 2 (cos /3 cos y — cos a) cos 0 cos 0 
-I- 2 (cos v cos a ~ COS ff) cos ^ cos 6^ 
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givinjr twu equal and opposite values for sin &>. These may be taken os + 6i and — oi : or, 
if the two possible lines are drawn in the same sense, they can be taken as a and tt -- u, 
and then the angle between the two lines is tt — 2a. 

The two lines arc given by 

DL., DTJ =Pi coHa + <2t cosj3+/Jt cos -y+Z)^ cos co 

DJ/, DM' = Pm cos a + Qm cos ^ cos y + Dm c-os id 

/>;V, Da^'= Pn cos a-\-Qn cos /3 + cos y ± Dn cos a 

DK, DK' = /\ cos a-\-Qk cos fi + cos y + Dl cos u 

the upi)cr signs throughout giving DL.^ DM, DN, DK\ and the hiwer signs throughout 
giving DL', DM', DN', DK'. 

From these, wc have at once 

/)- — 2 ( cos a + fj>£ cos /3 + lii cos y)- + D^ cos-* u, 

Y,LL' = 2 ( /*£ cos a-\-Qi cos /3 + Ri cos y)‘-* - D^ cos^ a , 

.ind therefore 

1 — '^LL'—2 COS'* a, 

thus verifying the statement that ‘n — 'la is the angle between the lines drawn in the 
same sense. 


Note. We have 


hence 


IP\ + 'iii^P m d" 

f^Pl + //li P„i. + f^lPn + Pl = 0, 


/jA +«*jArt Ai + A A =0, 

AH A;H iV=sinH, 

1 « 1 1 1 


A, 


p 

, * mi 


. 


Pk, 


arc the dirccbion-cosincs of a line perpendicular to the three directions I, ?n, n, k\ 
hy ^^2i A; A- -A-s will bo set'n later (§ 15), these are the direction-cosines 

of the normal to the flat through the three directions 


Similarly 



am~$ 

--- Q 

sin 3 

siu /9 

-i - 11,, 

- li,., 


- Itk, 

Sin y 

Sin y 

Sin y 

Sin y 

the former set, of the normal 

to the flat through the directions 


and 


I, m, n,k\ ?j, mj, n^, Ig; my, n^, kj ; and the latter set, of the normal to the flat through 
the directions I, m, n, k] li, mi, ni, k^-, k^. And, of course, I, ni, n, k, arc the 

direction-cosines of the flat through these three |)erpendicular directions, for it is the flat 
through the three original lines. 


Ex 3. A line is drawn making an angle B with li, mi, iii, ki\ an angle 0 with 
9ii2, n.^, A; angle ^ with 7n|, 913, k^ \ and an angle x ^41 A'l four 

linos If, nij., Urt kr, (r=l, 2, 3, 4) being a given set of non-orthogoiial lines, no three lying 
in one plane. Obtain a relation connecting the four angles 6, (f), yjr, x- 


F. G. 


3 
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Projection of lines. 

23. Wc shall have to deal with projections, not merely of lengths, .but 
also of areas, and of volumes. 

As regards projections of lines, we take the customary definition that the 
projection of a line joining two points P and Q upon another line is P‘Q\ 
where P* is the projection of P (that is, the foot of the perpendicular from P) 
on the second line, and Q' is the projection of Q (that is, the foot of the 
perpendicular from Q) on the second line. This h-n* ' 'Q' manifestly 
depends only upon the two points P and Q, so far as co jrns the length 
intercepted on the second line ; and it will manifestly be u ’if, keeping 

the two points P and Q fixed, wc proceed from P to Q oken con- 
tinuous line, provided the various portions of the broker 'icssively 

projected upon the line PQ\ account being taken of f ,he pro- 

jection of each such portion. 

Consider the line OP in the figure on p. 7, and its projection on a different 
line through 0, with direction-cosines l\ m\ n\ k\ assuming the direction- 
cosines of OP to be I, wi, k. Let OP = r ; then 

0A = lr, 0B = Ah = mr, OC^kh^nr, OD^hP^kr. 

For the projection upon the second line, substitute the broken line OA, Ah, 
hSj BP, for the direct line OP. The whiilg projection, upon the line with 
direction-cosines l\ n\ k\ of this broken line is 

= V .0 A + m . Ah -k-n .hB + k' . BP 
= {lU -h mm -h nn -h kk') r. 

If the inclination of the two lines is 6, this projection of OP is ?’cos^; hence 
cos 6 = + min -I- nn + kk\ 

the result already known. 

We can immediately deduce an expression for the length p of the per- 
pendicular from a point x, i/\ z\ v\ on the line 

m — a _y — h _z — c _v — d 
i m n k 

The external point being P, and a, 6, c, d, being A\ if N is the foot of the 
perpendicular from P on the line A'L, 

A'N = A'Poo^LA'P- 


or, if A'P = r, and /, m, n, k, are the actual direction-cosines of A'L, wc have 

r ^ , af — a y* — k z —c , v — d 

cos LA P=l , -\-m — h n , -\-k — , 

r r r r 


and therefore 

A'N = / (a;' — o) -h m {y —b) + n (z — c)-\-k{v — d). 
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a result of course derivable, as in the preceding paragraph, by projecting A'P 
in the same way as OP was there projected. Hence 

P^=7'^-A'N^ 

= {x - a)2 + {y — by + {z - c)* + {v - df 

— [I {x* — a) + m (y' — 6) + n {z — c) + (V — d)]\ 
Further, if JT, F, V, are the coordinates of N, the foot of the perpendicular 
from P on the line A*L^ 

X — a = projection of A^N on the axis of x 

= i (? {x' — a) + 7/1 (i/ — b) + n{z' — c) k (v' — d)\ = I u, say, 

Y — b = mu, 

Z — c = nu, 

V-d = ku\ 

and the direction-cosines of the perpendicular NP are proportional to 
x-X, y'-F, v-V, 

that is, these cosines are 

^ [x — a — lu], ^ [y — b — maj, ^ [v' ^d — ku]. 

Perpendicular from a point on a hne. 

24. The length and the direction-cosines of the perpendicular, from any 
external point x, y\ v, upon a straight line 

X — a y ^ b z ^ c v — d 
I m n k ’ 

can be obtained by the following process which, in the sequel, will frequently 
be adopted for similar purposes. 

Let 77 , f, 1 /, be any point on the line, at a distance u from «, b, c, d ; 
then 

^ = a + hi, 77 = 6 + mu, ^=c-\-nu, v = d-\-ku 
The distance D of this point from x', y, z\ u', is given by 

= (x' - + (y - 77)^ + (/ - -h (v - uY 

= 2 (a,' - tt - litf 
= 2 - ay - 2u^l (x' - a) + 

In order to obtain the perpendicular, p, upon the line, we select the value 
of u which makes D a minimum, that minimum value being p ; thus we have 

- {ll{x'-a)] + u=0, 

that is, 

u = Xl (®'-a), 

and now 

p*= (2 (x' — a)*J — 2 (x — a)y. 

3—2 
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Let A'', y, Zy Vy be the point corresponding to this value of u \ then the 
direction-cosines of the perpendicular, measured from the line to x\ y\ v\ are 

'-W-X), Iw-r). ^(*'- 2 ). fW-vx 

that is, as before (§ 23), 

^ (x' - o)), i \y' -h- mtl {x - fi)}. 

^ - c - «2« (x - a)}, 1 {»' - d - kl.1 (.'/ - «)}. 

If these are denoted by /a, i/, /c, we have 

Ik + DifL + nv -I- A;#c = 0, 

as is to be expected. 

The coordinates of the foot of the perpendicular arc 

— a), h -H mSi {x —a\ c + n^l {x* — a), d + kXl (x' — a). 

Ex 1. The loCcitum and inagmtude of the perpendicular can be obtained by drriwing 
a line through jf, y\ v\ with dirccbion-cosinos X, fiy v, #c, such that 

l\’hmfi-\-np-\‘kK = 0, 

and requiring it to meet the given line (JJ 26). 'fhus, or otherwise, obtain the four 
relations of the form 

In— jA=x' — a f 

and verify that 

p= — 2X (*' — a). 

2 Prove that, in the figure on p 7, 

the lines , yg , are perpendicular to OX ; 

-aA, yfydg\ OF; 

/3/, ... . OZ; 

and af,^f/yyh\ OV. 

Ex. ;i Prove that the perpendiculars from E on ff\ gg\ hh\ respectively are equal to 
U/.O/ Oq Of/ Ok. OH 
OP ’ OP ' OP ' 

Ex 4. Prove that the lines Pf and Pf are perpendicular to one another ; likewise the 
lines Pg and Pg' • and the lines Pk and PH. 

Ex. 5. Prove that gg' and hH make equal angles with Pf . that hh' and ff make equal 
angles with Pg ■ and that ff* and gg* make equal angles with Ph. 

Orthogonal frames. 

25. When we come to the theory of curves in four-fold space, especially 
in regard to the principal frame at any point of such a curve, we shall need 
certain elementary properties of a system of four orthogonal lines, such as 
are the four coordinate axes. 
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Let four such lines be Ox ^ 0y\ Oz\ Ov\ with direction-cosines us in the 
tableau 



Thus there arc the relations 

-I- -h = 1 , 

for r = 1, 2, 3, 4 ; and the relations 


+ wi,r?ig -h + krk\ = 0, 


for (different) values of r, 

S. = 

1, 2, 

3, 4. 

Also, if 




/i, 

mi, 

iij , ki 

|. 



/j, 


iii, k. 




/j. 

Wa, 

h 

i 

1 



h. 

m^. 

Hi, kt 

’ 

we have 






A 2 = 


t 



2/1/4 



h, 


2/3/3, 

2/3/4 


i S /3 

h, 


S/3*. 

2/3/4 


' tu 

hj 


2/4/3. 

2/4* 

= , 

1, 

0 , 

0, 0 

j=l. 


i 

0, 

1, 

0. 0 

1 



0. 

0, 

1. 0 

1 



0 , 

0 . 

0, 1 

1 



so that A = + 1. We assume the directions of Ox\ 0\j\ Oz\ Ov\ to be such 
that, by continuous displacement of the frame without other change, Ox can be 
brought into coincidence with Ox, Oy with Oy, Oz with Oj, and Ov with Ov . 
then possible values are mi, Ui, A;i = 1, 0, 0, 0, and so for the others. With 
these possible values, A = 1 ; so we take A = 1 generally, as a consequence of 
the assumption, just made concerning the orientation of the frame: that is, 


h. 

mi, 

»'i, 

h 

= 1 . 

I2, 

m 2 , 

»2, 

h 


h. 

W. 1 , 


k. 


/.. 


"4, 

k\ 
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The minois of A are required. We write 

for 0r = lr, mr, . and 0 , = iV,., K,, respectively, and for 

r= 1 , 2, 3, 4'. Then we have 

Also 


V = 


and 

Further, 


J/o, iVz, K 2 

3 / 3 , 

\ zV,, K, 


Ll, 

Ml, 

Ni. 

Ki 

Z,, 

Mi, 

Mi, 

Ki 

Za, 

Mi. 

Ni, 

Ki 

Z 4 . 

Mi, 

Ni, 

Ki 


av 

90/ 

= er. 


; II Z, 

. N, 

, K^\ 

l-l- 


= 1 , 


^ 2 . 

7.4, 


TTa 
iV^4, 7f, 


il/i. A"i, A'l 

ilfa, 

M„ 774 


73 , J73, /fa 

74 . iV4, 774 
= V (A37r4 — Tka A^4) = n^k'i — 

and so for the others, any second minor in ^is equal to its complementary 
second minor. 

Also, the tableau can be re-arranged so as to change columns into rows, 
and rows into columns. It then gives the direction-cosines of Ox, Oy, Oz, Ov, 
with respect to Ox , 0y\ Oz\ Ov ' ; and we have 

for 0 = 1, m, /?, k ; and 

^101 + ^2^2 + ^3^3+ ^404= 

for (different) values of 6, tf), = I, vi, n, k. 

All these results are easily established, being well-known properties 
of orthogonal determinants. 

Ejl' Discuss the types of relations (i) between a constituent of ^ and its nniior, and 
(ii) between a second minor and its complementary, when A = — 1. 


Conditions that tv)o lines may meet. 

26 In general, two lines in quadruple space do not meet ; the conditions, 
which must be satisfied in order that they may meet, are obtained as follows. 
Let the lines be 

x — a^_ y ^bi _z~ Cl _ v — di 

ll 7Wl W-l ki 

X — __ y — hi __ z — c^ _v — 

^2 m2 n2 ^2 


and 
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Let a supposed meeting-point X, Y, Z, V, be at a distance from ai, Ci, di, 
along the first line, and at a distance rg from 62, C2, along the second 
line , then 

X = tti + = a2 + ^2^2, 

y = 61 + Wiri = 62 + 

Z =Cx UxTy = C2 + 

V = dx-\- kxTx = d^ + k^r^. 

Consc(|iiently, the conditions 


®2 “ 

K-hi. 

C 2 -C 1 , 

di — di 1 

= 0 

» 

nil , 

Wi , 

ki 1 


h . 

m 2 , 

nz , 

k2 1 



must be satisfied: apparently four in number, but actually implying two 
independent conditions. 

The conditions may be interpreted as expressing the property that the 
two given lines and the line joining Ui, 61, Ci, di, to tt2, 62, C2, 0^2, lie in one 
plan(i — an obvious property when the two given lines meet. 

/*Jx Verify that A' is the common value of the cxpressioiiH 
- ly iju - ^i)] ^ 

— 

and obtain the corrchpondiiiy cxprchHions for K, T. 


Shortest distance between two lines that do not meet. 
27 . When the two linos 


^ y-h i ^ 
l\ m\ 111 

X — _ Jf — b2 

I2 ^2 ^2 


y — di 

~A;r * 

v — d^ 

'K' ' 


do not meet, the magnitude and the position of the shortest distance between 
them may be required. 


Let this shortest distance meet the first lino in Xi, Fi, Z^, Fi, at a 
distance i\ from rii, hi, Ci, di ; and let it meet the second line in X^t F2, ^21 
at a distance from h^, C2, d^. Then 


Xi = ai-\-Uri, Fi = 6i + wiiri, = Ci + Ui/i, Fi = di + A;iri, 

Ar2 = rt2 + ^2^2. F2 = 62 + wigra, Z2 = C2-|-7i2r2, F2 = dg + ; 
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and, if D denote the shortest distance between the lines, 

= S (tta - tti + 1 1^2 - hnY- 

As D is the shortest distance between the lines, the last expression for 
must provide a minimum value for the duly chosen values of and r^ \ and 
these are given by the equations 

- 2^1 (^2 — ftl + ^2^*2 “ 

2^2 (^'2 “ + ^2^’2 ” 

Let a denote the inclination of the two lines to one another : then the values 
of ? 1 and rj are given by the equations 

J'l — 92Cosa = (fl2— «l)j 

i'l COS a — 7 2 = 'SI 2 (^2 - tti), 

so that 

7 \ sin* a = — (/i — I2 COS a) (^2 — «i), 
sin* a = S (^1 cos a — I2) (0.2 — «i)- 

Hence 

=:a2-ai + S(/ 2COsa-/i)((r2-ri-i)-f ^2 2(/iC0s a - /2)(«2 “ 

F2-F1 

= 62 — + “2— {^iS (^2 COS a — ^i) (rtg — <<i) + (^1 cos a — — Ui)] , 

sin 0t 

Z2 — Zi 

= C2 - Cl + [ni S (I2 cos a - li){(i2 - crO + Wg 2 (/i cos a - y («2 - «i)j. 

V2-V, 

= d2-di + 1^1 S (^2 cos a — li)(a2 - Ui) + i'2 S (^i cos a - L)0'2 - ^*i)l 

Also 

D* = 2 ((^2 — + ^'>2 - kr{f 

= 2 (tta — tti)^ + 27-22/2 («2 - «i) “ 27*12/1 (og - tti) + ?’2^ - 2ri7’2 cos a + 

= 2 (^2 — tti)* + 2r2(7’i cos a — 7*2) — 2ri (I'l — / ^ cos a) + — 2/’i?'2 cos a + 7’i* 

= 2 (fl2 - CLif - 1“ - 2rir2 cos a + 7-2*) 

sin*a 

where A denotes 

{2/i (^2 - ai)l“ - 2 {2/i (Ui - tti)) (2/2 (^2 “ t^i)) cos a + [2/2 («2 - ai))® ■ 
The geometrical significance of the various terms in the expression, giving the 
value of X), is immediately derivable from a figure. 
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The direction-cosines of the shortest distiince, say X, /x. i/, k, arc 

The two e(iuations, which determine and can be written 
:£Zi(X2-Zi) = 0. SZ,(.Y,-A^i) = 0 

and therefore 

2«iX = 0, 2/2X = 0. 

that is, the shortest distance between the two lines is perpendicular to both 
lines, as is to be expected. 

28. It may be pointed out here — for the inadequacy of the property will 
i-ecur — that the actual direction-cosines of the shortest distance are not 
dcterininable solely from the property that it is perpendicular to the two 
lines, as expressed by the equations 

S/i\ = 0, :£/2\ = o. 

The fact is that, in quadruple space, there is a simple infinitude of directions 
perpendicular to two given lines; for these two equations, together with 
I, are satisfied by a simple infinitude of values of /i, v, k. To make 

their determination precise, we can proceed as follows. Let a line, with 
direction-cosincs \, /i, v, k, satisfying the two relations which express the 
fact that it is perpendicular to the two lines, be drawn through a point 
Xu 1^1 1 ^ 1 , ^ 1 . on the first line so as to meet the sccoud line 

.r — (l2 _ // — 62 _ ^ — C2 _ f! — dj 
1 2 lUi n* A’2 

This new line is 

.r - Xi _ ?/ - F, ^ ^ - -^1 ^ 

X fL V K ' 

the conditions, that it may meet the second line, arc that values D and ^2 can 
be found such that, if the common point be X^, Y 2 , Vi, then 

-.Y2”02~I" X \ 

F2 = 63 + = Fi + fiD, 

Z 2 = C 2 -I- ?l2?-2 = Zi-\- vD, 

^2=^2+ A'l 7*2 “ I 1 "1" ^ 

Moreover, as A',, Fi, Fi, is taken on the first line 

x — Ux y ^hx _ z — _ V — dx 

lx nix 

there is a quantity 7’i such that 

^ Fi — 61 _ — Cl _ 

nix ^*1 
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Wo thus have 

\D = X2- Uvi- hri, 
fiD = Fa — Fi = 62 ” 

vD = Z% — Z\ = C 2 — Cl + W2?"2 ^1^1 1 

kD = Fa — Fi = da — rfi + A/'a^’a “ 

together with 2XZi=0, 2X«2 = 0. These are the former equations: the 
remainder of the necessary analysis has already been given. 

E.i\ Provo thftt the ahorle-st ilistaiuc between .t/) .iiid fl\ 111 the li^iiiie on p 7, is ccpi.il 
to BC th.it the shortest ilistiiiice between BD and ijP is equal to AC and that the 
shortest distance between CD and hP is ccpial to AB. 

Prove also that these shortest distanct's bisect the specifacd poitions of each of the 
lines between which they are incasiired: that is, the shortest d»"'^-i -c between AD and //* 
is the line joining the middle point of AD and the iniddl . fP, and similarly for 

the other two shortest distances specified 



CHAPTER 111. 


Planes. 


Forms of the two erpiations of a 'plane. 


29. We have already seen (§13) that two cquation.s are necessary for the 
mathematical .specification of a plane. When the plane is defined by means 
of three points leading to a system of straight lines, the two equations have 
the form 


; y -&i, ^ -c,, V -f/i 

^2 — ^^1 » ^2 “ 1 ^2 — ““ rfl 

,i C3 — Cl, f/3— c/i 


= 0. 


When the plane is defined by means of a point and two lines passing in 
assigned directions through the point, the two equations have the form 


y-hy 2-cu y-rfi 

h , mi , 111 , ^'1 
I2 , WI2 , ^2 , li 


= 0 . 


A deduced 0(piivalciit form of the first pair of equations is obtained by repre- 
senting the coordinates of a point current in the plane by 


fl; = \«i-|-/xtt2 + i/a3, y = \bi+^h2-\- 2^=\Ci-l-/iC2 + i/Cj, w = \rfi-f-/xd2 + i/rfj, 


with the restriction fi + v=l upon the otherwise arbitrary parameters 
fi, V. An ecpiivaleiit form of the second pair of ecpiations is 

x-ai = lip + l2<T, 2/ — 61 = + 1/120-, 2 — Ci = nip + n£<r, v — di = kip k2<T, 

where p and a can be interpreted as distances p and a taken from Ui, 61, Cj, rfi, 
along the respective directions li, wii, //i, A’l, and I2, 112, ^'2■ Also, any 

direction through the point tti, hi, Ci. di, and therefore any parallel direction 
through any other point in the plane (that is, any direction in the plane), are 
given by 

Ij — \li -|- /ii/21 “ A.//I1 “H A = \ni + p7i2, = hJci -I- pk2’ 

All these forms are adequate for the mathematical representation of the 
plane. No one of them is unique, even within its own type of expression. 
Thus if ai, fii, 71, Si, 02. ^2, 721 S-^; and 03, /Sa, 73, S3, be three iiori-collinear 
points in the given plane, so that the relations 
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are not simultaneously satisfied, the two equations can be expressed in the 
form 

^ y -A, -71, V -Si =0. 

O2 — ttlf 02 — filt 72 “ 71 » ^2“^! 

«3 — ®ii 73”7 ii i 

Again, if li\ mi\ ni, AV; h'j '>^2^ iia', AV; be two other distinct directions in 
the plane, so that 

ii = ail + 012 , ii = 7*^1 + ^^2 , 

where % = I, in, n, k, in succession, and if aS — 0y is not zero, the two equations 
Clin be expressed in the form 

y-hi, z-cu v-di =0. 

U' , wi' , ni , ki 

I2 3 ^^2 , II2 y ^2 

Nor do these forms exhaust the apparently distinct possibilities of securing 
the representation of a plane by means of two equations. For two simul- 
taneous independent linear equations 

Aix + Biy -H Giz -H DiV = Ej , 

^2'^' “h B'^y “h G2Z Hh 1)2^ = E23 

can be expressed in either of the preceding forms in an unlimited number of 
ways ; and these arc equivalent to 

Ai'x + BiUj -h Gi'z -i- Di'v = El' 3 

A^zi B2 y H" G2 z -H D2V = E2 , 

where 

iY = «Pi + /3A, = + 

for P = A, ByC, D, E, while aS — /S7 is not zero, a transformation that can be 
effected also in an unlimited number of ways. 

Canonical form of the equations. 

30 . Now it may be desirable to have a canonical form of reference for 
the two equations of a plane. Such canonical form is required to contain, 
explicitly or implicitly, the least number of independent constants that are 
sufficient to express a plane, completely general in its position and in its 
orientation ; and it must be such that any given pair of equations, which 
represent a plane, can have an equivalent canonical expression A canonica 
form of such a character can be obtained either from the equations 
X — a = lip + 120- 3 3/ — 6 = TUip + m20', z — c = nip + n2<T3 w — d = Aip + ^20-, 
or from the equations 

Aix Biy Ciz + T>iV = Ei3 

A2X + B 2 y + C2Z -f" 1)2'^ ” Pi'ii 
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by deducing from them, in the respective instances, expressions for z and 
for V in terms of and y. Let these be* 

z = f+px + qy \ 
v = h + rx sy j 

As this form will occasionally be adopted, it will be convenient to indicate 
the significance of its constants, in reference to the constants in the other 
forms. 

The two equations represent the same plane as the equations 

v-d = (p, lx, nix, «i. h), 

I hi n^, kz I 

provided 

c =f+p(i-\-qh 
d = h-^ ra + sh 
/*! — plx “I" "I" 

2 = ph + q'Ttii / k^ = rh + I 

Then 

r s qr — ps 

kitii2 — iiixk^ lik't kxh — i^xk^ 


nxVi2 — »iiW2 — ^'1^2 — nixh ’ 


while 


/= r 


I 



h , 

c 

. h = 

1 

«l 

h 1 

d 

h, 

nil, 

ni 


h, »«i 

hi 

nix. 

kx 

1 h. 

ni2. 



h, wia 

hi 

rn2. 

^2 


Similarly, the two equations 

Aiic + Sxlf H" ^1^ 4* DxV = Aj, 
A 2 X + B2y + G 2 Z + D 2 V = E 2 , 
will be represented by the same canonical form if 

V 


I)xA2-AxD2 AxCz^CxAz 

q s qr — ps _ 1 

I)xB2 — lix-D2 AiG ’2 — 0x1^2 ExA2 — Ai^2 ^1-^2 — -^1^2 

/ - -= ^ 
hdx B2 — BxEz Gx E2 — E1G2 

(The reason for introducing the combination qr — ps will appear later.) 


* In an exceptional instance such that the form would still serve, merely by 

an interchange of the axes of reference. 
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It now appears that the canonical form of the equations remains unchanged, 
whatever initial point a, 6, c, d, and whatever guiding lines li, wii, ni, ki, and 
hi 7*2, k 2 t be chosen for the mathematical representation of a given plane 

X — a, y — h, z—c, v — d 
h . 'ni\ , nx , kx 

h , , ^<2 , ^'2 

For a change of initial point to a\ b\ c\ d\ where 

a' = tt + X/i + /x^2, 6' = 6 + Xmi + /A?i? 2 , c'=c + \ni4-/in2, d' = d -\-\kx + fik^, 

does not affect the values of p, r/, i\ s, and leaves f and h unaltered. And 
a change to other guiding lines 

V = «^i + I nix = + ^'>^2 , nx = ani + /3/t2 , A / = akx -I- ffk^ , 

I 2 ' — y^x "H S/ 2 1 7112 ~ ynix “H S 7 /I 2 1 ^2 = 'yui + S?i2 » A/'2 = 'yA'i + Sk2 1 

gives determinants of the type 

lx m 2 — 7Ui'/2' = («S — ^ 97 ) — 7 / 11 / 2 ), 

so that the new values of p, r, s, /, h, become (on the removal of the non- 
zero factor aS — ^y) the same as before. 

The same remark applies to the two equations 

Aix + Biy-^CxZ-{-Dxv = Ex\ , 

A 2 X + -flzy "i" ^ 2 ^ H" E 2 V = E 2 J 

when two independent linear combinations of these equations are taken, the 
resulting canonical form is unaltered. 

Ex I. The tw») pl.iiies 

1 07 — tt, y-h^ 3-c, v-d 1=0, Ax{x-a)-\-B^{y ~h)-\-Cx{z-c)-\-Dyiv-d) = ^ 

lx, mi, 7/1, kx ^ A^(.c-a)-^B2{y-h)-\-C2{z-c)->t-D,{i -d) = {^]' 

/a , 1 7'a > /*_' 

iire 0110 tind the Hamc ; prove that 

Bx C\ - C xli I ^ C\Ai-AxC\ ^ AxB^-BxA, 

1x^2 — A 1/2 nXxk>i—kx'Hl2 7i|^2 — A'l/lj 

= ^ B x!h-DxB 2 _ CxD 2 -D\t\ _ sin /3 

//Il7l2 - 7^1 m 2 Ux I 2 — Ix'^H — I 2 ® ’ 

where 

2 ^ 1 ^ =1, 2 / 2 ^ =1, 2 / 1/2 =coHa, 

2di» = l, 2yl2^ = l, lAiA^^cosi^. 

Ex. 2. A plane is represented aa the intersection of two flats by the equations 
Lx {x-a)-\-Mx(y-h)-\-Ex{z-c) + Kx(v-d) = 0, 

Li (a: - a) + Mi {y- b)-\-Ni (2 - c) + Ki (v - d) =0 , 
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find Xi //2 + i/i JJ /2 + A^iiVi + A'l A’ 2 =loho, where a ih not eiiiial to Shew that the same 
plane i8 given as the inturaection of the two flats 

Li (x - a) -\-Mi (y — 6) + Ni (s — c) + AY (y - o?) = 0, 


1^2 ~ -^2 il/ “ ” ^*) “J" ^2 (y “ fl?) — tl) 


where 7./^/ + + +^i'AV=0, if 

/ji Hin a=Li COM (a - com 6 ^ 

Ml sin a = Ml cos (a — 0) - M^ cos B 

<■ , 

sin a = Ni cos (a - 5) — cos 6 

Ki sin o= A'l cos (o - cos B j 


sin a= Ai sin (a - + 7^2 am ^ ' 

M4 sin a = Mi sin (a - 5) + M 2 sin B 
AV sill a = A\ sin (a — B) + sin B 
AV sin a = A\ SI D (a - ^) + K 2 sin B j 


.111(1 B IS any arbitrary quantity 

(Owing to the occurrence of an arbitrary quantity B, the transfer 111 atioii is possible in 
.111 unlimited number of ways ) 


Direct ton-cosines of a line in a plane. 

31 When the equations of a plane are given in the form 


,x — n, 

y-b. 

2 : — c, 

v — d 

= 0, 

k 

nil , 

Hi ,• 



k . 

mz , 

^2 , 

kt 



the (lirection-cosiiies of any line lying in the plane can be taken as 

Ij = 

M = Xwii + pm^ 

N=\ni pnz 

7i = \ki + pk’z j 

which usually prove the most convenient in connection with the equations of 
the plane 

When the equations of the plane are given in the canonical form 
z-/=px + (my 
V — h = rx + sy \ 

the conditions that the line 

x—ay—bz—cv—d 

~ir “ ~w ~ K 

should he in the plane are 

c—f = pa-\-qb, d — h = ra -H sb, 
which do not affect the direction-cosines, and 

N = pL + qM^ 

K = rL + sM \ ■ 
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It will be noted that, for these relations of eondition, two of the cosines are 
selected in particular for the expression of the remaining pair. The associa- 
tion of the deduced equations 

(ps — qr) L = sN — qK, 

(ps — qr) M= — rN + pK, 

enables any pair of the four quantities Z, ilf, to be used for the ex- 

pression of the remaining pair. 


Eju Prove that, if 2a denote the angle between the lines of reference for the equations 
of the plane in the earlier form, the dircction-cosiiics of any line can he expressed in terms 
of a single parameter u hy the relations 


+?,) + -^) --1 

- " cos a " sin a i 

ir 1 / . N cas w , , , V Min a> 

M— \ +-T (wi2 - W|) ^ 

- ' eoa a - sin a 

mr 1 / V ‘‘ns <0 , / V sm u 

.V=l. «i+/l,) +i(»'2-»l) • 

- ' COS a ^ ^ sill a 


,, , ,, , . COS fi> . . sin a 


Prove also that, when the equations of the plane arc given in the canonical form, 
corresponding expressions for L, J/, N, K, arc given by 

L sin 2 i 7 — cos ^ sin {rj - 0) 

M sm 2i; — cos y hill (vi + 0) 

iV sni 2i; — am j9 cos d am (i; — ^) -i-sin y cos c sin {rj -|- 0) 

K sill 2iy sill sm 8 sm (ly — +sm y sm r sm (jy -H 9) 
where p=tan /9 cos 8, '/■=tan /3 sin 8, y^taii y cos t, .<=tan y sm f, and 

cos 2iy = hin /3 sm y cos (8 — e), 

while 9 is a parameter. 


Perpendicular from a point to a plane. 

32. The principal magnitude, in the relation between a plane and a 
point which dues not lie in the plane, is the shortest distance of the point from 
the plane. 

Let y, Z, F, be the foot N of the perpendicular from an external 
point P with coordinates f, ly, f, u, to the plane 

a; — tt, y — 6, z — c^ v — d =0. 

h , rtix , Til , /ci 

hi Wl2 , W2 J ^2 

There are quantities Vi and r^ such that 

X—a—hrY + hr^i Y—b = mii\-\-m2r2j Z—c^n^r^ + n^r^j F— rf=A;iri-f ^27’2- 
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Then the magnitude Z)“ where 

2)2 = 5;(f-X)* 

= - a - hn - 

must be a miniiniim for all values of Vx and r2 ; hence 

'tlx (f — a — IxTx — hr^ = 0, 

2/2 (f - a - Ziri - /gra) = 0 . 

These critical equations can be taken in two forms. 

In the first form, they can be written 

tlAi-X) = 0, 'S.hi^-X) = Q-, 

if Z/, il/, N, K, are the direction-cosines of the perpendicular, then 

tlxL = 0, 2W = 0, 

and therefore 

^{alx + mL = 0 

where a and are any two parametric quantities. Hence the perpendicular 
from the external point on the plane is perpendicular to every direction in 
the plane. (It will be seen, hereafter, that the property of being perpendicular 
to every direction at a point in the plane is not sufficient to determine 
iini(piC‘ly the direction of a line: here, the concern is with the perpendicular 
from an external point on the plane ) 


N 

1 

I 


Fig 2. 

In the second form, the critical equations can be written 
2/1 (f — fl) — — ^2 cos QJ = 0 , 

2^2 (f — «) — rx cos w — ^2 = 0, 

where coso) denotes 2^i22, so that la is the angle AOB^ when OA is the line 
with ^1, mi, Wi, kxj for direction-cosines, and OB is the line with h, 712, ^^2, 




P G. 
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for direction-cosines. Let PA be the perpendicular from the external point 
P on the line Oil, and PB the perpendicular from P on OB\ then 

0il = 2/i(f-a) = A, 05 = 2/a(f-a) = A. 

Thus* 

7’i -I- cos Q) = D\j ri cos o + ra = A J 

and therefore 

ri sin® to = Di — D 2 cos w, sin® m = D 2 — A cos ei. 

Let Xi, Yi, Zi, Vi, be the coordinates of A, and X2, ¥2,^2, Fa, those of B , 
so that 

Xi — a = liDi, Yi — h = miDi, A — c = wiA» V^ — d=kiDi, 

X2 — (1 = ^a-Oai Fa — h — 7na02, Z2 — C — ^a-Oa, Fa — d “ /raOa- 

Now 

2/1 (X - Xi) = 2/1 ( JT - tt - (Xi - a)] 

= 2^1 " 1 " ^2^2 — — ^1 "I" ^2 cos (U — Px = 0 , 

2^2 (Jf - ^ 2 ) = 2^2 (^ - tt - (A% - a)] 

= 2^2 "1" ^2^2 — ^2 O 2 ) = T’l cos ft) + 7*2 — -Oa “ 0 ^ 

and therefore AN is perpendicular to OA, and BN is perpendicular to 0 -B, 
all the lines lying in the plane AOB. Thus N is the other extremity of a 
diameter ON of the circle AOB. Also • 

2 (f - Z) (X - a) = 7 i2/i (f - A) ra 2^2 (f - A) = 0, 

HO that PN is perpendicular to ONy iis is to be expected. 

Next, we have 

? - A = f - liVi - IzTi, 

with corresponding expressions for 17 — F, ^—Z,v— V] hence 

D® = 2(f- A)® 

= 2 (f - a)® - 2 ri 2 Zi (f - a) - 2r2 2^2 (? — «) + ^1® + 2 ri?'a cos oi f rg® 

= V (f _ a)* _ _ 2 Z)i Z), cos ,» + Z)**), 

on substitution. We thus have the length of the perpendicular from the 
external point P. Moreover, 2 (f — a)® = OP® , and therefore 

= (A^-2AAcosa, + P2^)= " , 

sin^o) ' sin®Q) 

* In connection with the diocuBBiona of directions in non-orthogonal frames of two dimenBions 

and of three dimensions, which occur in the present chapter and the three succeeding chapters, 
II comprehensive reference may here be made to E H Neville’s Froletjomena to analytical 
geometry in aniEotropic FAiclidean space of three dimensions (Camb. Univ. Press, 1922). 
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agreeing with the known expression for the diameter of a circle circumscribing 
a triangle. 

Manifestly the five points Oj A, N, B, P, lie in a globular region in our 
quadruple space, the equation of which is 

and 

cos NO A = Tr = 1 » 

ON _ 2Bi cos o) + A" 

\TnT> Da sin w 

cos NOB = i • 

ON (/>^2 _ 2Di D 2 cos w + Da* 


33. As regards the preceding investigation, the same remark holds as 
held concerning the construction of the shortest distance between two given 
lines (§ 28): an assumption, that the perpendicular from P is perpendicular 
to every direction in the plane, is not sufficient to specify the direction of the 
line. When a direction A, J/, N, K, is thus chosen perpendicular to every line 
m the plane, vve have 

lhL = 0, lhL = 0, 

and a line through 7/, f, o, in that chosen direction is 

X— — v — v 

L “ " iV " A”’ 

There is a simple infinitude of such lines ; they manifestly he in the two 
flats 

2/i(x-f) = (), 2:/2(.T-f) = (), 

that IS, they lie in another plane. Of this simple infinitude, there is a single 
line which actually meets the given pl.inc, the sole condition of meeting 
being 

f — Cl, rj — h, ?— c, v^d =0. 

L , J/ , N , K 

11 , i/ii , 111 , h\ 

12 , HI2 , /12 j ^'2 

Accordingly, quantities p, cr, t, exist m connecLion with this single line, such 
that 

^ — Cl = Bp + IiO" /2'rj 
T] — h = Mp + niio- + nizT, 

^ — c=Np+ ?iio-+ H 2 T, 
v-d = Kp-\- kia+ h’zT. 

Multiply by L, Jif, N, K : we have 

p = 'ZL(S^a) = D. 

4—2 
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Multiply by /i, 7 ii, \ wc have 

tr + T cos o) = 2^1 (f — a) = Di- 
Multiply by h, wig, we have 

O’ cos Q) + T = (f ” = -^2 . 

Here i), Dx, D2, are the same quantities as before : so 

<r = ri, T = rg. 

Finally, when the four equations arc squared and the results arc addedj 
we have 

2 (f — tt)* = p^ + a^-\- 2 itt cos o) + t* ; 

and therefore 

D^ = p^ 

= 2 (f — a )2 — (ri® + 2rir2 cos qj + r^) 

= 2 (f - «)» - (Di* - 2 Ai)* cos 0, + D^), 
being the former result. 


34 . We have seen (§ 29 ) that a plane remains unaltered, when changes 
are effected in the guiding lines, it is therefore important to establish (or 
verify) the fact that the expressions, connected with the magnitude and the 
position of the perpendicular, arc invariant under such changes. 

Let any two directions mj', n/, ^•l', and mi, AV, bo taken in the 
plane : then there are constants 7, e, 5, 17, such that 

li = yli + e/21 = 7^*1 d" €fnz, 7 ii = ytii + e/i 2 , ki = yki + €^21 


I2 = 5^1 + 'fjlit “ Sllli + ' 7 j 7 n, 2 j 712 “ "1" ki = SA’i + '^A’2, 

while the quantity /a, =yrj — eS, does not vanish. Let Dij a, D\ be the 
quantities in this representation of the plane, which correspond respectively 
to Di, D2, Q), Dj in the former representation. Then 

D\ = ^l\ (^ — a) = X (y^i + di) (f — t^) = yl^i + e 7 ^ 2 i , 


^2 = tl2 (f - «) = s {hlx + vh) (f - a) = ^Dx + riD2. 


Also we have 

1 = Xlx^ = 7“ + 2e7 cos o) + 6® 

1 = = 8* H- 2817 cos fo + ?7® 

cos (O = Xlxl 2 = 78 + €77 + (717 + €8) cos ft). 


Moreover, 


plx — — di , fdz — — ^^1 + 7^2 * 

with corresponding expressions for /atyii, p.nx, yJcx* S'^d p.m2, p>n2, p>k2\ hence 
p?‘ = Xp^lx = 7 ]^ — 2)76 cos ft)’ + e*, 

= Xp^l^ = 8^ — 27S cos ft)' + 7®, 
p^ cos ft) = X(plx ■ /^^2) = — 178 — 67 + (jjy + eS) cos a. 
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sin® cu' = S Qxm^ — vixl^Y 

= fj.^S {lim2 — 7W1/2)® = /X-* sin® ft». 

With these results, we have 

-^1 “ + — 2 Di D2 cos &)' 

= (7® + O® — 27S cos Ol') />1® 

+ (e® + 7;® — 267 ; cos ra) 

+ 2 {e7 -\-STf — (yjj + eS) cos w' } Di I)^ 

= /I® (i^i® + 7 V - 2/>ii)2 cos w) , 

and therefore 

/J/® I- Ua^® - 2 Dx:D 2 cosf/ ^ + 2 cos m 

sin® &i' sin® ft) 

Hence 

jr)'2 = V ( fc _ -P g ^ — 2 Z) x' D a^ cos &> ' 

^ sin®fii' 

rif A’‘ + 1>»*-2 -Di/)2Cos<b 
Sin® Q) 

consequently the expression for the length of the perpendicular is an invariant 
under any change of the guiding lines. 

Again, in the foimcr representation, the foot of the perpendicular is given 
by the equation 

{X — a) sin® qj = — 12 cos w) l)i + {I2 — li cos w) D2, 

and similar equations for Y, Z, V. Tf its coordinates are X\ Y\ Z\ V\ in the 
changed representation, we have 

(A (7) sin® flj = (^1 — I2 cos <D ) Dx + {I2 — cos co ) D2 > 
and similar equations for F', Z\ V\ Substitute for W and I2 in the 
equation giving X ' : the coefficient of lx on the right-hand side is 
= (7 — 5 cos Q}') Di -\-{S — y cos cu' ) D2 
= (7 — S cos (o') {yDx + ePa) -f (5 — 7 cos (o') (SP^ + 7JD2) 

= Dx (7® — 27S cos (o' + 8®) + Pa [€7 + t]B — (eS -I- r}y) cos (o ' } 

= — P2 cos Qj) ; 

and similarly the coefficient of I2 in the same expression is 

= /I® (P2 — Pi cos oj) ; 

so that 

(A a) sin® (o = ;i,® (Pi — Pg cos iw) -1- I2 (Pg — Pi cos ca)] . 

Hence 

X' = X: 

and, similarly, Y' = F, Z' = Z, V' — V. Thus the expressions for the co- 
ordinates of the foot of the perpendicular are invariant under any change in 
the guiding lines. 
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Perpendiculars to a plane are not parallel to one another. 

35 . The plane conbaining all the lines through f, 17, v, which are 
perpendicular to every line in the given plane, is determined by the equations 

- f) + wii (y - 17) + (z - f) + fci (w - u) = 0, 
h (« - f) + W2 {y-T)) + ^2 (^ - f) + K {v-v) = 0. 


Every direction /i, v, k, in this new plane is such that 


^^2^ = 0, 

and therefore 

{pil\ + ^l^ “ 0 . 


Thus every direction in either plane is perpendicular to every direction in 
the other : a property which will be found of significance when (§§ 97 - 100 ) 
the orthogonality of two planes is under discussion. 

One other property may be noted, because it is distinct from the corre- 
sponding property in three-dimensional geometry : it is that the perpendiculars 
from external points to a plane are not parallel to one another. (The property 
of parallelism does belong to perpendiculars from external points to a flat, in 
quadruple space : and the comparison in three-dimensional space is with the 
perpendiculars from external points on a line.^ 

With the preceding notation, the direction-cosines of the perpendicular 
from f, 77, 1/, to the plane 


X — a. 


z-c. 

v — d 

II 

p 

h . 

nix 1 


ki 


It , 

^2 , 

'<2 , 

kz 



are given by the four equations 

z* +zr* =1, 

liL miM -P iiiN -P kiK = 0, 

I2L -p + n 2 N + k^K. = 0 , 


L , 

M , 

N , 

K 

= 0. 

f-o, 

r)-h. 


v—d 


h , 

mi , 

ni , 

ki 


h , 

mt , 

W 2 , 

h 



Hence Z, M, N, K, depend upon f , 77, f, w ; and the perpendiculars in question 
are only parallel to one another for different points f, 77, 1;, when these points 

lie upon a straight line passing through a point a, h, c, d, in the plane, that is, 
when they lie upon a straight line which meets the plane. 
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Ex. 1. Obtain the equations of the plane through the three points a, y, in the figure 
on p 7 

Prove that the coordinates of the foot of the perpendicular from the point d on the 
plane a/9y are 


a’(62 + c2) ^ c^{a^ + b'^) 

tt2 62 + 6 V + c* a2 » ^ 62 + 62 c2"+ c2 a2 ’ “ a2 62 + 62 c2 + c2 a2 ’ 


Ex. 2. Given a straight line L and a plane P ■ prove that the locus of the foot of the 
perpendicular, drawn from points on Z bo the plane is a straight line. 

When the lino is 


X /i 

2 — y v-l 

V K 

f 

y-6, 

1 

1 

rv 

=0, 

ly , r/ii , 

ai , 




^2 , 

it 



and the plane is 


pi-ovc that all these poiqjcudiculars lie in the qiLodric surface 


X—Oj 




■ S^i (.» — 0 ) 

a— a, 

6-/9, 

c-y, 

d-6 


i, , 

mi , 

?ii , 

h 


li , 

??l2 , 

ni , 

h 


X - It, 

y-6, 

2-r, 

u — d 


X , 

P , 

V , 

K 


. 

fill , 

ni , 

k\ 


h , 

7n. , 

**2 ) 




36. When the equations of the plane arc given iu the canonical form 
z=f fyy, y = /i + r.r + sy, 

the length of the perpendicular from 17 , v, is similarly derived. 

Let the foot of the perpendicular be -.Y, F, Z, F, so that 
Z=f-\-vX+iiY, V=h^rX + sY-, 

then 

D* = (f - x)» + - y )* + (f - z)* + (y - n* 

= (f - JT)* + (, - F)* + (r - pX -qY-f)^ + {v-rX-sY-h f 

must be a minimum for all values of X and F. Hence 
f-.Y + p(?-Z) + i-(u-F) = 0, 
q-Y + q{^- Z) + s(v-V) = Q. 

In these equations substitute for Z and F in terms of X and F ; and write 

A = 1 + j)*+ 3*+r* + s®+ 

T=^-p^-q'il-f, W =v-r^- St}- h. 
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When the equations arc resolved for f and we find 

A (A" - f) = (^3 + 5 (ps - qr)] T+{r-q {ps - qr)] W, 

^{Y -7))=[q-r{ps- qr)\ T + (s + /) {ps - qr)] W, 

and therefore 

A(if -{')= (1 +r^ + s^)T-{pr-\-qs) W, 

A (V - v) = — (pr + qs) T {I +p^ + q^) W. 

Now 

= + + + vy, 

when the values ol A — Y—q, ^ — f. F— u, are substituted, and reduction 
is effected, we obtain 

AZ)2 = (1 + r2 + s”) - 2 {pr + qs) TTT + (1 + + q^) W\ 

thus giving the length of the perpendicular. 

If X, M, N, K, arc the direction-cosines of the perpendicular, drawn from 
f. towards A, F, Z, F, we have 

Xi)A = A(A-f), il/i)A = A(F-i7), Ai)A = A(A-0, AXA = A(F-u), 
so that 

L 

4- 5 {ps - gr)) T+[r-q{ps- gr)} W 

_ilf • ^ 

“ (g - r {ps - qr)] T + (a- + p {ps - qr)} W 

N 

” (1 + -I- 6*) T — {pr -I- qs) W 

K 

~-{pr + qs) r+(l H-p® + g*) W 

_ 1 

~ A* 1(1 + ?■* + a*) 2’* - 2 (j)/- + qs)TW + {l+ + 7*) ' 

We shall return to the expression for X® after the discussion of the 
elementary properties of fiats, and we shall obtain an interpretation similar to 
that obtained (§ 32) for X* when the equation was given in the earlier form. 

Relations between a plane and a line. 

37. We have seen that a line is represented by three linear equations, 
but not by fewer than three such equations : and that a plane is represented 
by two linear equations, but not by few^er than tw^o such equations. When 
therefore the common intersections, if any, of a line and a plane are sought, 
they will be provided in general by five simultaneous equations, linear in the 
four variables x, y, z, v. As a rule, such a system will not possess a set of 
simultaneous roots: and therefore we infer that, in quadruple space, an 
arbitrary line docs not meet an arbitrary plane. 
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If, however, the five equations are not independent of one another, two 
alternatives arise. The five equations may be equivalent to four independent 
equations, each linear in the four variables; in that event, the four inde- 
pendent equations possess a single set of simultaneous roots, and then the 
line and the plane intersect in a single point. Or the five equations may be 
equivalent to three independent equations, each linear in the four variables, 
in that event, the three independent equations possess a singly infinite set of 
simultaneous roots, each set determining a point lying on the line and the 
plane: that is, the line lies in the plane. The five equations cannot be 
equivalent to fewer than three independent equations, each linear in the four 
variables, because the three equations of a line are irreducible in number. 
We proceed to the two possible alternatives, in succession. 

(i) Let the ])lane be given by the two equations 

a; — n, y — 6, 2 — c, v-d =0. 

h , mi , ni . ki 

h I Wi , ^2 J ^^‘2 

so that every point lying iii the plane is given by 

a; — (& = /jp H-Zgcr, y — h = mip-\- nizo-, 2 — c = nip n 2 ^i v — d = kip + hz(T, 

for appropriate values of p and a. Let the line be given by the three 
equations 

.2- — cr_y — — — S 

\ p V ’ 

so that every point lying on the line is given by 

X — a = \r, z — ^ — vr^ v — h = icr, 

for appropriate values of r. If any point is common to the plane and the line, 
values of p, o-, r, must e.\ist such that 

a— (t= Up + 

— 5 = nil p — pi\ 

7 — c = iiip + /i2 0- ~ vr, 

8 —d = kip -I- kgo- — Kr , 

and, in order that these equations may co-exist, we must have 

OL — a, li , U y \ = 0 , 

— 5, nil, mz, p 

7 — c, ??i , »2 , V 

8 —dj ki , kz , K 

which accordingly is the one condition to be satisfied. It is easily seen to be 
sufficient as well as necessary. 
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When the condition is satisfied, the coordinates of the point of intersection 
arc determinate, as follows. Let 

I2 = cos 97, = cos 0 , 2^2^ = cos 

Multiplying the equations by /i, mi, Wi, and adding: then by 1 %, m2, ^2, 
and adding : and finally by X, /i, 1;, k, and adding : we obtain the respective 
equations 

p + o- cos 17 — r cos 6 = 2^1 (a — a), 
p cos 17 + 0- — rcos<^= 2^2(a — tt), 

p cos 0 +a cos 0 — r = 2X (a — a) ; 

and therefore 

Ar = (cos 0 — cos <f) cos 97) 2 ^i (a — a) 

+ (cos 0 — cos 0 cos 77) 2^2 (a — a) — sin® 77 2X (a — a), 

where 

A = 1 — cos®77 — cos®^ — cos®j^ + 2 cos 77 cos 6 cos tf). 

With this particuLar value of r, the coordinates of the point of meeting are 
a + X7’, /9 + p.r, 7 + 1/7*, B + kv. 

From the condition that the line and the plane intersect, it follows that 
a, 7 , 5, lies on the flat 


X-a, 

h . 

h j 

X 

V-b, 

nil, 

m2, 

A. 

Z-c, 

% . 

fh , 

u 

V-d, 

ki , 

kz , 

K 


a flat in which each of the three directions li, vii, >ii, ki, I2, 7/I2, nz» kz\ and 
X, fif V, K] lies. Hence the locus of a point fiom which a straight line can be 
drawn in a given direction to meet a given plane is a flat containing the 
plane and the direction. 

It might happen that the condition of intersection is satisfied but that 
the point of intersection is at an infinite distance. In that event, the line 
would be parallel to the plane. And then we should have 

A = 0, 

that is, 

77 + ^ + 0 s= 0, 

which geometrically is only possible if the three directions /i, iiii, 711, ky ] 
hi ^2 1 W2i ^'2J and X, fi, V, ic ; are complanar. The two conditions, one for 
intersection, and the other for intersection at an infinite distance, are 



M 1 

V , 

K 

= 0 

h, 

mi. 


h 


h, 

m 2 , 

712, 

kt 



and these are the analytical expressions of complanarity of direction. 
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E.r. If thn [)lanc bo ^'iven by the equations 

J + /Ji y + 6*1 ^ + /), V = ] 

A^x + B2y f 

the conditiun that the line 

x-a^ “ ? 

X fZ V K 

should meet the plane is 

Sdia-A’i, 2J,X -0, 

^A^n — El, Sd^X 

and the conditions that the line should bo parallel to the plane arc 

2diX=0, 2d2X = 0. 

When the equations of the plane occur in the canonical form 
2-f=p.r-\-qy, V -h^^rx + sy, 
the corrcspoiuling condition for intersection is 

I /?a + g^-y+/, pX + qfi-v\ = 0, 

1 ra-\-s^—& + h, rX + Hfi — K] 
and the corresponding conditions for parallelism are 

p\ + qp — V ■= 0, /’X + zip — K = 0 

38. (li) The conditions that the line 

X — a _y — 0 _z — y _v — h 

\ fL V K 

should lie completely in the plane 

x — a, y — h, z — c, V — d =0 

li , nil , 111 , 

h , , nz , h 

arc that the equations 

a — rt + \r, /3 — 6 + fir, y — c + vi\ 5 — cZ + icr = 0 

h , 

k , mz , nz , 1^2 

should be satisfied for all values of r that is, they are 

a — a, p — h, 7 — c, h — d =0, 

Zi , iHi , ni , ki 

Iz j niz , nz , kz 

and 

fh , V , K =0. 

^1. Wi. ni, ki 

Izj ni2, /*2, kz 
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The conditions in the first set — equivalent to two — express a requirement that 
a point a, 0, 7, S, on the line shall lie in the plane. The conditions in the 
second set — also equivalent to two — express a requirement that the direction 
of the line, — determined by \ /i, v, /c, — shall be complanar with the two 
directions li, mi, 7?i, ki] and ^2, wia, ria, kz\ which determine the orientation 
of the plane. 

Ex. 1. Obtain the conditions, connected with the plane 
A\X’\‘ Bi y + Cl z + Oi V = ^ 

-^1 2 -^2^ "1“ Ciz-\-D^^—Ei / 

and the line 

, 1; + /?3 y + Cj 2 + V = A j \ 

A^x-\-B^y-\-Ciz-\-D^v = ES, 
u I !iX + B(,y + C^s+ /\ V = Erj 

for the following possibilities ; 

( I ) that the line and the plane meet, 

( II ) that the line and the plane are parallel, 

(ill) that the line lies in the plane. 

Ex. 2. It is easy to verify- what has, in fact, been assumed — that, if a line is parallel 
to a plane, a line drawn par.allcl to that line and passing through a point in the plane lies 
wholly in the plane. 

The conditions that the line 

X — a __y — Pi — y 'iB— h 
\ ft V K 

shall be parallel to the plane 

y — — c', v-(l' 

li , mi , ui , I', 

h , WI 2 , til , ki, 
where a\ 6', c', d\ are the coordinates of any point 111 the plane, aie 

X, /I , V , K ||-=0. 

Ii, mi, 7ii, ki 

^ 2 1 ^2 1 II 

The equations of a line, through a\ h\ c\ d\ anil parallel to the given lino, are 
X - a! _y — h' _z-c _v-d' 

\ V K 

This line lies wholly in the given pUiic, on account of the conditions which hrive just been 
stated. 

Shortest distance between a line and a plane. 

39 . It has appeared that an arbitrary line and an arbitral y plane do not 
meet ; an enquiry remains concerning the shortest distance between them. 
We denote by X\ Y\ Z\ V', any point on the line 
x—a _y—0_z—y_v— 8 

X. fL V K ' 
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' = a + \r\ r = /3 + fir\ Z' = y + vr\ V' = S + Kf'] 
and by X, F, Z, F, any point in the jilanc 

a; — a, y — ^ — c, w — d =0, 

I I I ^'i 

^2 I ^2 , 1l2 , ^’2 

so that 

X — a = liri + l2r2, F— i; = 7Wiri + ?H2?2» c = 7?iri + W2^2. V—d = kiri + k2r2. 

The distance between the two selected points is denoted by D, so that 

D^={x-xy-^( Y- Y'f +{Z- zy + ( v- f')" 

= S (a — ft + liVi + ^2^*2 — 

For our purpohc, U is to be a minimum for all values of rj, r 2 , r. Hence 
we have 

'lx (a — ft + /i7'i + = 0' 

^ li (ft — ft + /i7’i + l2^'z — Xr ) = 0 ■ ■ 

II 2 (ft — ft + ^l7’i + ^2^*2 “ ) ~ 

In the first place, these can be written 

1X(X-X') = 0, lli{X-X') = 0, 112{X-X') = 0, 
or, if L, il/, N, K, are the dircction-cosines of the shortest distance, so that 
X-X'= LB, F- Y' = MB, Z-Z'^ XB, V- V' = KB, we have 
IXL^O, lkL = 0, VzL = 0, 

and there lore 

l{di + pi2)L = 0. 

Hence the shortest distance is at once, (i) perpendicular to the line, and 
(ii) perpendicular to every direction in the plane. 

A^ain, as in § 37, let 

2 /i\ = cos^, 'H 2 X = cos(p, ^^ 1/2 = cos 7 /, 
so that 6, <^, 7], may be regarded as known quantities, when the equations are 
given in their assumed form. Then the e<]uations lor B become 

— ricos ^ — 7'2 Cos 0 = (n — ft), 
r cos d —7'i — 7*2 cos 7 ; = 2 (ft — ft), 

7’' cos 0 — 7’i cos rf—r'z = 2/2 (f^ “ «), 
three equations adequate for the determination of r, r^, r 2 , provided the 
determinant of the left-hand side does not vanish. This determinant A is 
A = 1 , cos 0, cos 0 

cos 0, 1 , cos TJ 

cos 0, cos rj, 1 

= 1 — COS^ 0 — cos® 0 — cos® 7 ; -I- 2 cos 0 cos 0 cos 71 

= 4 sin ^ (^ + 0 + 77 ) sin ^ (0 -h 17 — ^) sin J (77 + ^ - 0) sin J (^ + 0 — 77 ) J 
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and so the condition, for the determination of r\ 9'i, is that no one of the 
quantities ^ ± 0 ± 17 shall vanish, nor 6 + be equal to 27 r. 

Next, from the equations 

%Tj\ = 0 , %Lli = 0 , ^IjI^ ~ 0 , 

we have 


L M N K \ 


/X , 1 / , K 

- 

V , 


\ 


K , 



- 

/!> , 

V 

nil. Hi, ki 



ki. 

h 



hi 

mi 


k, I'll, 

^*1 

m,, n,, k. 


712, 

k,, 

I 2 


k,. 

h, 

m2 


k< W<2| 

712 


where 


0a = S 


/I . V , K 

mi, 111, ^’1 

m2, 712, ^2 



•iiiK, '^ky- 

= 

1 , 

cos 6, 

cos 

s/iX, 

ik\ 

tkk 


COS 6, 

1 , 

cos 77 

tk\. 

^kk, 

2/2* 


cos ff>. 

cos 77, 

1 


Hence 


LD = X — X' = a — a-{- lyVi /a?’2 — \r\ 
MI) = Y — Y' = b — ^ rngi'a — fir\ 

ND = Z — Z'=c—y + 7iiri H- 7127*2 — vr , 
KD=V-V' = d--8+ kivi + k2r2 - kv . 


Now 2 XA. = 0, 2 Z/i = 0, 'ELI2 = 0 , and therefore 


D = L.LD+M.MD + N.ND + K.KD 
= L(a^a) + M(b-l 3 ) + N{c-y)+K(d-S) 


a — Of, 

b-13, 

c-7, 

d-S 

, 


V , 

K 

k , 

7/11 , 

, 

h 

k . 

7112 • 




where 

A = 1 — cos® 0 — cos® (j) — cos® ?7 + 2 cos 6 cos (f> cos 7;. 

We thus have an expression for the length of the shortest distance between 
the line and the plane. 

There is an immediate verification of the condition that the line and the 
plane should meet ; for, in that event, D = 0 , and thus the condition of § 37 
reappears. 
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Note. Later (§ C9) it will be proved that 

A = sin* ft sin* ft, 

where ft is the inclination of the line to the plane. 

The consideration of the inclination of a plane to any other homaloidal 
amplitude is deferred until Chapter v. 

Distance between a plane and a line parallel to the plane. 

40. But if the line is parallel to the plane, the foregoing expression for D 
becomes indefinite. The determinant A vanishes, because then cither 0 + 0=?? 
or 6 = 7) \ and the determinant 

a — Uj h — 0, c — 7, d — B 

\ , /I , V , K 

h I I ^1 I 

I 2 , ^2 , M2 , kz 

vanishes because (§ 29) 

^ M p ^ 

/i, nil. Hi, ki 

hf ^‘‘2 

We ])rocccd to shew that the perpendicular distance from any point on the 
line is independent of the position of the ])oint. 

As the line is parallel to the plane, the last set of conditions shews that 
quantities p and q must exist such that 

\ = x>li + qU. M = Villi + qiii2, V = pill + qnz, K = pki + qlc^. 

Multiplying by li, nii, iii, ki, and adding - and then multiplying by I 2 , inz, M2, k 2 , 
and adding ■ we have 

cos 6 = SX/i = p-\-q cos ft), 
cos <f) = 2X^2 = p cos ft) + 7, 

so that 

p sin* ft) = cos 0 — cos <f) cos ft), q sin* to = cos 0 — cos 0 cos ft) 

Now take any two points a, 7, 8, and f, 77, f, i», on the line, so that 

^ — a __7j — 0 y _ V — B _ 

X. v K * 

say, let D be the perpendicular from f, tj, u, and D the perpendicular from 
a, /3, 7, B. Then 

IP =X(^-aY- J 2Di D, cos a> + /V). 

5* = S: (a - af - (Di‘ - 2DiDi cos co + B,^), 
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where 

Di='lli(a—a), D2 = ^l2(o^ — (i)- 
Hence _ 

Di = (a + — a) — Di + |0 cos ^ , 

D 2 ~ ^^2 (® "i" — ft) = D 2 H" p cos (j) j 

and therefore 

Di® — 2D1D2 cos Q) + yj2* = Di* — 2B1D2 cos O) + D2* 

+ 2p [Di cos B — (Di cos (}} + D 2 cos 0) cos w + Z >2 cos 0) 
+ p^ (cos* 0 — 2 cos 0 cos 0 cos OJ + cos* 0) 

= Di* — 2D1D2 cos G) + ^2* + p^ sin* 01 
+ 2 p {Z>1 cos (Di cos 0 + Z>2 cos cos O) + 1)2 cos 0). 

Again, 

— CL)^ = {OL + '^p — ft)^ 

= 5 ! (a - ft)* + /o* + 2 /dS\ (a — ft) ; 

and 

SX (a — ft) =pSli (a — o) + 7SZ2 (a — a) 

=:pVi + qI)2 

= 7 ^^ [l^L (cos 0 - cos 0 COS O)) + D 2 (cos 0 — cos 0 cos 0))). 
sin 03 ^ 

Accordingly, 

/)* = S (f - a)* \ ( /V - 27;, 1), cos fo + 7)j*) 

' bill* ft) ' 

= S (a - «)* -V ( 5 i* - 25 , 5 , cos (a + Di^) 

^ sm*o)' 

= 5 *: 

or the perpendicular distances of all points on the line from the plane arc 
the same, their common value being D. 

Shortest distance hetiveen a line and. a plane, when the equations 
are in canonical form. 

41. When the equations of the plane occur in the canonical form, the 
calculations follow a somewhat dilferent course The line is 

X — OL _y — ^ _z — y __v — h 

\ p. V K 

On the line, the foot of the shortest distance D, between the line and the 
plane, is taken to be X \ Y\ Z\ V\ = a + \p, /3 + pp, 7 + 1/p, S + xp. The 
plane is 

z = px + qy -\-fi V = rx sy -\’h \ 
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in the plane, the foot of that shortest distance is taken to be X, F, Z, V 
and we write 

pa + qP -\-f — y = T, ra h — h — W. 

Then 

= {X - xy + (F - Yy + (z- zy + (V- vy 

= (Z-a-\pF + (F-/3-/ipF 

+ {p(X -a)-i- q(Y-0) + T- pp}^ + (r (JT - a) + s ( F - /9) + W - fcp}^ , 
and Z)“ has to be a minimum for all values of X, F, p. Consequently 
\(X-X') + /l(V- Y') + p(Z-Z')-hH:(V- F') = 0. 

+p(Z-Z')-hr(V-V')=0, 

F-F' +q(2:-Z') + s(V-V')=0. 

(i) If Z, M, Nj K, are the direction-cosines of the shortest distance, 
X-X' = LD, Y-Y' = MD, Z-Z' = ND. V-V=KD, 

hence 

L ^ M ^ _ K _ 1 


p, I/, K 

1 

1 

V, K, X 


#c, X, p 

1 

1 

X, p, p 

0, p, r 


P. r, 1 


r, 1, 0 


1. 0. p 

1, fy, .s 


7. s. 0 

i 

5 , 0, 1 


0, 1. 7 


where 


A = i; 



K 

2 _ 

X^ -1- /X* + 1/2 -h , X -1- 1^/1 -f K7\ 

p + vq KS 


0 , 


r 


X + vp + Kr, \ p^ -\-r^ , 

pq -h rs 


1 , 


s 


P +1^7 + KS, pq + rs 

1 + 7 * + 5* 


Thus the direction -cosines L, ill, AT, K, are known. 


(li) Again, 

LD=X-X= X-a -Xp 

AID=Y-r= Y-/3 -pp 

ND = Z -Z' = p{X-a)-^q(Y-l3)-pp-hT , 

KD= V-V'=r{X-a) + s{Y-l3)-Kp -h IF, 

and 

fj -I- Np -I- Kr = 0, Jlf -h Nq -h Ks = 0, L\-\- Mp -h Np -h Kk = 0. 

Hence 

L = L.LD + M.MD-\-N .ND-^^K^KD 
^NT+KW 

= K* - Xr - /m) T- (v - Xp - /19) F} . 
and thus the shortest distance D is known. 
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(hi) Further, the critical conditions for a minimum of Z)® can be written 
(\ + i/p + kt) (Z — a) + (/I + i/g + Ks) (F — )9)— (\®+/A®+ + ic^)p = — vT—kW, 

+r®)(X-a)+ (pg +r5)(F-/S)- vp+ Kr)p = —pT-rW . 

{pq + rs) {X — a)-\- (1 H- 9 * + s®)(F— ^)- Ks)p = — qT— sW , 


Therefore 


A(2r-o)=- 

T 

p, rs , 

\ 

H- xr 

- W 


pry , \ + vp 



q, 1+s*. 


p> +fcs 


s, 

1 + 7*, fi +vq 



V, ft+KS, 

\* + 



/K, 

ft. + vq, X* + /** + K* 

A(y-/3)= 

T\ 

p, !+»•*, 

\ 

H- xr 

+ W 

?’, 

1+y*, \ +vp 



q. rs , 





pq , n +vq 



V, X+*r, 





X + vp, X* + /t* + V® 


These equations, together with 

Z- 7 =jt)(X-a) + g(F-/3) + r, V-B = r(X-a) + s(Y-l3)+W^ 

determine the plane-extremity of the shortest distance D. 

(iv) Finally, from the same equations, we have 


I> 

II 

V, 

\ + «r. 

p + KS 

+ w 

X, X + vp, 

p + vq 


P. 

1 + r®, 

rs 


r, l+/>^ 

pq 


q< 

rs , 

iH-s® 


5, * ^vq , 

1+9* 


This equation, together with 

X' — a = Xpj Y' — 0 = pPj — 7 = i/p, F' — 8 = xp, 

determines the line-extremity of the shortest distance D. 

Ex. 1. Prove that 

where t =p\ -\-qp — Vf w=r\ + 8fi— k, while 

/=1 g=p'r-\-q8, A = l+r2 + a3. 

Ex 2. Verify that when the line is parallel to the plane, so that the evprcssioii 

for Dj being 

A ~ i {(k -X r-/is) T-(v-\p-pq) W]^ 

then becomes evanescent In this event, obtain an expression for the distance between the 
line and the plane. 

Relation of two planes: parallel planes. 

42. A plane in quadruple space is represented by two equations. When 

the intersection (whatever it may be) of two planes is required, it will be 

provided analytically by four equations, each of them linear in the four 
variables x, y, z, v. In general, such a group of equations will provide a single 
unique set of particular values of a;, y, z, v, which determine a unique point . 
that IS, two arbitrary planes meet in a point. 
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But deviations from the normal form of these values may occur under 
special limitations, which must be examined in detail. The notion of parallel 
lines, as lines having the same direction, is simple. The notion of parallelism 
must be extended to planes : and the extension can be effected by means of 
the property (§ 13) under which a plane is composed of linos, as follows: 

Let two planes be denoted by P and P\ Take any point A in P and 
any point A' in P'. Through A draw any two lines AB and AC in the 
first plane; and through A' draw, in the quadruple space, a line A'B' 
parallel to AB and a line A' G' parallel to AG. If both lines A'B' and 
A'C' lie in the plane P\ we say that the jdanes P and P' are j^arallel 
It may happen that, for some particular direction AB m the first plane 
the parallel direction A'B' in the quadruple space would he in the second 
plane P\ and that the result does not hold for any other direction: such would 
be the fact if the two planes, instead of meeting merely at a point, intersected 
in a line and it A B were drawn parallel to that line. In such an event, the 
two planes are not parallel. 

Analytically expressed, the definition carries the parallelism of all corre- 
sponding lines in the two parallel planes. Let the two different directions 
AB and AC be given by li, nii, Ui, ki, and 1^, m 2 , iiz, /’z, which therefore are 
the direction-cosines of A'B* and A'G' m the parallel plane. Any other direction 
in the plane P is given by 

all -h /S/z, ami + ^^ 2 , a'h + 0^2, + /Sl’a- 

As li, nil, 7?i, k'l, and I 2 , m 2 , th, are the direction-cosines of A'B' and A'C' 
which he in P', that new direction also lies in P' : that is, to every direction 
in P there is a parallel direction in P\ 

Meeting of two planes ■ alternatives. 

43 Consider now two planes represented by pairs of equations 
AiX B\y + GiZ + Div = JLi ) 

Az^ + B2y “I" G2Z H" ^2'^ ~ ^2 ) 

A3-C B^y "1“ C3.J -l- P3V = ^3 1 
A^x “h B^y -h G^z j 

The range of variation, which is common to the two planes, is given by 
eombining the four equations. In general, they determine one point and 
only one point. 

If however the determinant of the coefHcients on the left-hand side is 
zero, so that 


A,, 

Ri, 

c„ 

A 

= 0, 

Aa, 

B,. 

Ct, 

A 


A3, 

B3, 

C3, 

A 


A,. 

B 3 . 


A 



5—2 
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then one at least of the quantities x, y, z, v, satisfying the four equations, is 
infinite unless all the magnitudes M, represented by the determinants 


Ai, 


Cl, 



A2, 

if*. 

c„ 



Aa, 



2)3, 


A 4 , 

^4. 

Ci, 

Z)4. 



vanish. 

As the determinant \Ai, Ca, B^\ vanishes, quantities a, 7, 5 , exist 
such that 

clA\ + ^A^ — Y'da + $^4 = A, 
txBi -h /3B2 = 7-®J "h ^B^ = B j 

aCi + = 7C3 + SC4 = C , 

ciBi + 0B2 = 7-^3 

Every point in the first plane lies in the fiat 

(X {^A\X + B\y + Cyz + ^1^) H" (Aj® + ^2y (^2^ H“ B2V) = €lE\ + /3^2, 

that is, 

Ax + By Gz + Dv = aEx + /9^2 1 
and every point in the second plane lies in the fiat 

7 (^ 3 ® + B^y + G^z + Dzv) + 5 {Ai^x + Bj^y + G^^z + D^v) = 7^3 + 8 ^ 4 , 

that is, • 

Ax + By Gz + J)v = yE^ +*S^i. 


(i) These two fiats are the same, if 

ClEi + )3i^2 “ 7-^3 "h ^-^4 ■ 

that is, if all the quantities M vanish. In that event, the two planes lie 
in one and the same flat. The four simultaneous equations are then not in- 
dependent of one another ; one of them can certainly be deduced as a linear 
combination of the other three. Suppose that the fourth can thus be 
deduced ; we then arc left with three equations 

Ajx H- Biy -|- GiZ-f- D\V = E\y 
A 2 ® + B2y + G2Z + 2^2 v = E2f 
A^x H- B^y + G^z -|- B^v = E^j 

which provide the common intersection of the two planes. Now, unless the 
two independent relations provided by 



5x, 

Cl. 

i?i 

= 0 

A 2 , 

B2, 

Cl. 

-D* 


A 3 , 

B 3 , 

(^3, 

i>3 



are satisfied, these three equations can be resolved so as to give 
X _y — ff_z — y_v—}i 

Xu V /c ’ 


V 
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where 

\Ai + fiBi H- pCi + kDi = 0, 

\A 2 "h "H pCj 2 “I" = 0, 

A-ila “I" ^^B‘^ + 1 /D 3 + kD^ = 0 , 

and therefore 

\il4 + ^lB^ + 1/64 + #c ^>4 = 0. 

The first two of these equations shew that the particular direction /i, v, /c, 
lies in the first plane. The second two shew that the same direction lies in 
the second plane. Thus the three equations in the variables provide a line, 
with direction-cosines /a, v, k\ the direction thus determined lies (and 
any parallel direction lies) within both planes. Consequently, the two planes 
lie in one and the same flat ; and they intersect in a line, which possesses a 
finite range, because 7', S', are finite. 

(11) The two flats 

Ax By Cz + Du — olKx + 

Ax -t- By + Cz + Dv = yE^ + 

are not the same il aEi + and yE^ + BE^ are unequal , they are parallel 
flats (§ 58 ). Not fewer than four of the five quantities M are different from 
zero the vanishing even of two of them would entail the vanishing of the 
remainder. Because \ Ai, B^, Ca, D^\ vanishes, the quantities a?, y, v, 
corresponding to the non- vanishing quantities M are infinite. Then as before, 
unless two of the quantities 


-di, 

ih. 

c,. 

Dz 

dzi 

Bzi 

Cz. 

Dz 


«3. 

Cz, 

Dz 


vanish, the two planes lie in parallel flats and intersect at infinity in .1 
direction parallel to the line 

a; _ y _ J _ u 

\ fJb V K 

But it may happen that the relations 


Axj 

Bz. 

Cz, 

A 

= 0 

A2z 

Bz. 

Cz. 

A 


Az. 

Bz, 

Cz, 

A 

1 


arc satisfied. In that event, the quantities /a, i/, k, are zero ; and the 
equations of the line cease to provide a definite result. We now have 

./I 3 = ei4i - 1 - 7y-/l2, B^ = €Bi-\- " qB^t Cj = eCi + ^^ 2 , D^ = eDx-\- qD^i^ 
in addition to the former relations ; and these former relations now give 
A^ = e A\ -f- A2t B^ = e B^ q B^, ^4= e G\ -H q C2, D\ = € Dx -|- q D^- 
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If then the first plane is represented by the equations 

V=Eu W = E\, 
the second plane is represented by the equations 

eV + rjW = E^, €'V+rj'W=E,, 

that is, by the equations 

W=Ei'. 

Now if I, m, a, k, are the direction-cosines of any line lying 'mV = Ei, W = Ez, 
we have 

-d-i i -l- S\ 111 + Gi n "l" D\k = 0 , 

2 ^ 4" Ez wi 4“ Gz 4“ Ez Aj = 0 , 

consequently 

-d-a ^ 4" ^3 TTi 4“ Gz a 4" Aj = 0, 

4 " S^in 4 “ G^n E^h = 0 \ 

that is, in the second plane there lies a direction parallel to any assumed 
direction lying in the first plane, whatever direction be so chosen The two 
planes are parallel. 

The preceding investigation thus yields the following alternative 
results . 

When two planes are given in quadruple spaqp, either 

(i) they intersect in a point; or 

(ii) they lie in one and the same flat, and intersect in a line lying 
within a finite range from the origin ; or 

(lii) they lie in parallel flats, and intersect at infinity in a definite 
direction; or 

(iv) they are parallel planes. 

Ex 1 IVovc that the planes OAt/ and ODj\ in the figure on p. 7, meet only in the 
IKJiiit and that the pl.ines L'Ag and /^d/rncct only in the point V. 

Ex, 2 Prove that the planes ijkh and a/3y, in tlic figure on p. 7, iiiterMect at infinity in a 
direction parallel to the line l\C \ that the pLiiios ABC and JEB intersect at infinity in 
the same direction ; and that tlie planes 

ABC, f<jh, afiy, 

.ire parallel to one another. 

Er 3. Prove that the planes 


(1 n 

ct c 


z 1 

c a I 

+ 

II 

' Or) 


intersect, by pairs, in straight lines, and find the respective linos. 
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Ex. 4. Two planc8 are given, with their pairs of equations in the forms 
px + iiy-z=f\ 

/■a + - y = A J r'x + s'y — o = h ' ) 

Slicw that, in general, their xioint of intersection is 


Qv = 

! 

1 

> 


p-p', f-f 

» 


1 A - A' , .5 - a' 1 



/■-/', h — K 



A - A', /■ — /, 

1— <*' 

, By = 

f-f, p-p'. 

7-7' 


/ 1 P ^ 

7 


A' , / ' , 

N 


. P’ . 

</’ 


A , /■ , 



where 


&={!'- r) (</ - q) - (a' - a) ( // -/>) 


Provo th.it, if 

k-h’ _ f- 1' _ iS — s' 

f-f~ p-£l~ q '{' 

the planes intersect in .a line through the point 

/'-/ rh'-hP 

P-P' ’ p-p’ ’ /-/ * 

having its dircctioii-cosincs proportional to 

P-P', '’,.3v ( 2 - 2 ') 

What arc the conditions (u) that the planes should lie in two parallel flrits . and {b) that 
the planes should be par.illol ? 


E.r. fi When the equations of two pl.ines are given in the form 


y — « , 

p->>, 

- c , 

0-d 

=0, 

. 

iHi , 


^I 


'•i . 

//N , 

> 

^2 




z~c\ 

U-d' 

=0, 

, 

"*i' , 

ill' , 



u , 

ni: , 

/ft , 

^2 



shew that their pond of intorsection is given, as to its coordinates, by equations of the 
type 





//u, 

f/r/ 

a — a' , 

u. 

h , 

^l', 


b-b' , 

>/ii , 

nxa. 

Wll', 


c — d , 

7ll , 

/Is 1 


w/ 

d-d' , 

h. 

/i, 

^i'» 



= 0 . 


Obtain the conditions, that the planes should bo parallel, in the form 

1 = 0 


<1, 



^‘l 

=0, 

^2. 

Wl^, 

/l2, 



Wll', 






wr, 

'ti' 

li. 

/WrU , 

w/. 

h' 




w,'. 
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Kx 6. (The definition of the parallelism of two planes has been made to depend upon 
the parallelism of straight lines, that is, of hues having the same direction ; and it is not 
made to depend upon a negative condition of not meeting within a finite range of any 
selected origin.) 

Prove that, with the adopted definition of parallelism, two planes, which he in the same 
fiat and have their line of intersection at infinity, are parallel to one another. 

Ex 7 . Prove that^ when, two plaiiea meet in a 'povnt only.^ it is fossihle to draw^ through 
any •point not lying in either of them^ one {and only one) plane which intersects each of them 
in a line. 

Take the sole common point for origin, and let the planes be 

3 ^px + yy I :: + f/y | 

r=rx + sy]^ v=^i'x+s'y]' 

where (p— p') {s — s’) — (y y') (r - r') doe.s not vanish because the origin is the only common 
nieetiiig-])lHce of the pldiics. Let the third plane (if any) be 

z=Pj.-\-Qy+F, ‘v = llx^-Sy + H , 

AS it passes through an arbitrary point a, A, c, rf, ’^e have 
r^Pa-\rQh-\-P\ + 

As the new ];)lanc intersects the first plane in a line, we have 

Il{P-p)^F{R^r), JI{Q-q) = F{S-s), 

Aiid AS it intenseets the second plane in a line, we have 

U{P-p') = F(R-r'), 

From these relations, we have 

IT{p-p)=F(r-r'), H = -/) , 

and ( p - //) (j - s') - (y — y') (r - /) does not vanish. Hence 

and therefore the third plane (if any) is 

z = Px-\- v — Kv-V *S'y , 

with the conditions 

c = l*a + Qbj d = Ra + Sb. 

because this plane intersects the first m a hue, it follows that 
{P-p){S-s)^{R-r){q^q\ 
and hecause it intersects the second in a hue, that 

{P-P^){S-s')^{R~7'){q-f). 

Now 

(P-/>)a + (Q-y) 6 = c -pa-y6=y. 


{ll — r)a-\-{R-s)h=d—ra- s6 = S, 


where y and do not vanish together, because «, 6, c, rf, docs not he in the first plane ; and 
therefore 


Similarly, if 


(^-«)y=(^-y)fi. 

r—p'a^^b=y, rf — /a — 
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where y and d' do not vanisli together, because a, r, does not he in the second plane, 
we have 

(/*-p')«+w-?')6=y> 

(^-.^)a+(ir-,') 6 = A' , 

and therefore 

Accordingly, we have the four linear equations in >V, 

ttP-\-bq \ 

a/C+ hS=d I 

bq - yS=^q -ys I ’ 

b'q -yS=^q—y't ) 

which give unique finite values lor it, S, unless the deteiininrint »)f the coefficients on 
the left-hand side which is equal to a® (yfi' — by) should vanish. But as the point a, h, r, d, 
IS arbitrary, the quantity yb’ — by docs not vanish, hence the result, as enunciated. 

The existence of some one plane, with the assigned proi>erty, can be e.stablished as 
follows Let the two planes be 

A'=2Aia- -^i = Oi Z = 2i4,4;- Aj^Ol 

and let 

B = 2d|(t — A|, fi = ^AiU— E>t, y=^A^u — E^, — -S'!, 

wheie both a and cannot vanish, and both y and b cannot vani>li A third plane, diawn 
through the point coininoii to the two planes, is 

/3A'-ar=0, bZ -yV=0 
This [ilane intorsects the first plane in the line 

A'=0, r=0, bZ-yV=0, 

it intersects the second plane in the line 

Z=0, F-O, ^X-aY=i)-, 

and it passes through the point a, 6, c, d. Hence it possesses the assigned property. 

Ev. H In a multiple liomaloidal space, there are two homaloidal amplitudes A and B, 
of dimensions m and n I’espectively ; and they have a common range of r dimensions. The 
least extensive homaloidal amplitude containing A and B is of s dinicnsiuns ; prove that 

Note. The two results, (i) and (ii) on p 70, .ire p.irticiilar c.\amples of this theorem 
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Flats. 

Directions in a flat. 

44. It has been seen that a single equation, linear in the four variables, 
suffices for the expression of a Oat. The form of the equation depends upon 
the data which determine the Oat. 

Thus the Oat may be required to pass through a point and to contain 
three assigned directions which are not complanar. In that event, the form 
of the equation is 


— a, 

y-6. 

z-c. 

0 " 

II 

1 

h . 

mi , 

fii , 

! 

h 1 

m 2 , 

W2 , 


*3 . 

Wt3 , 

»3 , 

ks 


where the three directions, determined by the sets of cosines 7ii, /ii , 

^2i ^2i ^3, m3, /la, I'3, are not complanar, so that relations 

pOx + <rOi + t^3 = 0,* ^ 

(for 6 = 1 , m, 71, k), are not simultaneously satisOed. 

Let /, m, 71, k, denote any other direction in the Hat, so that the lino 

x — a y — b__z — c_v — d 
I ^ m n k 

lies in the Oat; then 


1 . 

ni , 

, 

k 

= 0 . 

h. 

mi. 


Ai 


k. 

7//2, 


A^2 


hi 


n^i 

^3 



Consequently, quantities X, /i, 1/, exist, such that 

I = \l\ + JJil^ + vl’i \ 
m = + finii + i/T/jj 

n = Xtij + fin2 + 
k = \ki + fik^ + vk^ , 

and when \, fi, v, arc regarded as parameters, these expressions give tho 
direction-cosines of any line that lies in the Oat. Also, let a be the inclination 
of the lines I2, m2, 712, ^2l and m3, ria, ^3; let P be the inclination of 
ht wi3, 7*3, ^3, and /i, mi, ?ii, ki, and let 7 be the inclination of mi, /ii, ky. 
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and ^2. ^^2, k2. As Z* + m® + + /l* = 1 , the parameters X, /i, i/, are con- 

nected by the relation 

\^ + 2f£V cos a -I- 2 v\ cos /3 + 2 \fL cos 7=1. 

Moreover, if X, F, Z, F, denote any point in the flat, at a distance R from 
tt, b, c, d, along the direction I, vi, n, k, we have 

X — tt = IR = lt\ l\ -|- RfL I2 + Rv ^3 ' 

“ pW "h ^^2 + T^3 

y — 6 = mR = prrii -k + rwia , 

Z—c= jiR = pni + an^ + tWj 
F— tZ = kR = pky "1" 'r^'3 

which accordingly give the coordinates of any point in the flat, in terms of 
three parameters p, a, r. Manifestly the point X, F, Z, F, can be reached 
by moving from the point a, 5, c, d, a distance p along the direction 
Zi, niij Til, ki, then from the extremity of that distance p a ncAV distance a 
along the direction ^21 1^2, 112 1 kn, and then from the extremity of that dis- 
tance <r a new distance t along the direction I3, m3, 113, k^. Thus p, a, t, are 
the coordinates of the point, when it is referred to an oblirpie frame within 
the flat, and the forniula5 relating to oblique axes in three dimensions arc 
applicable. Clearly 

p* -f H- T* + 2a-T cos a + 2 Tp cos /3 + 2pa cos 7 = R^. 


45 . 

where 

while 


Normal to a flat. 

The preceding form of equation can also be written 
Lx + My + Nz^-Kv = F, 

La + Mb^Nc + Kd = P, 

lAi -h Mm I + Niii -I- Kki = 0, 

/i/2 + ^1/7112 "I" Nii 2 + Xk 2 — 0 , 

LI3 -|- Mm^ -f- N ti3 -|- Kkj = 0 . 


If then [j, M, N, K, are the direction-cosines of a line, this line is perpendi- 
cular to each of the three non-complanar guiding directions through a, b, c, (h 
which determine the flat. Further, denoting any direction in the flat by 
/, m, n, k, as before (§ 44), we have 

fjl il/7/1 Nil Kk = XS/ir/i /i/2 "1“ /i/.3 

= 0 : 

or the direction L, M, N, K, is perpendicular to every direction that lies in 
the flat. Moreover, 

L M N K 1 


?/ll, «1, /I’l 

-] 111, 

^'1, 

h 


^’1, 

h. 

till 

- Ii, 

mi, 

lii 

Mij, n,, L'l 

1 H2. 

^■2, 

h 



U, 

1112 

1 U, 

Uhl 

112 

m3, w,, ka 

1 nja 

hi 

Is 


^3, 


1113 

1 /a, 


ns 
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where 


^ = 1 


mi, Hi, ki 1“ 

7112 , 712 , h 

ma, na, j 


= 


^kkt 

I.kk 

= 

1 , 

cos 7, 

cos/3 


Ikh. 


Ikk 


cos 7, 

1 , 

cos a 


1 

^kk. 

tk* 

1 

cos / 3 , 

cos a. 

1 


= 1 — cos® a — cos® ^ — cos® 7 + 2 cos a cos /3 cos 7. 


Thus the direction L, M, N, K, is determinate and unique; it is perpendi- 
cular to every direction that lies in the Hat; and therefore the direction is 
called normal to the flat. In particular, a line through any point a\ b', c\ d\ 
in the flat, drawn in this direction and therefore given by the equations 

X — a y—h'_z—c v — d' 

~L~~ ~N~~ ~K~ ’ 


is called the normal to the flat at the point a, h\ c, d\ 

Further, the quantity 

La+Mh^-Nc + Kd 

is the projection upon this direction L, M, N, M, through the origin, of the 
line joining the origin to the point a, b, c, d, in the flat ; that is, it is the 
length of the perpendicular upon the flat drawn from th(j origin 0 . This 
quantity is equal to P; hence, in the equation of the flat when it has the 
form 

Lx -h My -I- Nz -I- Kv = P, 

L, M, N, K, are the direction-cosines of the normal to the flat at any point, 
and P is the length of the perpendicular upon the flat from the origin. 


Modes of determining a flat. 

46. The foregoing determination of a flat is made by the assignment of 
a point and of three directions, all of which are to be contained in the flat. 
There arc other modes of determination. 

A flat can be determined by four points, which are not complanar. If 
they are a, b, c,d \ ai,bi, C\, di\ as, 62, C2, ^2; •ind aa, 63, C3, d^ ; its equation 
can be taken in the form 


X 

-a. 

y 

-b, 

z -c. 

V 

-d 

=0, 

ai 

-tt. 

h 

-b, 

Ci-C, 

rfl 

— d 


az 

-tt, 

b, 

-b, 

ca-c. 

d. 

-d 


tt 3 

-a, 

h 

-b. 

C3-C, 

<k 

-d 
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or in any equivalent form (§ 14) such as (c.g.) arises by any permutation of 
the symbols of the four points. 

A flat can be determined by a requirement, that it shall contain a plane 

x — a, y — b, z — c, v — d =0 

Zi , mx , 

h I ^*2 » ^2 I ^2 

and a point a\ b\ c\ d\ not lying in the plane : its equation then is 
X — a, y —b, z —c, v —d =0. 

a' — tt, V — b, c —c, d' — d 

h y wii , 7?l , kx 

h , rtii , W2 , ki 

When the plane is given by equations 

z-px-qy=f, v-rx-sy = h, 
the equation of the containing flab is 

z — px — qy — f, V —rx — sy —h = 0. 
c' — pa* — qb* — d' — ra* — sh* — h 

A flat can be determined by the requirement, that it shall contain two 
lines, which do not meet but are not parallel. When the lines are 

X — a ^ y — h _z — 0 _v — d 

X fL V K ^ 

x — ii y~b* _z — c _ v — d' 

” ? j f » 

X fL V K 

the equation of the flat can be taken to be 

X — a, y —b, z — Cj v—d =0. 

a* — ft, b' — 6, c' — c, d' — d 

X , fL j V , K 

\ / / / t 

1 ^ ^ 

Ex. 1. Find the equation of a flat 

(i) through a given line and two points not on the line 
(ii) through a given plane and a given line which meet. 

Point out restrictions, if any, on the positions of the amplitudes determining the flat. 

Ex. 2. Prove that the three planes 

x~ii^ y-h^ 5 — c, v — d —0, 

Ir , , 71,. , 

1 I 

for r, «=1, 2, 3, he in the same flat, if 1,^ itn Iry for r=l, 2, 3, represent three non- 
cumplanar directions. 
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Ex 3. Given that the two planes 

z='px-^ qy +/ 1 - + q'y +/ \ 

r = rx -\-3y ' v = r'x +8'y -\-h' f ' 

meet in a line , obtain the equation of the flat (§ 43) in which the two x^hi-ncs lie. 


Ev 1 Find the equation of the flat through the two linns 


Lix + Miy + iV| c + A'l V = Pi 
Ij2 X + M2y + + /i 2 w = P^ 

M^y ■\- N^z-\- I\.2V= P^ 
on the asaum})tion that the two lines do not meet. 


f.d\x + M\y + N\Z + A I'v = Pi 


ilV=Pi \ 

EiX + Af {y + ^ 2 “ “f" E {v — P^ I" 1 

Jj^x + Jf'/y + + A 3' V = P^ 1 


Ex. 5. Shew that, in general, a flat cannot be made to iiass through more than four 
arbitrary points in quadru})lG space. 

Verify that the eight points /9, y, fl, g, Py in the figure on p 7, he in one flat. 


Ex. G. Trace the flat 


X y z V 

- + 7 + -+ ;= 

abed 




by means of guiding {lointa in the same figure. 

Ex. 7. Obtain the respective equations of the flats Oafiyy and PAUC\ ADCDy and 
a/9yd ; in the same figure. 

Ex. 8. Given a flat 

Lx-^-My-k-Nz-^-Kv^Py 

* 

prove that it is possible to choose three guiding lines for the expression of the flat, such 
that these lines are perpendicular to one another. 

Find three such lines, when the equation is given in the form 


— 6 f, 


£-r, 

v~d 

=0, 

ii , 

m, , 

Wl , 

k. 


h , 

m-J y 

912 . 

h 


I 

W 3 , 

1 

k, 1 



if 2?2^3 = coa(9, 2^3^1 = 003 0 , 2 ^i^a = cos 0 , where B , 0, 0 , differ from ^ n . 


Flat through a plane and a direction. 

47. Consider, in particular, the inode of determination of a flat whereby 
it is required to contain a plane and the direction of a line not parallel to the 
plane : or, what is the same thing, to contain a plane, and a line parallel to 
that direction and meeting the plane. 

Let the plane be given by 


£c — a, 


Z-Cy 

v — d 

= 0. 

h , 

nix , 


h 


h , 

7/12 , 

»»2 , 

hi 



The flat must contain the point a, 6, c, d. If the associated line, specifying 
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the additional direction to be contained by the flat, should not pass through 
(t, b, c, d, through that point draw a parallel line, having equations 

x — a__y — h__z — c_v-d 
I m n k 


Then the equation of the flat containing the plane and the new line (that is, 
containing the assigned plane and the assigned direction not parallel to the 
plane) obviously is 


X — a. 

y - K 

z-c. 

v — d 

= 0. 

1 . 

Vi , 

H , 

k 


h 1 

7/11 , 


ki 


h . 

m2 , 

«2 , 




Let L, M, N, Kf as before denote the dircction-cosines of a line which is 
normal to the flat : let 


SZiZ2=COS<U, S^^i = COH^, S^Z2 = COS</), 
so that CO, 6^ 0, may be regarded as known quantities ■ and write 


^ = 1 


111 , 


9/ii, 

7/121 


n , k 

Til, hi 

»2, h 


= 1 , COS 0, cos 

cos 6^ ■ 1 , cos CO 

cos 0, cos CO, 1 

= I — cos* CO — cos* 0 — cos* 0 + 2 cos lO cos 0 cos 0. 

Then ^ 

= nihi2 — 

iH)i M = - //i -1- n ^ kbi2 
Igi2-mfi2 +kci2 

K = — lai2 — w6i 2 — ?ici2 

where 

012 = 7/11/12 - «l7/l2, /i2 = hf^2 “ A'l /a 

^12 = /* 1^2 ~ ^l^l 2 » gi2 ~ 7/*iA'2 — • 

C'la = — 7/I1/21 /I12 “ /1 iA ,'2 — kiU^ 

48. It is easy to see that if, instead of the guiding lines /i, 7/ii, ?ii, Ai, and 
^ 2 , 7 / 12 , /? 2 , ^ 2 , of the plane, two other guiding lines W, , 71 /, A/, and Z 2 ', 

/I 2 ', AV, are chosen for the specification of the plane, the quantities Z, M, N, K, 
are unaltered. For with these alternative lines, we have relations of the form 

= 7*1 + ^2' = Si'i + 7712, 

(for 1 = 1, VI, n, k), where 

fL = ytj — he ^ 0, 

7 * + e* + 276 cos CO = I, §2 ^2 ^ 2Sr} cos co = 1 , 
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while 

and 

Then 

and 

Hence 


+ 712', 

7 )^ + e^— 27)6 cos at' = 1, S® + 7* — 2S7 cos G)' = 1, 
cos a = cos fo' = Slilz- 

^'l2i c'i2i y " 12 . g'l23 = H^12j ^/i2j fJ>9l2, Ml2, 

0' = /i20. 

0'^X' = mh\2 — ng'u + ^ci'u = (w/ti2 — «5ri2 + kai^ = /i,0^Z, 


and similarly 

0'*Jlf' = /i.0*if, 0'*JV^^=/i0U^ 0'iA^' = /i0i7r. 

Thus 

T/:M':N':K' = L:M:N.K', 

and therefore the magnitudes of the direction-cosines of the normal to the 
flat are independent of the choice of guiding lines for the specification of the 
plane. 


Length and position of a perpendicular from a 2^oint to a flat 
49 . When a point does not lie in a flat, we reipiire its shortest distance 
D from the flat. But it also is necessary to havf some convention as to the 
direction along the line of the distance that is to be taken positive and some 
accordant convention as to the algebraic measure (positive or negative) as 
distinct from the sheer geometric iiiagiiitude. 

Let the point from which the shortest di.stance is drawn bo ?/, v , and 
let the flat be 

Lx + My + Nz + Kv = P, 

where P is definitely positive. (The conventions, when P is zero, will be con- 
sidered separately) Also, let X, Y, V, be the point in the flat which is the 
other extremity of the shortest distance from f, ij, f, 1;. We define that 
direction of the shortest distance to be the positive direction of measurement, 
when it is estimated from f, 97, f, u, towards X, F, Z, V. We take the 
algebraic measure of the shortest distance to be positive, when f, 77, v, and 
the origin lie on the same side of the flat : we take it to be negative, when 
Vi fi ^i origin lie on opposite sides of the flat: consequently, the 

algebraic measure of the shortest distance from the origin to the flat is thus 
taken, by the assumed convention, to be positive. 

When the origin lies in the flat, so that the quantity P in the preceding 
equation would be zero, a further convention must be adopted. In this event, 
we shall assume that, when some particular coordinate of the point — we select u, 
for the purpose of reference — ^is positive, the algebraic measure of the shortest 
distance is negative and that, when v is negative, the algebraic measure is 
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positive. (This would accord with the preceding convention of the algebraic 
measure if we assume, arbitrarily, that the flat is displaced slightly along the 
positive direction of the axis OV, without change of orientation.) Lastly, if v 
be zero, we adopt the customary convention of three-dimensional geometry. 

Returning to the determination of the shortest distance from f, 77, f, u, to 
the flat, the (quantity where 

2)2 = (Jf - + ( K- 17)2 -KZ - 0* + 

IS to be a minimum for all admissible values of X, F, Z, F, that is, it must 
be a minimum subject to the condition 

LX + MY + NZ-\-KV-P = (^. 

Hence 

.Y-f = \2., Y-r) = \^T, Z-^=\N, V-u=\K, 

when initially \ is an indeterminate multiplier. Thus 

F-7,^^-f^ V-v 

L M N K ’ 
and each of these fi actions, e([ual to is also equal to 

P 

* {I? + J/* + aV* + K*)^ ’ 

where D is taken as the purely positive geometric magnitude of the shortest 
distance and a positive sign is affixed to leaving the 

doubtful sign to be settled undor the adopted conventions. Also 

i^=2..Y-l-J/F + iVZ + 2<:F 

= Xf ^Kv + [L{X-^)^-M(Y-tj)^n{Z-};)-^K{V-v)] 

= /.f + .1^77 + iYf -I- Kv ± (IJ + J22 + AT* + 7^2)4 ]) 
with the same positive sign for (L* + H- JO)^. 

This doubtful sign has to be determined. We have 

( 7.2 + j|/2 + + 7 »r 2 )J D=±{P-L^- Mff - xVf- Kv). 

Now D is positive : (L^ + -h is positive : when f, 77, f, u, coin- 

cides with the origin, that is, is on the same side of the flat as the origin, 
P — 71/77 — Wf — Kv IS positive : consequently the positive sign must be 

taken. Hence the shortest distance from f, ?/, v, to the flat is given, as to 
its algebraic measure, by 

P -L^-My-X^-K v 
(L2+J/2-j-iV2 + 7iZ)i 

Again, the positive direction along the shortest distance is given by the 
direction from f, 77, f, v, towards X, Y, Z, V ; that is, it is given by 

A"-f, F-77, /-f, V-v. 
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Hence Z, Af, N, K, taken from the equation of the flat 
Lx + My Nz Kv = P, 

are proportional to the actual direction-cosines of the shortest distance. Thus, 
as is to be expected, the shortest distance is normal to the flat. 

With these conventions, we say that the perpendicular from f, ??, f, u, to 
the flat Lx + My -h Nz -I- Kv = P, where P is positive, is 
P-Li^- Mri-Nl:-Kv 
(Z* + A/2.f + ’ 

the positive sign being taken for the radical ; and the coordinates of the foot 


of the perpendicular are 


X = ^ + L 


Y = 7i + M 




V=v^-K 


P-L^^Mii-N^-Kv 
Z*+ A/2 + iV^2+ 
P-L^-Mfi^N^-Kv 
Z» -h Af * + 

P-L^-M7i-Ni;-Kv 

M^ 

P-L^-Mtj^N^-Kv 

Z»-i-A/* + + ■ 



Clearly the perpendiculars to a flat from any two points f, 7 ;, v; 
f'l V» 3.re parallel. Their algebraical ratio, being 

P-Zf-A/7,-Arf-/6i; 

P-L^'-Mi/ 


is independent of any assumption concerning radical signs. 

60. Had we assumed initially that the shortest distance lies along a 
direction normal to the flat, we should have taken 

F-77^Z-f_ 

L M N ~ K P- 
The relation between D and p is 

D^ = {X-^f-\-(Y-vf + {Z-0^ + (V-vy 
= p^L^ + M^ + N^ + K^). 

As the point X, F, Z, V, lies in the flat Lx + My -I- Nz Kv = P, we have 
Zf-HAfi7+Xf-hXu-h(Z*-|-A/*-hX* + X“)p = P, 

so that 

P-L^-Mv-N^-Kv 
L* J t ■ 

We thus obtain the former expressions for X, F, Z, V. 

The doubtful sign in estimating the algebraic measure of the perpendicular 
distance is settled by the convention adopted for the measure ; and, again, 
the length of the perpendicular is obtained in the form 
P-L^-My-N^-Kv 
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61. When the equation of the flat is given in the form 


X — a. 

y-h. 

z-c. 

1 

II 

p 

k . 

mi , 

ni , 


h , 

m 2 , 

Wa . 

ki 

h , 

Wl3 , 

^3 , 

k^ 


any point in the flat, and therefore the foot of the perpendicular from 77 , v, 
is given by equations 

JC=a-\- /ip + liO" + / 3 T, 

Y=h + niip + m 2 a + 7/13 t, 

Z = C + nip + 7120- + 7i3T, 

V'=d+ /Cip+ 1-20-+ /l'3T, 

where p, <r, t, are three parameters. The shortest distance B is given by 
i)* = (X - f )» + ( F - 17 )* + (Z - + ( F - u)» 

= S(a+ lxp + h*T + l^T— f)®, 

and this has to be a minimum for all values of p, o-, r. Thus 

2/1 (tt + ^ip 4 - ^20" + /3T — f) = 0 , 

2/2 (« + hp + ^ 20 - + hr — f) = 0 , 

2/3 (a + /ip 4- ^2^ + — f) = 0. 

Taken in one manner, these equations can be written 

2ii(A'-f) = 0, 2/2(A-f) = 0, 2/3(A-f) = 0. 

and therefore 

A-e F -17 _ A-f _ F-u 


mi. 


A'l 

- 

/'i, 

A'] , 



A'l, 

^ 1 , 


- k. 

mi. 

Wl 

7 /I 21 

na, 

k^ 


7*2, 

A*. 



k^i 


1)1 2 

k, 

mg. 

712 

WI 3 , 

Wa, 

/13 


7*3. 

A’3, 

^3 


A'3, 

^3, 

VI 2 

k. 

m 3 , 

7*3 


7) 



where 

0 = 2 ?/ii , iJi , I'l “ = 1 — cos® a — cos® /9 — cos ® 7 + 2 cos a cos /S cos 7 , 

7 II 2 1 W 2 , /i2 

Wa, ?i3. A’3 

with the former notation. The positive sign is given to 0^; and, as before, 
the doubtful sign must be settled. 

Hence 

a+hp + k<r-\-l3T = X = i±—. ’ 

0 * 7«2, 712, 

7*3, A’3 

6—2 
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and so for the others ; hence 


a - f, h-7). 

1 

1 

c 

= ± mi. 

h . 

mi , 


h 


h . 

mz . 

nz , 

k. 


k , 

mz , 

^3 , 

kz 



Now D and are positive; and the perpendicular has its sign the same 
as when rj, u, coincides with the origin, according to our convention. 
Hence the perpendicular on the flat is, in algebraic measure, given by 


1 


a - 

h , 
h , 
I, , 


h-jj, 
mi , 
'1^2 , 


c — d — V 

71 l , 

riz , kz 

^3 » ^3 


Its direction-cosines arc 



mi, 

«i, 

ki 

1 

1 

ni, 


h 



n,, 

kz 



kz, 

k 




kz 


^‘3. 

kz, 

h 


ki, 

k. 

nil 

, -@-i 

hj 

nil, 

ni 


kzj 

h. 

niz 


hi 

mz, 

nz 


kz. 

h. 

niz 


h. 

mz, 

nz 


From the critical equations rendering a minimum, when these arc 
taken in another manner, we have 


a) = p -H (rcos7 -I- Tcos / 0 , 
2^2 (f — a) = p cos y+ a +t cos a, 
2^3 ( ? — fO = P cos ^ + <T cos a + T 

Also 

X — a = pli’\’ <tIz + tIz ; 

hence 


X-a , 

> 

h . 

h 

= 0. 

Sii (?-«). 

1 , 

cos 7 , cos 13 



COS 7, 

1 , 

cos a 



cosyS, 

cos a, 

1 



Similarly, for Y — h, Z — c, V — d i being equations which give the coordinates 
of the foot of the perpendicular from f, rj, f, lf, on the flat. 


Ex. 1. Prove that the flats A BCD^ff'gg^hJi\ ajSyd, in the figure on p 7, divide the line 
OP into four equal parts 

Ex. 2 . Denoting the pcrijcndicular from a upon the flat ftfh'A by jOi, the perpendicular 
from /3 upon the flat gh*fB by p.,, the perpendicular from y upon the flat 
and the perpendicular from d uTiori the flat fghD by p 4 , (all in the same figure), prove that 


1 

Pi* 


1 


1 

P 4 * 



1 +i 
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Ex. 3 Find Uio length of the pcrpendicuhir from the point c,, o?a, on the flat 

through the four points a ^ , 6, , d , , (for r = ], 2, 3, 4) 

Obtain also the coordinates of the foot of this jieriiciidicuhir. 

Ev \ A flat IS required to contain the })laiic 

Z| X + ATiz + K\ w = 1 1 

E^x + ^t'ly "I" E<iz + y = 1 j ' 

find alsii the Inie.ii direction X, /i, v, k . Pnive that the distance of the Hat from the 
origin is 

SAoX S/v|X 

[syV(SA2X)=^-2(SA,Zj)(2AiX)(2Z2X) + S/V(2Z,X)^; i 


Perpendicular from apoint on the jdfine of cleavage of tvjo flats. 

52 . Wc now are in a position to obtain the mafjnitude and the position 
of the shortest distance from an external point rj, f, n, to a plane, when the 
ecpiations of the plane represent it as the intei section of two flats 

L\X 4“ M\y -k- N\Z -h K\v = P\f 
L’lX 4“ 4“ N^z E 2 V ^ P^y 

where ii, il/i, ATi, and Li, Ni, are the dircction-cosines of the 
respective normals to the two flats And it will prove to be possible, as in 
§ 32 , to derive a geometrical construction for that shortest distance, in 
association with the perpendiculars from f, 17, f, o, on the two flats. 

Let X, F, Z, F, be the foot of the shortest distance on the plane. Then 
the quantity D^, where 

= (A - -f (F- + (Z - f 4- (F- v)\ 

must be a iiiiniiiiuin for all admissible values of A, F, Z, F- that is, it must 
hi* a minimum subject to the two conditions 

LyX + Tl/i F+ KyZ +KiV- Pj^ = 0. 

UX 4 - J/2 F 4 - X2X+K2V-P, - 0. 

According to the usual critical tests, we have 

A — ^ = \Li 4 " /^/'2 1 

Y — 7) = \ilfi 4- 

Z — ^ = \Ni 4- pXz , 

V — V = \Ki 4 - pK^, 

where initially \ and p are two indeterminate multipheis. 

In the first place, wc have 

|i A-f, F-^, Z-f. F-o :=0. 

I' Zi , Ml , Ni , Ki 

ji Li , Mi . Ni , Ki 
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and therefore the shortest distance lies in the plane 

^ - f I y-Vy z-t w - i; ' = 0 . 

Zfi , Mx , Nx , Kx 

Li , M2 , N2 t K2 

This plane passes through the point 17, v, and it contains the directions 
determined by Zj, Mx, Nxt Kx, and Z2, A/2, i^2i that is, it is the plane 
determined by the two perpendiculars from f, rj, v, upon the two flats, 
respectively, the equations of which compose the equations of the plane. 

Let a denote the inclination of the normals to the two flats, so that 
cos Cl = Lx Lx “1“ MxMx "b NxNx + Kx ^ 

We write 

Qi = A - Lx^-MxV - NxK-Kxv. 

Q2 = -P2 — Z2 f — Mxf) ” Nx C ” Kz V, 

so that Qx and Qz are the perpendiculars upon the two flats from the point 
f, 7), f, V. Substituting for Px and P 2 in terms of X, F, Z, F, we have 

Qx = Lx(X-^) + Mx(V-v) + ^\(^-0 + J<^l(V-v) 

= X + /I cos a, 

(22 = X2(Z-f) + A/2(F-17) + jy2(^-?) + /^2(F-u) 

*■ X cos a + /I. 

Also, when L, A/, X, K, are the direction-cosines of the shortest distance, 

LP — X — — XLx "b i^Lx , 

MD = F — i; = xMx + /iAr2, 

ND = Z ^^ = XNx + fiN2, 

KD=V-v = XKx + fiK 2 \ 

so that the direction Z, A/, N, K, lies in the plane through 17, f, o, deter- 
mined by Zi, A/i, Nx, Kx, and Z2, Mx, Nx, Kx\ that is, by the two noruials. 
Hence 

Z2 = 2(\Zi-b/iZ2)* 

= \* -b 2\/4 cos a -b /X® 

= g Jg ^ (Qi* - 2Q1Q2 COS a + Qg*), 

which gives the length of the shortest distance : while 

LD sin* a = Zi (Qi - Qz cos a) -I- Lx (— Qi cos a -b 
MD sin* a = A/i (Qi — Qx cos a) + Mx (- Qx cos a -b Q^, 

ND sin* a = ATi (Qi - Qa cos a) -b Nx (- Qx cos a -b QzX 
KD sin* a = Kx (Qi — Qx cos a) -b Kx (— Qx cos a -b Qz), 
which give the direction-cosines of that shortest distance. 
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Let be the foot of the perpendicular from 
the flat = Pi ; let be the foot of the per- 

pendicular from A on the flat 'ZL2X = P2 ; and let 
F be the foot of the perpendicular drawn to the 
plane. Then AF^, AF, AF^, have been proved to 
be complanar. Also PPi, a line in the first flat, is 
perpendicular to AFi, and PP2, a line in the second 
flat, is perpendicular to AF2 . Hence the four points 
A, Pi, P, P2, lie on a circle of which AP is the 
diameter. 

Further, we have 


77, f, V, the point A, on 



A 

Fig. 3. 


Z) cos 0 = APi = Qi = \ + cos a, D cos <^ = AP2 = Q2 = X cos a 


where Pj AP = 6, P2AP = 0, and 0 ■\-^ = a, also 

P1P2 = D sin a. 

63 . It IS to be noted that, while the plane is given by the two equations 
SZi^ — Pi = 0 and — Pj = 0 which are not unique as a representation 

because they can be superseded by any linear combined equivalent pair, the 
length and the position of AP are the same for every such equivalent pair. 
This invariance, a property to be expected in connection with the shortest 
distance from the plane, is established algebraically as follows. 

Let the plane be represented by the equivalent pair of erpiations 
Zi'a; + 3/i'y + N^z + Pi'v = Pi', 

L^x -h M^y -I- N^z + AVf = P/, 

where 


Li = 7/>i + eLi , Ml = yMi eMi , AV = = 7-^1 + e/^2 , 

Z 2 ' = SZi + 7,^2, il// = hMi + 7,il/2, iV/ = hNi + 7,^2, K{ = IKi -h 7,^2, 
P/ = 7 Pi+eP 2 , P/=SPi + vP2; 

the constants 7, e, 5 , 77, are subject to the negative condition that w, where 

(O = 717 ~ ^6, 

does not vanish , and we take ///, il//, Ai', and as 

direction-cosines, so that 

^Zi'® = 7* + 276 cos a -I- e® = 1, 5^2^ = 8 ^- 1 - 2877 cos a -h 77* = 1 . 

Also, let Qi' and be the perpendiculars upon the new flats, and let tx be 
their inclination ; then 

cos a' = ^LiLz = 78 -h £77 -I- (777 -f- Se) cos a, 

sin* a' = t = (777 - Se)* ^ {UM. - L^f = gi* sin* a, 

Qi' 

= yPi + €P2 - 2 (7Z1 + cLz) f = 7Q1 -I- e 02 , 

Q2 =P2'-2Z2'f 

= 8P 1 + 77P 2 — 2 (8Z1 -I- rfL2) f = 8Q1 + 77^2- 
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And, inversely, we have 

tolii = TjJjx — eZr/, = — SLi + 

with corresponding expressions for Mi, Ni, Ki, and Mz^ Nzt Kz \ hence 
0)2 = 2 o,2Xj2 = 2 - eLzf =v^- 26^ cos a + e®, 

0)2 = 2o)2 Za2 = 2 (- BLi' + yLzf = S^- 2 yS cos a + 7“, 

0)2 cos a = 2o)Zi . (oLz = 2 {rjLi — eL^) (— BLi + yLz) 

= — 7^8 — 76 + {yr) + 8e) COS a. 

In thc»neAv expressions connected with the shortest distance, let D' denote 
its magnitude; let X\ Y\ Z\ V\ denote its foot, lying in the plane; "and let 
\\ fi\ be the new indeterminate multipliers, corresponding to the former 
/I. Then 

X' - f = VZi' + fi'Lz', Y'-ri = \'Mi + 

Z'-^= \'Ni + fiJYi, V'-v = \'Ki' + fL'Kz\ 

Qi =\' fi cos a, Qz = cos a + fL. 

From the last two, we have 

V + fi cos d = Qi' = yQi + eQz = 7 (\ + /a cos a) + e (\ cos a + fi), 

V cos d -{• /jf ^ Qz = 8(^1 + 77Q2 = 8 (\ + /i cos a) + 7; (\ cos a + /i) ; 
when these are resolved, and the foregoing relatiofls are used, they yield 

o)\ sin2 a = (V + /a' cos o') (8 cos o + 77) — (V cos o' + /a') (7 cos o + e) 

= a) sin2 a + Sfi), 
on reduction, and similarly 

ayjj, sin® o = o) sin® o (eV + 77/1') , 
that IS, 

X = 7X' + 8f£, fjL = eX' + rjfi'. 

Hence 

X fji + fi Xj 2 “ X (7^-'! "I" ^^>2) “I" id (SZi + = XZi + iiTjz, 

and therefore 

X' = X. 

Similarly Y' =Y, Z' = Z, V' =V\ that is, the expressions for the foot of the 
perpendicular give an invariable position for all transformations of the equa- 
tions of the plane. 

Similarly 

Qi'*-2Qi'Q;cosa' + Q2'2 

= Q\^ (7^ — 278 cos o' + 8®) -I- Q<^ (772 — 2€77 cos o' -I- e®) 

- 2Q1Q2 ((777 -I- Se) cos o' - (877 + 7c)} 

= (Qi — 2 Qi Qz cos o -H O2*) o)® sin® o , 
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SO that, as sm‘a'= u^sin^a, there are the equalities 

= Ol* cosa' + Q,'^ ^ - 2Qi Q , cos a + Q,« ^ 

sin® a sin® a ' 

which shew that the expression for the length of the shortest distance also is 
invariantive. 


Ex, When the plane is given by the equations 

lx-\-my + nz-\-kv=\^ + a'z+X''i; = l, 

shew that the perpendicular from v, on the plane is equal to 

r(i - - 2 (1 - (1 - 2^'f) ^ir + (1 - i 

t'" ■ ■“ j ’ 

and find the coordinates of the foot of the perjicndicular. 


Intersection of a fiat and a line. 

B 4 . As the equations of a line are three in number, its meeting (if any) 
with a flat will be determined by four equations, each linear in the variables : 
that is, a line generally intersects a flat in a point. 

Let the flat be 

Lx + My + Nz + Kv = P ; 

and let the line have 

a; — a_y — — 7_v; — 8 

\ fl p fC 

for its equations. At the common point, if any, let r be the common value of 
these four fractions ; then r is determined by 

Z (a + \r) + Jlf (/9 + fi.r) + A’’ (7 + vr) + if (8 + kv) = P, 

so that 

^P-La-M/3-Ny-KS 
’’ L\ + M^, + Nv + K>c ’ 

and the coordinates of the point of intersection are 

A = n + Xr, Y = 13 + fir, Z=y-\- vr, K = 8 + «r. 

The result gives an infinite value for r, if 

L\ + Mfi + Nv + Kk = 0 , 

provided P — La~ M0 — Ny — KS does not vanish. In that event, the 
direction, determined by X,, fi, v, k, is perpendicular to the direction, deter- 
mined by L, M, N, K, which is the normal to the flat : that is, the direction 
is contained within the flat. But the point a, 7, 8, does not lie in the flat, 
because P — Za — Mfi — Ny — Kh is not zero : thus the line meets the flat 
at an infinite distance, or we can say that the line is parallel to the flat. 
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The result gives an indeterminate value for r, if 
Lx. + M ^ + Nv + Kk — 0 , 

and also 

P^La-M^-Nri-Kh = {^. 

In that event, the equation 

L(pi + \R) + M{^ + tiR)-^N(rf+vR) + K(h + KR) = P. 

is satisfied for all values of R : that is, the line lies in the flat. 


Ex. 1. When the line docs not lie in the Hat but is parallel to it, prove that the 
shortewt distance between the line and the flat is 

P — La — — jVy — Kd 

Ex. 2. Prove that, for the figure on p. 7, the lines 0^ and Oy are parallel to the flat 
Paffhj and that the distance 08 is bisected by that flat. 


Ex. 3 Prove that the line 


lies 111 the flat 
if the conditions 


are satisfied. 


L^x-V M^y + Nyz + A", o = P| j 
L^^My+Nz-^-Kv=-P, 



Mu 

Mu A'„ 

Li, 

. 1 / 2 , 

.V., 

Mu 

ku 

.IA„ 

Mu 



M, 

y. 

A', 


IntevsecUon of two flats 

56. We have seen that a plane can he represented by the equations of 
two flats, taken simultaneously. Hence a plane can be regarded as a plane 
of cleavage of two different flats. 

When the flats are 

Lix + Miy + Nxz + Kiv = Pi , 

L2X + Miy + N^z + K2V = P2, 

any direction I, /n, n, k, in their plane of cleavage is such that 
Lit -p ^ ^ \ 7 h -p K\k = 0 , 

+ il/ 2 ^^^ "h "h ~ 

Hence the normal to each flat is perpendicular to every such direction : that 
IS, to every direction in the plane of cleavage. 

Ex. Obtain the equations of the flats Pagh and P8(j'h\ 111 the figure on p. 7 ; and shew 
that the intersoction of these flats is the {dane PBC. 

Find the plane in which the flats Pagh and P8ff intersect, inserting points (other 
than P) in the diagram suflicient to determine the plane. 
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Manifestly, when two planes exist in one and the same flat, they intersect 
in a line, a property already (§ 43 ) established. For if the two planes are 
given by the two pairs of ecjiiations 

I ^Lx =P \ 

where ^Lx = P is the flat in which they both lie, then the common intersection 
of the planes is 

lLx=P, SLix = Pi, ^L^x=P2, 

that is, it is a line 

CoiiOLLAHY. Two planes in any three-dimensional space meet in a line 
For they can be taken as existing in a common flat 0, being given by 

Ax By -\-Cz-\-Bu = K, p = 0 ; A'x -|- B'y -I- C'z + JJ'v = E\ u = 0 ; 
bheir line of intersection in the flat i; = 0 is given by 

Ax + By-\-Cz = E, A'x + B'y + C*z = E\ 


Intersection of a flat and a plane^ or of three flats. 

56 . When the intersection of a flat by a plane is required, it can be given 
by three linear equations, made up of the single equation of the flat and the 
two equations of the plane. Thus the intersection will, in general, be a line. 

If the equations of the plane are the combined equations of two flats, the 
intersection will be given by 

Lx My -h Nz H- Kv = P, 

Li .X 4" Ml y -|- Niz -|- A i p = 1 

L^x 4- M^y 4" 4" ~ Bz j 

taken simultaneously. Accordingly (§ 17 ) the intersection is a line, always 
on the implicit assumption that there are three equations, that is, that the 
three equations are unconnected by an identical relation. 

If the ecpiations of the plane are 



1/-6, z-c. 

V — d 

h . 

nil 1 

'*1 , 

ki 

' ^2 i 

nii , 

Hz , 

kz 


every point in the plane is given by means of the relations 
x—a = liri-\-l2r2t ^ — 5 = nii?’! 4 - z — c = niri + 112 X 2 ^ v—d = kiri^k2r2 
Hence all points common to the plane and the flat are given by those values 
of the parameters Vi and rj which satisfy the relation 

P - HLa 4- rf^Lli 4- rfS^Ll^ = 0 . 
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(This relation is merely the expression of a property in projections. Let A 
be the point a, h,c,d] let ANi be a distance 1 1 along the direction iiii, rii, ki, 
and ANi be a distance along the direction I2, m2, 112, ki, so that the point 
X, 2/, z, V, is the fourth corner of the parallelogram N1AN2P in the plane. 
The property in question is that the projection of the broken line ANiP 
upon the normal to the flat from A is equal to the projection of the straight 
line AP upon that normal.) Hence the points common to the plane and the 
flat are given by 

x — a = liri + liVi 

and similarly for y, z, v ; that is, the common points constitute the line 

a;-a+^^^(P-lLa) y - 6 + SXo) 

z-c+^{P-lLa) v-d + J^^-fir-ILa) 

Er 1. Shew that, if /'\ = 0, ^2 = 0, iF’i=0, ^ 4—0 .ire four flats, and if the planes 

F,=0\ /V-=01 

F 2 =o!^ F^^or \ 

intersect in a line and not in a point only, then the other two pair.s of planes given by 


c 

II 

0 

II 

0 

II 


0 

II 

II 

0 

II 

c 

II 

c 


also meet in tlie same line 

Ex. 2. Prove that the flat Pag/i and the plane /g'h\ in the figure on p. 7, intersect in 
a line parallel to JJC through the middle point of OD 

What is the intersection of the same plane with the flat Pfgh ? 

Ex. 3. Obtain the line-intersection of the flat Lx-)r My Nz-\- Kv =P and the plane 
z=px-\-qy-\-f, v=rx-\-sy-\-h, 

in the form 

X - 6 _ y z— f—'pO _ V — k — r6 

M+ Nq + K8 — ( Np + Kr + Z) ” K {sp — qr) — Lq- Mp - Lx + Mr - A {sp — qr) ’ 

where 


Conditions that a plane is contained in a fiat. 

67 . The intersection of the flat and the plane is definitely a line when, 
in the ‘first instance, the three equations 

Lx + My + Nz -\-Kv — P , 

Lix + Miy + Niz + Kiv = Pi) 

LiX + Miy + NiZ + KiV = P2 j 
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are independent of one another, that is, are unconnected by any linear relation. 
When the equations are not thus unconnected, they reduce to two equations: 
they cannot reduce to fewer than two, because a plane (which requires two 
equations for its expression) is presumed given. When they reduce to two 
only, there must subsist relations 

Tj = plj\ + <Tlj2t ^ ~ P^l “I" ^ ^ 2 1 ^ ” P^\ "H O' -^2 1 

K = pK\-\- (rK^t + <rJ^2, 

that is, we must have the three relations 


L, M, 


K , 

P 

^1) 

Nr, 

Nr, 

Pr 

Ilf 

Nr. 

Nr. 

Pf 


Moreover, we then have 

p (ILiX — Pi) + a-i'lLi.r — P 2 ) = 'StLx — P : 

that is, any point, lying in the plane and therefore having its coordinates 
satisfying the equations SZi^c — Pi = 0 and 2 X 2 ^; — Pa = 0, has its coordinates 
satisfying the equation 1Lx — P = 0 and therefore lies in the flat. Hence, 
under the foregoing conditions, the plane represented by the second and third 
equations lies in the flat represented by the first equation. 

It follows that, when the conditions are satisfied, the plane represented 
by any two of the ecpiations lies in the flat represented by the third e(][uation. 


Ex. DiscasM the contingency that arises, when only the conditions 





K 

A. 


‘W, 

A', 


Mr, 

N, 

Kr 


out of the preceding set are satisfied. 


Parallelism of flats. 

58 . As it proved necessary to apply the property of parallelism to planes 
by an extension of its property in connection with lines, so it proves con- 
venient to apply the property of parallelism to flats, by a similar extension 
of the property in connection with lines. We proceed as in § 42, using as 
a basis the synthetic construction of a flat from straight lines. 

Let two flats be denoted by F and F\ Take any point A in F and any 
point A' in F\ Through A draw any three arbitrary directions AB, ACj AD, 
in F, subject to the negative limitation that these three directions are non-com- 
planar. Through A*, in quadruple space, draw three directions A'B\ A'C\ 
A' D\ respectively parallel to AB, AC, AD. If all these three directions A'B', 
A*C', A'D\ lie in F\ we say that the flats F' and F are parallel. 
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It might happen that a direction could be drawn in F' parallel to 
a particular direction AB in F: the property would be inadequate to secure 
the desired parallelism. It also might happen that directions A*B* and A’C 
could be drawn in F\ respectively parallel to two particular directions AB 
and AG in F\ the property still would be inadequate to secure the desired 
parallelism. In the former event, it would mean that two parallel directions 
can be taken in the respective flats : in the latter, it would mean that two 
parallel planes could be taken in the respective flats. 

For the parallelism of flats, it is necessary to have the three concomitant 
non-complanar parallel directions. When the property is possessed, it is 
possible to obtain in F* a direction parallel to any assumed arbitrary direction 
in F, a characteristic result established as follows. 

Let ^ 1 , mi, ai, kx\ h, m 2 . 7 i 2 » ht ma, rza, determine three non-com- 
planar directions in F. Suppose that those three directions can be drawn in F\ 
Then any direction in F is given by 

I =alx + 7^3 , 

m = ami + 

n =0711 +/9^^2 + 7^3 , 
k =aki-\- / 9 ia -h 7^3 . ^ 

These same magnitudes m, n, k, also determine a*direction in F^: that is, a 
direction in F* can be drawn parallel to any direction whatever assumed in 
F, which is the property in question. 

That the agreement in parallelism of (e.g.) only two directions would be 
inadequate to secure full parallelism, is easily seen. Thus if, in F\ the first 
two of the specified directions are possible but not a third non-complanar 
direction, we cannot have 

Q^i + 1302 -I- 7^3 = a0i + 002 + y'03, 

for 0=1, m, n, k, when the ratios ks are not equal to the ratios 

Zb '. ma -. 713 : A ;3 ; that is, lines could be drawn in F, parallels to which could not 
be drawn in F\ The two flats would not then possess complete parallelism, 
though parallel directions would exist for 7=0, y' = 0, while a and 0 remain 
arbitrary. 

It thus appears that, when the flat F is 


-a. 


z-c, 

v — d 

=0, 

h . 

mi , 

ni , 



h 1 

m2 , 

n 2 , 

h 


I3 , 

m3 , 

^*3 , 

A/, 
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the parallel flat F' through the point a' is 


-a', 

y-h\ 

z — c\ 

v — d* 

= 0. 

h , 

mi , 

ni , 

h 


U I 

m 2 , 

^2 . 

ki 


h , 

m 3 , 

113 . 

k3 



Consequently, if the normal to the flat F has L, M, N, K, for its direction- 
cosines, then L, M, N, K, are also the direction-cosines of the normal to the 
flat F' \ in other words, the normals to two parallel flats are themselves 
parallel. 

It is an immediate corollary that the flats 

Lx -h My -h Nz + Kv = Pi , 

Lx -I- My -h Nz + Kv = , 

where Pi and P 2 are distinct from one another, are parallel to one another. 
Further we say that, as two flats usually have a plane of cleavage, two 
parallel flats have their plane of cleavage at infinity. 

Ex 1. Obtain the distance between two parallel flats Pand F'. 

Ex. 2. Prove that the flats ABCD^ffgg’hK^ a/Syd, in the fi^irc on p. 7, are parallel to 
one another; likewise the pairs of flats and PBCD^ Oy^a. and PCDA, 0dai9 and 

PDAB, Oa&yMiAPABC. 

Find where a flat, through /, g^ A, parallel to the flat O^yfi is met by the line OP. 

Ex. 3. Shew that the necessary and sufficient conditions, in order that the flats 


-<h 

y-\ 

s - c, 

v — d =0, 

x — a' 


z-c' 

v — d* 

= 0 , 

h , 

mi , 

?i, , 

^•1 

i{ 

m/ 

n( 



h , 

mi , 

na , 

h \ 

1 



ki 


h . 

WI 3 , 

W 3 , 


i 



^3^ 



shall be parallel, are that relations 

h +yr^j' ^ 

Wl,.= a^Wli' + ^rWl2' + yrWia' 

11r =Or«i' +yr»J 

If =ar^'l +yr^V < 

shall be satisfied, for r=l, 2, 3. 

Inclinations of homaloidal amplitudes of various types. 

69. We now proceed to consider the inclinations of the various homaloidal 
amplitudes, line, plane, flat, to one another. 

The case, when both the amplitudes arc lines, has been already discussed 
(§§ IP, 20). It is the simplest of all the cases, for each of the amplitudes 
admits, within itself, a unique direction which is one of its essential character- 
istics. 
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When one of the amplitudes is a plane, there is no individual direction, 
which is contained by the plane and can be regarded as an essential character- 
istic. Nor is there any individual direction, perpendicular to the plane, and 
belonging to it alone without specification of some external property: so that, 
within the aggregate of lines perpendicular to the plane at any point in the 
plane, there is no one definite line which can be selected as an essentially 
associated characteristic direction. 

When one of the amplitudes is a fiat, there is no individual direction 
which is contained by the fiat and can be regarded as an essential character- 
istic. But there is one unique direction, which is perpendicular to every 
direction in the fiat and which is the normal to the fiat : that normal .can be 
taken as a direction, essentially characteristic of the fiat. 

Hence, after the case of two lines already considered, the cases, next in 
simplicity, are 

(i) the inclination of a line and a fiat, and 

(ii) the inclination of two fiats. 

The respective inclinations of a plane to a line, to a plane, to a flat, remain 
for separate consideration, at a later stage. 


Inclinatim of a line to 

60. In estimating the inclination of a line to a flat, there are two methods 
of proceeding. 

The more obvious method is to frame an estimate, by taking the inclina- 
tion of the given line to the normal to the flat, because the direction of this 
normal is unique in relation to the flat. If the flat be 


and if 



y-h. 

z-c. 

v — d 

= 0, 

k . 

m, , 

Wl , 

h 


k . 

7712 , 

712 , 

Jcz 


U j 

Wg , 

nz , 

IC2 



2^2 ^3 = cos a, 2^3 1\ = cos 2^1 Iz = cos 7, 


the equation of the fiat can be written in the form 

Lx -H My -I- Nz -I- Kv = P, 

where Z, M, N, K, the direction-cosines of the normal, are 


L 


M 


N 


K 

wil, «1. 

— 

r/i, 4;i, 


ki, li, vii 

- 

ll. Till, 77i 

wi,, n,, kt 


772, ^2, I 2 


kz, Iz, niz 


Izt 7712 , Tig 

m,, n,, *3 


Tig , A;g , Iz 


kzi h, niz 


h, nfiz, Wg 
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the value of 0 being 

1 — cos^a — co 8®/9 — cos ®7 + 2 cos a cos P cos 7 . 

Let the inclination of this normal to the given line with direction-cosines 
I, m, n, A;, be \ir — ^ ; then 

sin ^ = IL + mM + iiN + kK, 

that is, 


l. 

m , 

n , 

k 

h. 

Wll, 

Wl, 

fc. 

h. 

mj. 


ki 

k. 

Wb, 


k 


61. The foregoing method however has the apparent disadvantage that 
it brings the given line into relation with the flat, only by estimating its 
inclination to a line which lies outside the flat, though that outside position 
has a corporate association with all directions in the flat. By the alternative 
method, we first take the inclination ij> of the given line to any direction in the 
flat : and, to avoid an ambiguity of sign necessarily dependent on the sense 
in which a direction is measured, we consider the magnitude cos^tp. 

Now this magnitude can never be negative, though it can be zero : it can 
never be greater than unity, though it can be unity. It is always possible to 
select a line, in an unlimited number of ways, in the flat so as to be perpen- 
dicular to the given line. For take a direction 

\ = pll “h 0'^2 + *^^3 > 


p. — pmi + o-wig -h TiTia, 


V = pUi -h (TW* -h T/la , 


K = pki + a-ki -I- rks , 

where the parameters p, t, are subject to the relation 

p'^ + a^ + T^+ 2 <rT cos a -h 2 Tp cos 0 + 2 pa cos 7=1; 

and let 


= cos a\ Xll^ = cos = cos 7 '. 

Then is a right angle, and cos ‘0 assumes its least possible value, when 


Sxi = 0 : 

that is, when 

p cos a' -I- <r cos -\~t cos 7 ' = 0. 

Manifestly, there is an inflnitude of values of p, o-, r, satisfying the two 
relations : and therefore it is possible, in an infinite number of ways, to secure 
that cob‘<^ acquires its least value, which is zero, though it may not provide a 
minimum for cos 

We therefore proceed to find the maximum value which cos‘<^ can acquire. 


F. o. 


7 
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Denoting the corresponding value of 0 by 6, we take the maximum value of 
cos‘0 for all values p, a, r, that are admissible under the one condition 
p* + cr® + T® + 2<7 t cos a + 2Tp cos + 2pa cos 7 = 1 , 
while, for the maximum value, 

cos 6 = mp, -\-nv-\-kic 

— p cos a + a cos ^' + t cos 7 '. 

The critical equations are 

cos o' = n (p + <r cos 7 + T cos /Q), 
cos /S' = XI (p cos 7 + 0 - + T cos o), 

cos 7 ' = XI (p cos + cr cos o + t ), 

where XI is, initially, an indeterminate magnitude. Multiplying by p, cr, r, and 
adding, we have cos ^ = XI ; and thus the foregoing equations are 

cos o' _ 

^ = P +.TC087 + TC08A 

cos 

TT = p cos 7 + <r + T cos o, 

cos 0 ^ 

cos V ^ 

= p cos iS + O- cos O + T 

cos 0^ 

Also we have 

cos ^ = p cos o' + O' cos )9' + f cos 7 ' ; 

hence 

cos o', 1 , cos 7 , cos /S 1 = 0 , 

cos) 9 ', cos 7 , 1 , cos o 

cos 7 ', cos /9, cos or, 1 

cos® 0, cos o', cos 0, cos 7 ' 

and therefore 

0 cos® 0 = cos o', 1 , COB 7 , cos 

cos^', cos 7 , 1 , cos o 

cos 7 ', cos cos o, 1 
0 , cos o', cos /9', cos 7 ' 

From the expression for sin ^ in § 60, we have 
0 sin® ^ = 1 , cos o', cos 0, cos 7 ' 

cos o', 1 , cos 7 , cos 

cos 0, cos 7 , 1 , cos o 

cos 7 ', COS/9, COSO , 1 

= 0 + 0 , cos o', cos 0, cos 7 ' 

COS o' , 1 , cos 7 , cos P 

COS/9', cos 7 , 1 , COSO 

cos 7 ', cos cos o , 1 
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cos*^ = C03® 

Thus the same angle, 6^ = is obtained for the measure by the two methods. 

62. It is to be expected, on considering the geometrical configuration, 
that the direction of the line X, fi, p, k, with which the line I, m, n, k, makes 
this angle 0, lies in the plane through the given line and a direction normal 
to the Hat : so that, in fact, the direction fi, v, k, is the intersection of the 
flat by this plane. This expectation is verified, as follows : 

The equations of the plane, through the normal to the fiat and the given 
line If m, u, k, arc 


x — a. 

y-h. 

z — c. 

v — d 

- 0 ; 

1 

m , 

n , 

k 


L , 

M . 

N , 

K 



and any direction in this plane is given by 

X = pi qLf y! = pm + g Af, i/' = pa + giV, k —pk’\‘ qK. 
If this direction is the intersection of the plane and the flat 

a) M (y — h) + N {z — c) + K (y — d) = Of 

then 

ZV + Afp' + i^i/' + /r/c' = 0, 

so that 


that IS, 

Also 

hence 


pl^Ll + gSX® = 0, 
p sin ^ + g = 0 . 

1 = Sx'* = p® + 2 pg sin ^ + g* ; 


and therefore 


P 1 L_ 

1 — sin 0 cos 0 ’ 


V = 


/ — Z sin 0 


cos 0 * ^ cos 0 ’ 

With the preceding values of X, given by 

X = pl\ + (7^2 + t/s, 

and the corresponding expressions for p, i/, k, we have 

'S.Ll — 'IL^ sin 0 

^Z (X — X) cos"^ ^ — tSZ/s = 0, 


m — A/ sin 0 


n — N sin 0 
cos 0 * 


k — K sin 0 
cos 0 


because SZZ = sin 0, 2ZZi *= 0 = 2 Z /2 = SZ^a. Also 


2/i(X'-X) 


sin0 

cos 0 


— — O’ 2/], ^2 — t 2 ^i I 3 


cos a ry ^ 

= » —p — a cos 7 — T cos p = 0 , 

cos ^ ^ ^ • 


7—2 
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2Z, (V - \) = - - rXlth 

COS /S' ^ 

= — n— P COS 7 — <r — T cos a = 0, 

cos 0 ^ ’ 

SZ, ( V - X) = - /bSZ, Z, - <tSZ ,Z, - t2Z,‘ 

COS y o ri 

= ' — p cos /3 — o- cos a — T = 0. 

cos ^ 

Now the determinant 

L, M, N, K , =@* 

^1, wii, wi. A;i 

^ 2 , ^ 2 , ^ 2 . ^2 

^3, Ws, A;3 

and does not vanish : hence, as 

2Z/(\'-X) = 0, 2/i(\'-\)=0, 2;2(V-X) = 0, 2/3(X'-X) = 0. 
we have 

X' — X = O, /i' — /I = O, v' — 1/ = 0, #c' — /c = O, 

thus establishing the property in question. 

63. From these results, or by an independent assumption of what is 
suggested by a geometrical figure, wc can inie^^he inclination of a line to a 
flat in the following way. 

Let the line be 

X — a _y ^ h — c _v — d 

L m n k * 

and the flat be 

Lx + My 4- Nz + Kv = P. 

The line meets the flat at a distance r from a, 6, c, d, where 

Z (a + Zr) + Af (6 + mr) N{c+ nr) + K {d’¥ kr) = P, 

so that 

r {LI + Mm + Nn + Kk) = P — La — Mh — Nc — Kd. 

The perpendicular, p, from a, b, c, d, on the flat is 

p^P — La — Mb — iVc — Kd. 

Hence^ if 6 be the inclination of the line to the flat, defined (from the pure 
geometry) by the relation 

p = r sin 6, 

we obtain the former result 

sin 0 = Ll-\~ Mm + Nn + Kk, 

This process is, however, hardly more than a modification of the first mode 
(§ 60) cf obtaining the inclination. 

Ex. In the figure on p. 7, prove that the lines ff\ f<f^ fh\ are parallel to the flat a/3yd',- 
and that OP is perpendicular to the flat, only when OA^OB=OC=OD. 
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Projection of a line on a flat. 


64 . With the discussion of the inclination of a line to a flat, it is natural 
to associate the projection of the line on the flat. Manifestly the projection 
can be obtained, by drawing perpendiculars from points of the line upon the 
flat and taking the locus of the feet of the perpendiculars. Let the flat be 
Lx + My + Nz + Kv = P, 

and the line be 

X — a _y — b _z — c _v — d 

I m n k ' 

Any point on this line can be represented by coordinates 

f. {i = a + Ip, b + mp, c + vp, d + kp, 
where p is parametric. When X, F, Z, F, denote the coordinates of the foot 
of the perpendicular of length R drawn to the flat from f, i;, f, v, we have 
Z = f + ZP, + Z=^-\-NR, V=v + KR. 

This point lies in the flat ; hence 


P = LX-\-MY-{-NZ+KV 
= R + L^-\-Mv + N^+Kv 
= R ^La p ^Ll. 

Thus 


X = a Ip LR 

= fl + Jy (P — ^Ld) + p (i — L ^Ll\ 

F = 6 + M (P - 2La) + p (wi - MtLl\ 

Z =c+N{P- ILa) + p{n - NtLl\ 

V = d^K{P-^La)-\-p{k-K^Ll). 

Therefore the locus of X, F, Z, F, that is, the projection of the line, is 
given by 

X-a ^ Y-0 Z-y F-5 

l-LtlL in- Mill n^NtlL k-K'S.lL^ 

where 


a — a_ 13 — b y — c 
L ^ M “ JT 


^j^ = P-tLa. 


and a, /9, 7, 8, are the coordinates of the foot of the perpendicular from ri, 6, c, d, 
on the flat. 

With the preceding notation, ^ is the inclination of the line to the flat 
(§ 60): thus ^ should be the angle between the line and its projection. Now 

(I - L^lLf + (m - M^lLf + (n - NllLf + (^- - KllLf = cos* 
so that the direction-cosines of the projection are 

1~L11L m-MXlL n-Nll L k-KtlL 

cos ^ ' cos ^ ’ cos ' cos ^ ' 

and ^ clearly is the inclination of this projection to the original line. 
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Ex. When the flat is given by the equation 

x-a\ z-d, v-d’ =0, 

h t wii , 111 , /'i 

h t ^2 I ^2 » 

^3 I »*-3 I W| , 

and when 

008^23 — 2^2^31 003^31 = 223^1, COS ^12= 22i /2y 

cos Sq\ — 222] , OOB ^ 2223 I 00s ^03 = 222^ , 
shew that the direotion-oosines, of the projeotion of the line 

x—a y—h z—c v—d 
I ni n k 

on the flat, are proportional to X, p, v, k, where 


® 1 




=«■ 

cos ^ 01 , 

1 . 

008^12, 

COS ^13 


cos ^ 02 , 

cos ^ 12 , 

1 . 

COS^2J 


costfft,, 

COS ^,3, 

COS ^231 

1 



in whioh ar=X, p, i/, #c, in turn, and ^ = 2 , m, w, for the respecfcive values of or. 

Inclination of two flats. 

66 . We now pass to the consideration of th^incliration of two Hats 
Ij\x + M\y N\z-\- K\V^ P\, + -Mgy + + K2V = P21 

to one another; and, aa for the preceding investigation, there are two 
methods. 

We assume, as an inference from the fact that the normal to a flat 
is a uniquely determinate direction, that the inclination between the normals 
to the two flats can be taken as a measure of the inclination of the two flats. 
On this assumption, and denoting the angle between the directions of the 
respective normals to be 0 , we have 

cos 0 = Ij\Ij2 + M\ M2 + N\ N2 -^1 ■ 

By the alternative method adopted in § 61, we take any direction 
hi ^1, ^ii in the first flat, so that 

L\ h "h M\ 7fi\ + N\ n\ + K\]c\ = 0, 2i® + twi® + — 1 = 0, 

and any direction 22, 9712, 712, ^2, in the second flat, so that 

L%h "b -^2^2 d" -^2 ^^2 "I" •K' 2^2 ” ^2* "b ^2* "h ^2* ’1" ^2* “1=0. 

Now it is always possible, even after the direction in the first flat has been 
selected, to choose a direction in the second flat which is perpendicular to 
that selected direction; for the direction- cosines I2, 7112, need only 

satisfy the relation 


h h + 77iim2 + W1W2 + Ati A ;2 = 0, 
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in addition to the two relations connected with their existence in the second 
flat. Accordingly, if 

cos = l\l 2 + mxTrit + nx7i% + kxkz, 

the quantity cos‘ 0 can always be made zero : it can never be greater than 
unity: and accordingly there will be a maximum value for cos^tf), which 

usually will lie between U and 1. We denote the value of associated with 

this maximum value of cos^<^, by 0. In order that cos^0 may be a maximum, 
the critical equations are 

I 2 — \Ijx + I Ij2 

m2 = \Mx-\- firrixi mx = \* M2-\- finiz 

712 = XNx + /i-Wl , fli = V ^^2 + flTlz 

k2 — \Kx “I" • kx — X K 2 '1" fJi»k2 ‘ 


so that 


Multiply the first set throughout by lx, mi, nx, kx, and add : then 

cos 0 = fl, 

I 2 — lx cos 0 = XLx , m 2 — nix cos 0 = XMx, 


1*2 — wi COS ^ = XNx , kz — cos 0 = XKx , 

and, when these are squared and added, we have 


so that we can take 
where € is + 1. 


sin*0 = X*, 
sin 0 = e\. 


so that 


Again multiply the second set throughout by Iz, rriz, hz, kz, and add - then 

cos 0 = fL, 

l\ “ ^2 cos 0 = X'Lz , mi — m 2 cos 0 = X'Mz , 


rix — Tiz cos 0 — X'Nz, kx — kz cos 0 = X*Kz ; 
and, when these are squared and added, we have 


so that we can take 

where ly is + 1. 
Hence we have 


sin* 0 = V®, 


sin 0 = 7jX\ 


Iz — cos 0 = eLx sin 0, lx — h cos 0 = jfLz sin 0, 
mz — 7Mi cos 0 = cMx sin 0, mi — mz cos 0 = ijMz sin 0, 
**2 — fix cos 0 = eNx sin — '*2 cos 0 = rjNz sin 0, 

kz — kx cos ^ = 6^1 sin A^i —kz co8 0 = riK z sin 0, 
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Consequently, 

€7} sin® 6 = 2 (^2 — cos 6) (Zj — Z 2 cos 6) 

— 2 Z 1 Z 2 — cos ^2Zi® - cos ^ 2 / 2 * + cos* 

= — cos 6 sin® 6, 

and therefore 

cos 0 — — eri 2 Z 1 Z 2 . 

Now the line Zi, mi, rii, can be drawn in cither sense along its direction, 
and likewise fur Z 2 , m 2 , 722 , kt, along its direction: so that two doubtful signs 
are at our disposal. Accordingly, we choose 

e=l, 17 = — 1; 

and then 

cos 6 = + N 1 N 2 + 

while 

Z 2 — Zi cos 6 = Lx sin 6, lx - Z 2 cos ^ = — Z 2 sin 6, 

m 2 — mi cos d = Mx sin 6, mx — cos ^ = — JI /2 sin 

712 — ^ cos 6 = Nx sin 6, Wi — cos ^ = — A ^2 sin d, 

k^ —kx cos = .^^l sin kx —k^ cos 6^ = — -^2 sin 

We thus obtain the same value of 6 as on the earlier assumption : that is, 
the two methods of estimating the inclination of two flats lead to the same 
result. 

Further, the last equations give 


Zi sin^^Zi cos^ — Z2 
mi sin ^ = Jl/i cos 0 — ilf 2 
wi sin 0 = Nx cos 0 — N^ 
kx sin 6= Kx cos 6 — K^ 


I 2 sin 6 = Lx — Z 2 cos 6 
m 2 sin 0 = Mx — M 2 cos 0 
112 sin 0 = Nx — N 2 cos 0 
k2 sin 0 = Kx — K2 cos 0 


The first of these sets shews that the line Zi, mi, tii, kx, lying in the first flat, 
also lies in the plane 


' X- a. 

V-b, 

z — c, 

v-d j 

= 0 

Li , 

Ml , 

Ni, 

Ml 


i L, . 

Mi , 

Ni, 

Ki \ 



and the second of these sets shews that the line Z 2 , m 2 , ^ 2 , ^ 2 * lying in the 
second flat, lies in the same plane. Hence the two lines, by reference to which 
the inclination of the two flats is measured, are intersections of the respective 
flats by a plane through the directions of the two normals to the flats. 


66. Inferences can be deduced, as to parallel flats and perpendicular flats, 
(i) When the two flats are parallel, their inclination is zero, as estimated 
by the relation between their normals. Conversely, when the inclination is 
zero, we are led to the known criteria for parallelism. When ^ = 0, we have 

Z 1 Z 2 + JIfi Jlfa + NxN2 -\-KxK2^ 1, 
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and therefore, as 

L,* + Mr* + Nr* + Kr* = 1. W + Mr* + Nr* + Kt*=l, 

we have 

(W)W)-(2 Z.iL ,)2 = 0. 

Thus 

(A Jfa - MM^ + (M^N2 - - L^N^y 

+ (L, /Ta - KiL^y + (MiKt - Ki + {N^K^ - KiN^y - 0. 

All the quantities Z, M, N, K, are real : su that the last equation can hold 
only if each of the six squares vanishes, i.e., if 

being the analytical conditions sufficient to secure that the two flats 
'SiLiX = Pi, SZaa; = Pa» are parallel. 

(ii) When the two flats are perpendicular^ we have ^ = Jtt ; then 
ZiZa + ilfiil/a + = 0. 

The condition that a direction p, k, lies in the flat 'ELix = Pi is 
ZiX + + N^iv + Aj/c = 0 j 

hence the normal to the second flat lies in the first. Similarly, the normal to 
the first flat lies in the second. Hence, when two flats are perpendicular to 
one another, each contains the direction of the normal to the other. 

Hence also when two flats are perpendicular, a line, drawn through any 
point in one of them perpendicular to the other, lies in the first flat. 

Kx 1. Provo th.it any flat, through a normal to a flat, i.s per[)endiciil,ir to the flat. 

Kx. 2. Three JUits are^ eavh of thevHr perpoiulicidar to a fourth flut; proce that ike line, 
trhich the three flats detenmuej w perpendicular to the fourth flat. 

Let the flats he 

2A.r=/*,, 2^3.17 = /^, 

and let the fourth fl.it he 

then, .iH the last is pciiiendicular to ejich of the other throe, 

2/.iZ = 0, 2/.2/. = 0, 2Z,/.«0. 

Let the line of intersection of the three flats be 

X - a _y ^ _z - y _ i» — 

X ^ V K ’ 

as this hue lies ni each of the flats, we have 

2ZiX = 0, 2Z2X=0, 2 ZiX = 0. 

Consequently 

X p 

that is, the lino common to the three flats coincide.s, in direction, with a normal to the 
fourth flat. 
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Ex. 3. Given two peft'p&ndicular prove that a direction^ which lies in one flat and ia 
at right angles to every direction in their plane of cleavage, is perpendicular to the other flat. 
Let the flats be given, as to directions, by the equations 

LxX-\-Miy-\-Niz-\-KiV^O, L^x M^y Niz-\‘ K^v^O. 

If their plane of cleavage be represented, as to directions, by the equations 



y , 


V 

=0, 

lu 

Till, 

Wl, 



l^. 

7112, 

712, 

h 



each of the directions li, m], n^, hi, and l^, nii, n^, h^, lies in both flats ; hence 
X| Z| + Jfi7)li + iVjTli + =0, E^i + + N 2711 + ^2^1=0, 

-^1^2"^'^^^2"l"-^l7l2"H-^l^2”®» ^2^2 "h ■^2^^2 "h ^2**'2"h-^2^2“®- 

Let X, fi, V, K, be the direction-cosines of a line in the first flat, and perpendicular to the 
two guiding directions (and therefore to every direction) in the plane of cleavage. Then 

XiX + Jl/i /4+ JVi V + ATi jc = 0 
li\ +»li^ +7I1V +l'iic =0 ‘ 
fgX +WI2P +712V +^' 2 <c =0 

Rut we have 

Xi X 2 + J^i ilf 2 ^ -^1 -^2 Ai A2“0 ' 

^ 1 X 2 + Till 3^2 ^^1 ^2 ■l"^*l-^2 ‘ » 

^ 2 X 2 + 7^2 -I /2 + ^ “^2 +^' 2 X ^2 

consequently, as in the preceding example, 

X g, V 1C 

X:2“^2“^2“^2^ 

so that the direction coincides with the normal to the second flat. 

E.V. 4. Two flats are perpendicular to a third flat ; prove that the normal to the third 
flat lies in the plane of cleavage of the two flats. • 

Hence shew that, when three flats are perpendicular in pairs, the normal to any one of 
them lies in the plane of cleavage of the other two. 
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Inclinations of Lines and Flats to Planes : Projections. 

Orthogonal planes : perpendicular planes. 

67. The orientation of a line in quadruple space is settled simply, 
because of its determination by the uniqueness of its direction. The orienta- 
tion of a flat can be regarded as settled, no less simply, because of its deter- 
mination by the uniqueness of the (common) direction of the normals to the 
flat. 

But the orientation of a plane in quadruple space (or in n-fold space, 
where > 3) cannot be settled with the same simplicity. There is the initial 
diflSculty that, within the plane, no line exists with any characteristic 
uniqueness ; there is the further difficulty that, at any point in the plane, 
there is no direction, perpendicular to the plane, with any intrinsic character- 
istic uniqueness. Indeed, it will appear that the orientation of a plane is 
made most definite, not by the use of linear directions as for a line and for a 
flat, but by the use of the coordinate planes of reference. 

Meanwhile, one property of directions, through a point in the plane and 
having an orthogonal bearing towards the plane, may be noted. Let the 
plane be 


X — a. 

y-h. 

r-c. 

v — d 

h . 

nji , 

, 

h 

u > 

m2 , 

II2 , 

A ’2 


A line through the point a, h, c, d, is given by the e(] nations 
x—a_y—h z—c_v^d 

X fL V /c ’ 

it is perpendicular to the guiding lines of the plane if 

X/i + pmx -I- vni + Kkx = 0, 

'KI2 + pnvg + 1/W2 + — 0 . 

Then, 

X {all + ^ 12 ) + p (awii + ^wi2) + V (aiii + fiin) + k {aki + I3k2) = 0, 

for all values of a and /3 : that is, the line is perpendicular to every direction 
in the plane. But the two relations Sx2| = 0, = 0, together with the 

permanent relation 2x^=1, are satisfied by an unlimited range of values 
of X, fi, Vf k: that is, there is an unlimited number of lines through a, 6, c, d, 
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perpendicular to every direction in the plane. Manifestly, any point on such 
a line through a, 6, c, d, satisfies both the equations 

{x — a) + mi {y — h) + Wi (^r — c) + hi (w — d) = 0) 

/a (a; — a) + {y (jz — c) + (v — d) = 0 j 

which constitute another plane through the point. Thus all the perpen- 
dicular lines in question lie in a second plane. Moreover, for any direction 
L, M, N, K, in this new plane, we have 

liL-\- miM -h riiN -h kiK = 0, 
l^L -H m^M -I- n%N k^K = 0, 

and therefore, as before 

(a^i + L -h (a?iii H- M -I- («% -|- N -H (aA;i -I- pk^ K = 0 \ 

that is, the direction Z, M, N, K, being any whatever in the new plane, is 
perpendicular to the direction ali + ^1%, + ani -I- /87J2. €iki + fikit 

being any whatever in the original plane. 

When two planes possess the property, that the direction of every line in 
either is at right angles to the direction of every line in the other, the two 
planes are said to be orthogonal (sometimes completely orthogonal) : and thus 
all the directions at any point in a plane, which are perpendicular to the 
plane, lie in the completely orthogonal plane through jhat point. But though 
the new plane is uniquely definite, it does not intrinsically and without a 
further imposed external condition provide any unique characteristic line 
perpendicular to the original plane. 

Further, it is to be noted that this relation, in the quality of 
orthogonality, is not the only kind of relation in which two planes 
can stand towards one another if they are to be considered perpen- 
dicular. Thus, in the figure on p. 7 , the plane ZOV (that is, the plane 
a; = 0, 2/ = 0) is completely orthogonal to the plane XOY (that is, the plane 
z = 0, v = 0): every line in either plane is perpendicular to every line in the 
other. But, in the customary solid geometry, we are accustomed to regard 
two planes, such sis XOY and XOZ in that figure, as perpendicular to one 
another: the two planes exist in the common flat OXYZ (that is, the 
ordinary three-dimensional space given by v = 0)\ and lines drawn in the 
respective planes at any point in OX, perpendicular to OX in the respective 
planes, are perpendicular to one another. On this property, the two planes 
are described as perpendicular. Yet not every direction in XOF is perpen- 
dicular to every direction in XOZ: indeed, in .YOFa direction, parallel to OX, 
and in XOZ, a direction also parallel to OX, are parallel to one another. 

Thus it is desirable to discriminate between the two kinds of rectangular 
relation between planes. When two planes are such, that every direction in 
either is perpendicular to every direction in the other, they will be called 
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orthogonal to one another. When two planes are such that it is possible to 
select a unique direction in eibhcr plane perpendicular to every direction in 
the other plane, the two planes will be called perpendicular to one another. 
The same discrimination, between orthogonal planes and perpendicular planes, 
will appear from the analytical tests. 

In passing, it may be remarked that a corresponding discrimination in 
the kinds of perpendicularity of flats is necessary, when these spread through 
homaloidal space of n dimensions, for n >4. Owing to the uniqueness of the 
normal when n = 4, such discrimination is unnecessary in quadruple space. 

68 . The relation of perpendicularity between a line and a plane can be 
exhibited in a slightly different form. 

Let the plane be given by the equations 

Xi(a;-a) + Jlfi(2/-6) + J^i(z-c) + 15^1(1; -d) = 0, 

L^ix - a) + M^{y -b)-)r c)-h K 2 {v- d) = 0 ; 

aqd let a direction through a, 6, c, d, be taken, parallel to the given line, so 
that the equations of a new line thus drawn are 

a: — — — c v — d 

A ft V K ' 

Let I, m, w, k, be a direction m the plane : then 

Li I + + N^n + Kik = 0 , 

Ij2 I + M 2 m + N 2 n 4* k = 0. 

When this direction is perpendicular to the given external direction (and 
therefore to this line), the relation 

X/ + pm •\-vn+ Kk = 0 

is satisfied. Thus there are three homogeneous equations in I, m, n, k. 
Usually, they suffice to determine the ratios l\m\n\k \ that is, usually it is 
possible to determine a single direction in a plane perpendicular to an assigned 
external direction. 

But it may happen that the ratios l-.m-.nik are not thus determinate. 
The direction /, n, A;, in the plane must satisfy the two equations '%Lxl = 0 
and £^2^ = 0: but, now, the third equation Sxi = 0, though satisfied, docs 
not provide any further datum for the determination of I, wi, n, k. The 
direction X, /a, i;, #c, is perpendicular to every direction Z, m, 71, A;, satisfying 
the two conditions = 0, ^Lzl = 0, that is, to every direction in the plane. 
The direction X, p, i;, is then perpendicular to the plane. The necessary 
and sufficient conditions are 


X, 

M . 

V , 

K 

= 0. 

U, 

^ 1 . 

Nx. 

Kx 


Lx. 

Mx, 

Nx, 

Kx 
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Consequently the line in a direction v, Ky through any point a\ h\ c\ d\ 
lies in the plane 



y-h'. 

z-d. 

v-d' 

= 0; 

Li , 


N, , 

K, 


1^2 , 


N, . 




and any direction in this plane is perpendicular to every direction in the 
given plane. Thus the latter plane is orthogonal to the first plane: and the 
relation is reciprocal. 


Ex. 1. When two planes intersect in a linCy the line perpendicular to both of them at any 
point along their intersection is normal to the flat in which both the planes lie. 

Let tho origin be taken at any point on the line of interacctiou of the planes : and let 
the equation of tho flat, in which both the planes he, be 

Za’ + i/y + + JTv = 0. 

Then the equations of the two planes can be taken to bo 

Lx ■^‘My ^Nz —01 ImC -^-My -\-Nz -^-Kv =01 
Lxx-\-Miy-\- NiZ-\-KiV=Q) ’ Z2ar+i^2y + ^Vij«+^2i^ = 0 J ’ 
respectively. The plane through the origin orthogonal to tho first is 



y , * . 

V 

L, 

M, N, 

K 

A» 

Mu Nu 

Kx 


and every line in this plane is perpendicular to tho first plane. The plane through the 
origin orthogonal to the second is 



y . 

* 1 

V 

=0 

L, 

n. 

if. 

K 


Lx, 

Mx, 

Nx, 

K, 



and every line in this plane is perpendicular to the second plane. The two new planes 
intersect in the line through tho origin 

X _y z V 

BO that this line is perpendicular to both of tho original planes. It manifestly is normal, 
at the origin, to the flat 

Lx + My + Nz-\- Kv=0 

in which both the planes lie. Hence the proposition. 

Ex. 2. Planes, orthogonal to a given plane, and drawn through different points along 
a given line, are parallel to one another and lie in one flat. 

Let the given plane be 

Zi a; + y + iTi z + JTi v = /*, I 

Lix-v M^y \ N<iZ-\r K’lV—P^ ' 

and let the given line be 

x-a y-h z-c o-d 



69 ] 


INCLINATION OF A LINE TO A PLANE 


111 


A plane, through any point rt-l-Xr, b-H/ir, c + vi*, on the line, and orthogonal to the 

given plane, is given by the equations 


1 .T-a-Xr, y-b-fir, 

z—r — v}\ 

- d-tLf 

'=(). 

u , 


Nx , 



L2 1 

M2 , 


fc. 



For different valuee of r, all those planes are parallel to one another. Any plane, 
determined hy a particular value of r, lies in the flat 



y-K 

z-e. 

v-d 1 

1=0. 

X , 

/* . 

•’ . 

K 


1 

ifi. 


A', 


■^2 I 


^ 2 . 




This equation is independent of r . and therefore the family of parallel [lUncs, for all the 
values of r, lies in this flat. 


Inclination of a line to a plane. 

69. Among matters relating to orientation of planes, we begin with the 
inclination of a line to a plane. 

Let the plane be 


X — a, 


^-c. 

v — d 

= 0 

h . 

t/ii , 


h 


h 7 

r/ij , 

9?2 , 

h 



In order to deal solely with inclinations, we take, through the point a, b, c, d, 
in the plane, a direction \, fi, v, ic, parallel to the direction of the line : thus, 
without loss of generality as regards inclination, we take the line to be 

X — a _y _z — c — d 

\ fM. V K ' 

Any direction in the plane is given by 

= ph-\-ql2, ^'= pwii + q'wia, = + = pA'i + 

where 

p* + 5* + 2pq cos o> = 1, 

01 denoting the angle between the selected guiding lines of the plane. Let 
^ denote the angle between this direction and the given line, so that 

cos + flfl + I/I/' + KK. 

It is always possible to select one plane-direction V, fi\ v\ k\ which is per- 
pendicular to the given line ; for, writing 

\li + /inii + vHi + kIci = cos a', Xl^ H- pnit + vn^ + Kk 2 = cos 
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the necessary values of p and q are given by 

p cos a' + gr cos /9' = 0, p^ + q^ + 2pq cos w = 1. 

For all other directions in the plane, cos^ ^ will usually be different from zero 
— the exceptions arise, of course, when a' = and ^tt. 

Now cos^ cannot be greater than unity. Also, cos^ ^ cannot be equal to 
unity ; for then we should be obliged to have 

pli + qh = V = X, pnii + qm^ = p,' = p, pni + qn2 = v =v, pki + qki = k= k, 

where \ fi, v, are given quantities, and values p and q cannot usually be 
obtained to satisfy the four conditions. Thus cos‘0, an essentially "positive 
quantity, can be zero and cannot be unity ; it therefore must have a maximum 
value, giving a minimum (stationary) value to 

When cos^ ^ is a maximum, we shall denote the associated value of <f> by 0, 
where and we shall call this angle 0 the inclination of the line to 

the plane. We thus have to make cos^^ a inaximum, for admissible values of 
X', /i.', v\ K ; that is, for admissible values of p and g, these quantities being 
subject to the relation 

+ g* + 2pq cos tu = 1. 

Now, generally, 

cos 0 = 2XX' = p cos a' + f cos 

Thus the critical equations are 

cos a' = t{p-)rq cos w), cos = t{p cos w H- g), 

where t initially is an indeterminate multiplier : and now the particular value 
of ^ is 0. Multiplying the critical equations by p and g respectively, and 
adding, we have 

cos 0 = t {p^ + 2pg cos Q> + g*) = i ; 
and now the critical equations are 


Also 

consequently 


cos a' 

^ =p + g cos 01 

cos ^ ^ ^ 

cos)3' 

^^-^=|,C0Ba, + 7 j 


cos ^ = p cos a' + g cos ; 


cos a' 
cos (3 ’ 
COSTS' 
cos (9 * 


1 , 


cos 09 


= 0; 


cos 09 , 1 

/ ru 



69] 

therefore 


A LINE TO A PLANE 


113 


sin® tk) cos® = cos® o' — 2 cos a' cos /3' cos ta + cos® /3', 

and also 

sin® a> sin® ^ = 1 — cos® a — cos® j9' — cos® m + 2 cos a' cos /S' cos a. 

Either of these equations determines the inclination of the line to the plane. 

For the fuller interpretation of this result, we compare it with the in- 
vestigation (§ 32) of the perpendicular from an external point on a plane. 
In Fig. 2 (§ 32, p. 49), let P be any point in the line through 0, with the 
direction \ let OA, OB, be the guiding lines of the plane: PA, PB, 

the perpendiculars from P on these guiding lines : and ON the diameter, 
through 0, of the circle AOB drawn in the plane. Then PN is the perpen- 
dicular from P on the plane. 

Let OP = D ■ then 


AOP^a, OA=D^ = Dcosa!, BOP =13', OB = D^ 
Also let NO A = a, NOB = /9, AOB = to ; thus 

cos a = 2^1 = JO + cos w, 

cos ^ = 2^2^^ = P cos Ik) + y. 

Hence 


and 


cos a' = cos a cos 6, cos yS' = cos 0 cos 6 \ 



cos a cos a 


D cos a' 
cos a 


= D cos 0. 


D cos /3\ 


In the flat AOPB, a three-dimensional homaloidal (ordinary) space, the plane 
PBN is perpendicular to the line OB, because PBO and NBO are right 
angles; and, similarly, the plane PAN is perpendicular to the line OA 
Hence the line PN, the intersection of the planes NAP, NBP, lying in the 
one flat AOPB, is perpendicular to the plane AOB. Consequently, the angle 
NOP is equal to 0. 

In order to And the inclination of the line OP to the plane AOB, we use 
the flat AOPB. In that three-dimensional homaloidal space, construct a 
sphere on OP as diameter: let the section of this sphere by the plane AOB 
be the circle AOB, and let ON be the diameter of this circle through 0. Then 
NOP is the inclination of the line OP to the plane AOB. 

The analytical expression for cos®^ is 

/)» sin* ® cos w + D,*) ; 

the quantity D, = OP, is independent of the plane : and the rest of the 
expression is (§ 34) invariantive for all selections of guiding lines for the 
determination of the plane. Hence cos®^ also is an invariant, as it should be 
an invariant, for all changes in the choice of guiding lines of the plane. 


F. o. 


8 
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Associated with every external direction OP through 0, there lies within 
the plane a line of reference ON such that the angle NOP is the inclination 
of the line to the plane. Its direction- cosines are 

= /ip + ^2? = Q (^1 iQ'cos w) + U (cos — COS a'cos a)], 

fi = mip + = ^ [wii (cos a' — cos cos ©) + (cos — cos a cos qj)}, 

V =nip +n2q = ^ a'— cos ^'cos ay) + }i2 (cos ff — cos a'cos w)), 

K =Jcip +k2q = ■ o ^ 7i 1^1 (cos a — cos 0 'co 9 a>) + ^2 (cos /S'— cos pi'cos w)}. 


Further, we have ON =D cos 6; and so, for the .r-coordinatc of N, we 
have 

A - a = \'D cos 6 = {(^i “ U cos w) cos a + (Z 2 — ^1 cos gi) cos 0'}. 

Also, if f , 7f, f. If, are the coordinates of P, then f — a = \D ; so that, if I, in, n, k, 
are the direction-cosines of PN, 


^Psin^ = f-A-f-a-(Z-a), 

and therefore 

1 * 

Z sin ^ = X — ((Hi — H 2 cos oj) cos a - (F 2 — Hi cos oy) cos /9'). 

Now 

cos a' = 2XHi , cos /O' = 2 XH 2 ; 


hence, if we write 


= riSi -h 7-252 - (^*2 + ^’ 2 ^ 1 ) cos Q>, 


for r = H, m, n, k, and 5 = H, m, n, k, where r and 5 may be the same, we have 
-I sin ^sin®oj = X( 5 k — sin*flj)-|- peim -h vein H- xeik 
~ Til sin 0 Sin^GI — Xe^fn ^ fL (^m?#! ” Sin^ cu) ^ ^^tnk 

-n sind sin®G) = \ein + Mmn + V (Cnn — sill^w) + Kent 

■A; sin ^ sin* 01= Xe^jt -h fie,nk + + #c(ejfcji; — sin^oi) 

which give the direction-cosines of PN. 


Projection of a line on a plane. 

70. Manifestly, ON is the projection of OP upon the plane A0B\ and it 
helps to provide an estimate of the inclination of OP to the plane. The 
projection is definite, save for the instances when the line OP is at right 
angles to OA and 0B\ as already indicated, the exceptional lines OP then 
lie in a plane orthogonal to the plane AOB. 



70] 


A LINE ON A PLANE 


115 


Bub the line OP determines a flat when associated with the plane AOB. 
The equation of the flat POAB clearly is 

x — a, y — h, z — c, v — d =0. 

Zi , wi , ui , ki 

h t ^2 , fl2 , ^’2 

\ , /i. , 1/ , K 

One plane, containing the line PN, is 

{x - f) /i + (y - v) + (^- 0 ni + (w - v) = 0 | 

(x - f) ^2 + (y - v) + (^ - f ) ^*2 + (w - u) ^2 = O) 

The intersection of this flat and this plane is the line PN. For any point in 
the flat is 

X = a+ lip+ i 20 ‘ + ^-T, 
y = b-\- mip + m^a + /at, 

r = C + llip + 1120- + VT, 

V =d-\- kip + A’2<7 + «T . 

and if this point lies in the new plane, we have 

2^1 (a — f ) + p + <r cos w + T cos a = 0, 

2^2 (» “ f ) + P cos 01 + <r + T cos B' = 0. 

Hence 

p + o- cos o) = Hi — T cos a' = (H — t) cos a', 
p cos oj + o- = H 2 — T cos = {D — t) cos B' ] 

and therefore 

p sin^o) = (H — t) (cos a — cos cos 01 ), 
o- sin^o) = (H — t) (cos — cos a cos &>). 

Hence for the point x, y, z, v, common to the flat and the new plane, 

a;— f = a — f + ^^^ 2 " 1 ^' “ ‘“)1 + 

But f — a = \D, and therefore 

a; — f = (H — t)|^— \ + g^^ 2 “ {^i(coa « — cos /S' cos o)) + /g (cos /S' — cos o' cos «)} J 
= — (H — t) Z sin 0. 

Similarly for y — rj, z — v — v. Hence the intersection of the flat POAB and 
the plane 2Zi (a; — f) = 0, 2^2 (® — f) = 0, is the line 

X — ^y — Tf _z — __v — V 
I m n k 

that is to say, it is the line PN. 

8—2 
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It is an immediate corollary that the point N, the foot of the perpen- 
dicular upon the original plane from the point P in the line OP, is the single 
point of intersection of the orthogonal planes 


a; — a. 

y-\ 

z-c, 

v — d = 0 , 

h . 

mi , 

ni , 

ki 

h , 

771a , 

^2 1 



and 

- S) + rni(y + + ki(v - v) = Oy 

^2 - f ) + Wl2 (y - 17) + 712 (2r - f ) H- ^2 (V - v) = 0 j 

The result of the main investigation, as regards the inclination, is : 

The inclination 0 of a line, with direction-cosines \ /a, v, to a plane with 
guiding lines having direction-cosines l\, iHi, ni, ki, and I 2 , ni 2 , 712 , k 2 , is given 
by the relations 

sin^Qi cos®^ = cos“o' + cos*/9' — 2 cos a cos cos g>, 
sin^Qi sin*^ = 1 — cos^oi — cos* a' — cos*)tf' + 2 cos co cos a cos 
where cos = 2 ^ 1 / 2 , cos d = 2\Zi, cos = 2 X^ 2 - 

These formulas are manifestly the formulae of spherical trigonometry, giving 
the distance of the vertex of a triangle from the opposite side. 

Line perpendicular to a plane : line parallel to a plane. 

71 . Two special cases of this general result in § 70 are to be noted. 

(i) When the inelination 6 of the line to the plane is equal to Jtt, so 
that the line is perpendicular to the plane, we have 

cos d = cos a cos ^ = 0, cos = cos /S cos ^ = 0, 

so that 

\li + + vnx + kUx — 0 , 

\l2 + p7n2 + 1^712 + Kk2 = 0 : 

the line X, p, v, k, is perpendicular to every direction in the plane. 

(ii) When the inclination d of the line to the plane vanishes, so that 
the direction X, p, v, k, coincides with the direction X', p\ v\ d , in the plane, 
it follows that the line OP, which has been drawn through a point 0 in the 
plane parallel to the postulated line, lies entirely in the plane. Then the 
given line is parallel to the plane : and, as 

X = X' = p/i-|-g^2f p = p =pm^-\-qm2, v = v=pni + qn2, k = k =pkx + qk2, 

the conditions are 

X, p , V , K =0. 

^1, TWi, ni, ki 

111 7712, 712, 
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Ex. 1. When the plane is given as the intersection of two flats 
Z 1 + J/i y + Wi « + A”, v « Pi , 

Z2:f + J/ iy + Wg 2 + A 2 V = P 2 » 

where 2Z|*=1, prove: 

(1) that the inclination S of a line with dircction-cosines X, fi, i/, k, to the plane is 
given by 

sin* i| sin* S = cos® a+ cos^ /3 - 2 cos a cos j8 cos 17, 
where coa 171^2X1 Zg, cos a=SZiX, cos SZgX . and 

(ii) that tho direction-cosmos of the line of reference in the plane with which the given 
line makes the inclination S are X', v\ k, where 

(X - X' cos S) sin* 17 = Zi (cos a - cos ^ cos 17) -|- Zg (cos /9 - cos a cos 17) ' 

(fi - II cos 3) sin* 17 = Ml (cos a - cos ^ cos 17) -|- M2 (cos ^ - cob a cos 17) 

{v - V cos 5) sin* 17 = A^i (cos a — cos /3 cos 17) -|- X2 (cos ^ - cos a cos 17) 

(k - K cos 5) sin* 17 = A'l (cos a - cos /3 cos 17) + Ag (cos ^ - cos a cos 17) , 

Ex. 2 When a plane is given in the form 

2=/+jor + 9y, v = h-trx-^ay, 

the inclination ifr of the line 

x~~a __y-b _z — c _v^d 

\ IX V K 

to the plane is given by 

A cos* - d A* - 2 BRS-[- cm, 

where 

A=X-l-v/7-|-icr, S=ix-^vq-^Ka, 
yl =l-hp*-|-r*, B=pq-{-rg, 

A= 1 +/>*-|-^*-|-r*-|-«*-|-(ps-yr)*«il(7-Z*. 

Prove that the line is perpendicular to the plane, if X + rp-|-icr=0, 7 a-|-i'9 + k«= 0; and is 
parallel to tho plane, if K — r\-\- 8 ix. 


Equations of the projection of a line on a plane. 

72. With the investigation of the inclination between a line and a plane, 
we associate the projection of the line upon the plane. The equations of the 
plane can be taken in the form 


X — tt. 

y-b. 

z — c, 

v — d 

h . 

Vli , 


kl 

h . 

7712 , 

«2 , 

h 


The form of the result is aifccted by the relation between the line and the 
plane as regards meeting. If the line actually intersects the plane, we assume 
this point to be selected as the point a, 6, c, d, in the equations of the plane : 
while, if the line does not meet the plane, we take its equations to be 

x—a y—B z—y v—^ 

A p V K * 
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where a, 7, S, are not equal to a, 6, c, d, respectively. In either event, the 
direction-cosines of the line are taken to be /a, v, k. 

Let f, T), i/, be any point on the line, so that 

f=a + \p, v = /3 + ^p, ?=7+*'Pi v = S + 

being the parametric distance along the line. If X, F, Z, F, arc the 
coordinates of the foot of the perpendicular from f, u, on the plane, then 
(§ 34) we have 

X = a+ {(li — I2 cos to) Di -I- (Z2 — li cos t») D2), 

with like expressions for F, Z, F, where 

Di = 2ii (? — «) = (a - a) + p cos a, 

D2 = — a) = 2^2 (a - a) + p cos /9', 

while 

cos a' = 2 /i\, cos = 2^2 X. 

Accordingly, let there be quantities A, 5, (7, D, such that 

(A — a) sin^o) = (i| — 12 cos o) 2 ^i (a — a) + (^2 — cos a) 2^2 (« — ft) 

(B — 6) sin® ta = (mi — m2 cos ©) 2ii (a — a) + {m2 - mi cos w) 2^2 (« ft) 

(0 — c) sin® Ik) = («! - 7?2 cos to) 2/i (a — a) H- (/12 — cos 01) 2^2 (a — ft) 

{D — d) sin® Ik) = (ki — k'2 cos iw) 2/i (a — ft) + ^A;2 — cos w) S,lz{a — ft), 

Also, write 

L ={li — I2 cos iki) cos a' -I- (^2 — h cos w) cos j 3 ' 

M = {nil — m2 cos Ik)) cos a + {m2 — mi cos w) cos 
N = {ni — ??2 cos Q)) cos o' -h ()72 — cos Q)) cos /S' 

K = (^1 — /.'a cos 6)) cos o' + (/i'2 — cos Q)) cos /S', 

Then the foot of the perpendicular from the point o+\p, /S-h/^p, 7 i-vp, S-|-/cp, 
upon the plane is given by 


X^A+ z=G-\-J^N, F = i)-^- 

ain^/'.i ain^Ai s 


K. 


Hence the locus of X, F, Z^ F, that is, the projection of the line upon the 
plane, is given by the equations 

X-A Y-B Z-C Y-J) 

L ~ M ^ N K ' 

Let 

n = (cos® o' -I- cos® /S' — 2 cos o' cos /S' cos q))^ sin ta ; 
then the direction -cosines of the projection of the line are 

L M N K 

n' n ' XI' n' 
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As is to be expected, these direction-cosines are independent of the con- 
tingency of intersection by the line and the plane. Should the line and the 
plane meet, we can take o, yS, 7, 3, = a, 6, c, d ; and equations of the pro- 
jection can be taken 

X-a_ Y-h Z-c V-d 
L M ~ N K ' 


thus giving the projection of the line 


x — a_y — h z — c _ V — d 

\ fJL V K 

upon the plane 


X — a, 

!/-b, z — c. 

v — d 


h . 

wil , 


ky 



wia , 

iia 1 

h 



0 . 


The inclination of the given line to its projection is less than its inclination 
to any other line in the plane, a result that follows from the investigation 
(§ 69) of the inclination of the line to the plane. 


Direction-cosines of the projection of the line. 

73. The direction -cosines of the projection are proportional to L, M, N, K. 
Now 

A = (/i — ?2 cos (b) + {I2 — h cos (d) 

But it is convenient to have these expressed linearly in terms of X, fi, k\ 
so with the dehnitions of § 69, viz. 

Cf# = + rjSz — (rjSz + cos w, 

we have 

L — eu\ + 

M = Ci„iX + CjninH’ + 

V . 

A = 6;i|X “h e,anf^~^ “h 

K = CflfcX-l- emkH'+ ^kkfC 


The direction-cosines of the perpendicular f, y, if, on the plane, denoted 
by Ij m, ti, k, were given in § 52 ; it is easy to verify that 

LI -I- Mm -I- Nn -h Kk = 0, 

as is to be expected. Also 

-I- = n® = (cos®o' + cos*/9' — 2 cos cl cos cos ©) sin^oi. 

Finally, the length of the projection upon the plane of the segment p 
of the given line between f, 17, v, and a, b, c, d, should be equal to p cos 0. 
Now 


n = cos 6 sin®ci) ] 
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and therefore 

L = ^pco3d, 

Bin^o) II 

with 

Y— B = ^p cos 0, Z — C=^^p COB 0, F — Z) a= ^ p COB 0. 

The direction-cosines of the projection are L/il, M/D,, N/il, K/^l ; thus the 
length of the projection of the segment is p cos 0. 


Ex. Required the projection of the line upon the plane v^O, z^O. 
Here the plane is 

11 - 0 . 


A, 



V 

1, 

0, 

0, 

0 

0, 

1, 

0, 

0 

2, m2, 

1 «2, 

^2i 

=0, 


ao that ^ 1 , mi, ?ii, ^i, = l, 0, 0, 0; I2, m^i ^ 2 , ^^ 21 = 0 , 1, 0, 0; fii = ^n’ ; and a, c, 0, 0. 

Thus 

coaa'sX, coa/S'a^ cos 
^ = X, 

and therefore the equation of the projected line in the plane i;=0, 2 ^ 0 , la 

X p 

The full equations of the projected hue in quadruple aiAice are 

X-q r-/3 

X p 

and the direction-cosines of the projection arc 


V=0\ 


(X«+^>)i’ (X*+,**)4’ ’ 

Similarly for the projection upon any other of the planes of reference in the quadruple 
space. 


Theorem as to the projection of two lines into one another. 

74. The different course of the analysis, when the equations of a plane in 
their canonical form are used, is illustrated by the establishment of the 
theorem that, when two lines are given, it is possible to draw a plane through 
either of them, such that this line is the projection of the other line upon the 
plane*. 

* The corresponding property in three dimensiona la or follows : Given two lines 

x-a_y-(i _z-y 

i m n ' \ p V ' 

the first is the projection of the second on the plane 

(SIX) 2 {(j: - a) (« - a)} = {Ef (a - a) H 2X {x -a)}, 
and the second is the projection of the first on the plane 

(2X0 2 {(x- a) (a - tt)} = {2X (a - a)) {2l(j;-a)l. 
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\ ^ V K 

A plane through the first is given by the equations 
z — c = p{x — a) -V q{y — 6)| 

V — d = r (a; — a) + 9 (y — 6)1 
provided p, q, r, s, satisfy the relations 

71 = pZ + qm. A; = rZ + sm. 

Take a point 17, {^, u, on the second line ; and let X, F, Z, V, be the 
foot of the perpendicular from this point upon the assumed plane. Then the 
quantity 

(f - X)* + (, - F)* + (r- Z)» + („ - 7)* 

must be a minimum, subject to the conditions 

Z-c = p(X-a) + q(V-bX V- d = r(X --a) + s(V-b): 

that is, 

(f-Z)»+{i7-n”+(f-c-p(Z-a)-^(F-6)}* + {i7-d-r(X-a)-5(F-6)}» 

must be a minimum for all admissible values of X and F. The critical 
equations are 

^-X+p(^-Z) + r(u- F) = 0. 

77-F+9(f-Z) + s(i7- F) = 0. 

By the demands of the theorem, -Y, F, Z, F, is to lie on the first line, so that 
X = a + IR, F= 6 + mR, Z = c + iiR, F = d + kR ; 
then the two critical equations are 

f — a+p(f— c) + r(u — d) = i2(Z +p«+rA:), 

17 — 6 + 7 (f — c) + 5 (1; — d) = K (7?i + 0^7? + sk ) ; 

and therefore 

f — a + 71 (f — c) + 7’ (u — d) _ Z + Jin + rk 
77 — 6 + g (f — c) -I- 5 (u — d) m qn sk' 

This condition allows the perpendicular from a particular point 17, 1;, on 

the second line, drawn to the assumed plane, to lie upon the first line in that 
assumed plane. When the whole second line projects into the first line, this 
condition must be satisfied for all values of {, 17, u, such that 


\ fl 


K-y 



s. 


V 



122 


PROJECTION OF LINES 


[CH. V 


for current parametric values of S. Consequently we have 

a — g + /? (7 — c) + r (8 - rf ) ^ I -\-pn-\-rk 
13 — b q{y — c) s (S — d) m + qn + sk' 

\ pv + Vfc I + pn + rk 
p + qv + s/c VI + qn + sk ’ 

being two equations involving p, q,r,s\ taken with the earlier relations 
n=pl-\- qm, k = rl + sm, 

they suffice potentially for the determination of p, q, r, s. 

The second of the new conditions, being 

(\ + pi/ + tk) (m + qn + sk) = (Z H- pn + rk) (p + qv + sk\ 
is 

\m — /p + p {ym — np) + q {\n — Iv) 

H- r {kth — kp) H- s {Kk - Ik) + (ps — qr) {vk -/<«) = 0. 

Now, as 

p = i (;* — qm\ 7 * = i (fc — sni)_ 

we have 

ps-gr = i(fin-gA;), 

so that the condition becomes linear in q and s ; and, if 

cos ^ + mp + nv -^kK, 

its form becomes 

wi cos ^ - ft + ^ (/I cos ^ - 1/) H- s cos ^ - I/) = 0. 

The first condition arises when, in the second condition, we substitute a— a, 
8^ 7_c, 8 — d, for p, 1/, #c, respectively; hence, if 

D=l{a — a) + vi{P — h) + n (7 — c) + A; (8 — d), 
the second condition becomes 

mD — - 6) + g [vD — (7 — c)} + s [kD — (8 — d)} = 0. 

Consequently, we have 


i _ s 1 


D , fi-rf, /3-6 


JJ , 13 — h, y — c 


l) , 7 — c, 8 — d 

1 , k , in 


1 , VI , n 


1 . 11 , k 

CO8 0, K , p 


cos d, p , 1 / 


cos 6, V , K 


Similarly, by using the relations 
1 . . 


1 
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the two conditions have the form 

IcobO — p (n cos ^ — I/) + r (k cos ^ — i;) = 0 , 
lD — (a — a)+p [nD - (7 - c)) + r [kD — (S — d)] = 0 ; 
and therefore we have 

p _ r 1 


JJ , S — rf, a — a 


D , a — a, 

7-c 


D , 7 — c, 6 — d 

1 , k , 1 


I , 

1 , 

n 


1 , , k 

cos 0, /c , X 


cos 0, 

X , 

V 


cos 0, V , K 


It is easy to infer that each of these fractions is equal to 


ps — qr 

U , a - a, t^ — b 
1 , i , m 

cosd, X , /i, 

Thus the values of p, (/, r, are determined uniquely ; and therefore a plane 
can be drawn through the first line, so that the second line projects upon the 
plane into that first line. 

Similarly, a single plane can be drawn through the second line, so that 
upon it the first line is projected into that second line. The parameters of 
this plane can be derived, by symmetry, from the parameters of the former 
plane. 


IncliuatioH of a plane to a flat. 

75. Before discussing the inclination of one plane to another plane, we 
discuss the inclination of a plane to a flat, chiefly because of the analogy 
between this question and that of the inclination of a line to a plane. The 
orientation of a Hat is usually chaiactensed by its association with one par- 
ticular and unique diicction — that of the normal to the flat. 

Two extreme instances can be treated summarily. 

In one instance, the plane might he in the flat. In that event, the normal 
to the flat, being perpendicular to every direction in the flat, is perpendicular 
to every direction in a contained plane. If therefore the flat be 

Lx + My + Nz + Kv = P, 

and the plane b(^ 


£c — a, 

y-h, z-c. 

v — d 

=0. 

h . 

?lll , 

'*1 , 

h 


k . 



k^ 
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the necessary and sufficient conditions, that the plane should lie in the fiat, 
are 

IjI\ + Id7n.i + ^ Tij + Kk\ = 0, 

LI 2 + M. Tfi^ 4* 4" Kk% = 0, 

with the relation La 4- Mb 4- Nc 4- Kd = P, which does not affect properties of 
inclination. 

In the other extreme instance, the plane contains the direction of the 
normal to the flat. When the flat and the plane are given by the respective 
preceding equations, and when the plane contains the direction normal to the 
flat, then (§ 38) the relations 


L, 

M^ 

N. 

K 

= 0 

k. 

mi. 


h 


k, 

m 2 , 


k. 



must be satisfied. 

In the former instance, we could say that the plane lies in the flat or is 
parallel to the flat. In the latter instance, we could say that the plane is 
perpendicular to the flat: it contains one direction which is perpendicular to 
every line in the flat. 

Excluding these extreme cases, we still take the preceding equations to 
represent the flat and the plane respectively, ^ny direction A,, /i, i^, k , in the 
plane is such that 

\=ph + qh, + v=pni4-gw2, « = pA^i 4- gA;2 , 

where the parameters p and q must satisfy the relation 

p® 4- g* 4- 2pq cos 6^ = 1, 

012 being such that cos ^12 — Let I, m, n, k, be any direction in the 
flat, so that 

LI 4- Mm 4 - -ATw 4- Kk = 0, 
together with the permanent relation 

Z* 4- wi* 4 - 4 - A;® = 1 . 

Now, as the plane is supposed not to lie in the flat, the plane and the 
flat intersect in a straight line. If then the direction \, fi, v, k, in the plane 
and the direction I, m, n, k, in the flat be chosen parallel to the straight line 
of intersection, the value of cos* where 

cos 4- m/jL + nv + kx, 

could be unity. On the other hand, a direction Z, m, n, k, could always be 
chosen in the flat perpendicular to the plane: for the necessary conditions are 

111 4- mmi 4 - nrii 4- kki = 0. 

11 2 4- mm 2 4 - nn 2 4- kk 2 = 0, 
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together with 

IL + mM + nN + kK = 0: 

and these equations suffice to determine I, m, n, k, when (as is now supposed) 
the plane docs not contain the normal to the flat. For such a direction, the 
value of cos^ yfr is zero. 

We therefore seek a stationary value for cos^ifr, rejecting a unit value and 
a zero value if and when they arise in the analysis. The corresponding value 
of y/r is the inclination of the plane to the normal to the flat; and we can 
then take ^tt - as the angle between the plane and the flat. The critical 
equations, assigning a stationary value to cos^ where 

cos y/r = SiA = I (plx + ql^ + m (pmi + qm^ + n (/)Wi+ qn^ + k {pk^ + qk^, 
subject to the limiting relations 

+ ^2 + 2pg cos = 1, 

LI + Mm + Nn + Kk = 0, 

Z® + + n® + /c® = 1, 

are 

2^1 = 0{p+ q cos ^12), 2^^2 = 0{p cos 612 + q\ 

pl\ + qlz — -A L + Bl , 
pmx + qm^ = AM + Bni, 
pwi + qn2 = AN Bn , 
pki+ qk2 = AK-\-Bk, 

arising respectively from variations of p, 9, /, m,n, k: and, initially, A, B, C, 
are indetcimmate multipliers. 

Multiplying the first and the second of these critical equations hyp and 
by q respectively, and adding, we have 

G = cos 

Multiplying the remaining four by Z, m, n, k, respectively, and adding, 
we find 

B = cos yjr. 

Squaring those four, and adding, we have 

1=A^ + B^; 

and therefore, without loss of generality, we may take 

A = sin 

Thus the six critical equations become 

2 Z/i — (p + q cos ^12) cos yfr, SlU = (p COS 012 + q) cos 
pli + <7^2 — sin + Z cos yfr, 
pnii + qm2 = M sin ylr-{-m cos yfr, 
pwi + 5W2 = iV sini^ + ?i cos ylr, 
pki + qk2 = K ainy[r + k cos y^ ; 
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and there still remain the permanent relations of condition, viz. 

p2 + ga^2pgcos^ia= 1, 

LI + Mm + Nn + Kk = 0, P + = i. 

For further results, we shall require the inclinations o' and of L, M, N, K, 
to Zi, mx, 711, ki, and Za, 77iaj Tia, ^ 2 f respectively, so that 

= cos o', SZZa = cos ff ; 
thus o' and ff are known quantities. 

76. We first obtain the expression for the inclination Multiply the 
last four equations by Zi, mi, 7/i, kx, respectively and add : then 
p-\-q cos ^la = S Llx sin yjr + Xllx cos 

= cos o' sin + ( p + g cos ^la) cos^ 

and therefore 

(p + gr cos ^la) sin = cos o'. 

Multiply the same four equations by 712 , A;a, respectively and add: then 

p cos ^12 + g' = XLl^ sin + XII 2 cos yjr 

= cos /9' sin -i/r + ( p cos ^la + q) cos® ylr, 

and therefore 

(p cos ^12 + q) sin yfr = cos Jd'. 

Now 

p® + g* + 2pg cos ^12 = 1 , 

consequently « 

sin* ^12 sin* ^ = cos* o' + cos* j3' — 2 cos o' cos ^ cos ^la , 
giving the angle of inclination between the flat and the plane. 

Next, we have 

\=pZi +ql 2 =Z ain ylr + 1 cos^, 
fi = pmi + qmx = ilf sin i/r + m cos 
V =pni + gwa = JV' sin + 7i cos 1 ^, 

K=pkx -\-qk 2 =Ka\w^ + k coayjr’, 

and therefore 




V , 

K 

= 0 

1, 

m. 

w , 

k 


L. 

M. 

N. 

K 



that is, the selected line in the plane, the selected line in the flat, and the 
normal to the flat are complanar. 

77. We next obtain the positions of these selected lines. From the 
relations 


(p + g cos ^ 12 ) sin = cos o', (p cos ^la + g) sin ^ = cos /S', 

we have 

p sin* ^la sin i/r = cos o' - cos /S' cos ^12 , 
g sin* ^12 sin yjr = cos /S' — cos o' cos ^laJ 
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\ sin® ^12 sin = (pli + ql^) sin* ffi2 sin ^ 

= (/i —I2 cos^i2)cosa' + (^2 -h cos ^12) cos ) 9 ', 

p sin* ^12 sin = (wi — m2 cos 61^ cos a' + {m2 - my cos ^12) cos / 9 ', 

■ 

V sin* 6x2 sin = {tty — 112 cos ^12) cos a' + (;<2 — ;/i cos ^12) cos /S', 

K sin* 0x2 sin ‘>^ = {ky — ^’2 cos ^12) cos cl + {k2 — ky cos ^12) cos / 9 '. 

Now (§ 72 ) the four quantities on the right-hand side arc proportional to 
the direction-cosines of the projection of the direction L, JV’, K, upon the 
plane Hence the selected line /a, v, k, in the plane is the projection, upon 
the plane, of a normal to the flab at any point along the line of intersection 
of the plane and the flat. 

As this normal, the selected line in the plane, and the selected line in the 
flat (necessarily perpendicular to the normal to the flat), are complanar, the 
selected line in the flat is obtained by drawing, in the plane through Z, M, N, K, 
which projects the normal upon the given plane, a line perpendicular to that 
normal. Algebraically, its dircction-cosmes /, m, ?i, k, are given by 

I cos =s X - Z sin 
VI cos fL — jl/sin ylr 

' } 

?i cos AT sin yfr 

k cos = K — K sin ylr 

with the foregoing values of X, /i, p, k. 

Finally, the plane through the normal and the two selected lines is per- 
pendicular to the line which is the intersection of the plane and the flat. 
Let this common line have direction-cosines 


l\ m', n\ k\ =^1 + 5/21 rmi + 57112 , rny + sn2, rki + sk2f 


where 


r* + 5* + 2 rs cos ^12 = 1 : 
as it lies in the flat, we have 


so that 

and therefore 
r 

cos / 3 ' 


2Z(W, + 5/2)=0, 
r cos a' + s cos /S' = 0 , 

5 _ 1 

— cos CL (cos* a + cos* / 3 ' — 2 cos cl cos / 9 ' cos ^12)^ 


I 

sin 0x2 sin yfr ' 
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Now the plane through Z, M, N, K, and X, fi, v, k, is 

z — c\ w — ci' =0. 

Z . M , N , K 

X . fL , V , K 

We have just seen that 

2Z {rlx + 5 ^ 2 ) = 0. 

Again, 

2 X {rlx + 5^2) = rXXli + s 2 xZa 

= cos a' + i sin* 0„ cos /S'] 

= 0 ; 

and therefore the plane in question is perpendicular to the line rli + sl 2 , 
rwii + jma, rni + srii, rA^i + sAra, that is, it is perpendicular to the intersection 
of the plane and the Hat. 

1. Shew that, if the line of intersection of the plane and the flat be taken as one 
of the guiding lines of the plane, so that the equations of the {ilanc are 

z — a'j y-b\ ; 2 -c/, v — d' =0, 
r , m! , n' , /fe' 

h I ^^2 , H 

while SZ^' = 0, the inclination is given by 

sin sin y-=Qo^^ ; 
and the selected line in the plane has direction-cosines 

f 2 - V cos y 3112 - m' cos y — n' cos y k^-lsf cos y 

sin y * sm y ’ sin y * sin y ’ 

where 

cos/ 3' = SZ^2» cosy =2^72- 

Zt. 2. Shew that, if the plane is given by the equations 
ZiJ7 AiV = /*i, LiX-^- 

its inclination ^ to the dat Lx-\-My-{-Nz-\-Ku-=P is given by the equation 
cos^ ^ sin*'^ rj = cos^ a -H cos^ /9 - 2 cos a cos j9 cos 7, 

where 

cosi7=SZiZn, cosa=2ZZi, cosj9=SZZ2. 

Projection of a plane upon a flat 

78. It is natural to consider the projection of the plane into the flat, just 
as wc consider the projection of a line upon a plane or into the flat. We have 
already seen that the projection of a line into the flat is another line : the 
projection of the plane can be obtained by regarding the plane as made up 
of an aggregate of lines. 
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When the plane Ih 


x — a. 

y-b. 

-g-C. 

v — d 

= 0 , 

k . 

Wi , 


h 


k , 

m2 , 


k2 



any point in it is given by 

^ = a + pZi + ^^2> ^ = ^ + pwi + 7m2, f=c + p/ii + 5/i2, v^d + pki + qk^- 

Let the flat be 

Lx + My + Nz + Kv = P; 

and let X, Y, Z, V, be the foot of the perpendicular on the flat from f, v. 
If P be the length of this perpendicular, we have 

X-^ = LD, Y-7f = MD, Z-^=ND, V-v^KD, 

and therefore 

SZZ-SZf = P. 

Now 'ZLX = P - and 

SZf = SZa + pSZ^i + qlLli = 'HiLa p cos a' + ry cos /9', 
with the former significance (§ 72) for a and 3\ hence 
J) = P '^Fja — p cos a —q cos jd'. 

Consequently X, F, Z, F, are given by 

^1^ = ^ 4-ZP =a + Z (P-SZtt) + p(/i — Z cos o') + r / (^2 -Zcos/9'), 

F = 77 + MB = b + M(P — ^£a) + p (mi — M cos o') + q (m2 — M cos 
Z = ND = c + N (P— 'ILa) + p (/<i — N cos o') + q (n 2 — N cos 
V=v + KB = d + if (P — S La) + p(ki — /f cos o') + q (k^ — K cos /S') ; 
and therefore the locus of JT, F, Z, F, is the plane 


x — a 

y-y3 . 

z-y 

i; — s 

= 0 , 

— Z cos a' , 

//ii — M COS d , 

Hi — N cos d , 

ki — K cos a' 


I 2 — L cos /S', 

m 2 — M cos /S', 

712 — N cos /S', 

k 2 — K cos /S' 



which accordingly is the projection of the given plane, the values of o, /S, 7, S, 
being given by 


a — a_l3 — h 
L ~ M 




N 


K 


The coordinates of any point in the projection satisfy the equation 
Lx + My + Nz + Kv = P 

of the flat, as is to be expected from the fact of projection inbo the flat. 

Again, having regard to the guiding lines of the original plane and to the 


p.o. 


9 
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guiding lines in the equations of the projection of the plane, we note that the 
condition 

h I wii , , ky =0 

k , Wa , ^2 I K 

/i — icosa', iwi — Jlf coaa', /ii — iV” cos a' , ki^ Kcosa' 

I 2 — Lco3 r/ia “ cos /S', — -AT cos /S', /fa — ^ cos /S' 

is satisfied. Consequently (§ 43) the two planes lie in one and the same flat ; 
and it is easy to verify that this flat, containing the original plane and its 
projection, is 

a; — a, y — h, z — c, v^d =0. 

l\ , rrii , wi , ki 

I2 , rti2 , 71a , ^2 

L , M , N , K 

Moreover, as the two planes lie in one flat, they intersect in a line and not 
in a point only (§ 43) : this line is their common line, and its equations are 

x-a-^jjy-%La) y-b-”^j^(P-XLa) 

^2 Tfly 

7l2^-t0li AjaX-^^1 — ky^Ijl2 


Angle between a plane and its projection upon a flat. 

79. We could regard the angle between the plane and its projection as 
giving the angle between the plane and the Sat. To obtain the inclination 
of the plane to its projection, we can use the forthcoming analysis of §§ 83, 84. 
As the direction -cosines of the guiding lines in one plane are 

li, my, ni, ki, and h, m2, Wg, kz, 

with 01 as the angle between them- and as the direction -cosines of the guiding 
lines in the other plane are 

— i cos a iHi — M cos a iii — A^cos a' k^— K cos a 
sin a ’ sin ot! ’ sin d ' sin d ' 

and 

I 2 — L cos )9' m 2 — ilf cos /8' ^ — N cos /Q' k 2 ~K cos /9' 

sin ’ sin /3' ’ sin /3' ’ sin /QT ’ 


with ri as the angle between them, where 

cos a — cos d cos 
sin a sin p 


the angle between the planes can be obtained by using the formula of § 83. 
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Again, in order to obtain this angle between the plane and its projection, 
we can use the fact that the plane and its projection intersect in a line. The 
equations of this line have been given. In the plane, take a direction 
perpendicular to this common line ; in the projection, take a direction per- 
pendicular to this common line; the angle between these directions is the 
required inclination ( see also § 89). 

Both processes, by their respective methods, are left as exercises to 
construct the value of which has already (§ 76) been given. 

£.v. 1 Prove that the projection of the plane 

Xi .r + J/i y + JFi « + ATj v = Pi 1 
^2 .r + i/2y + V = Pa J 

(Ml the flat 

Aa; + i/y + + /fv = P 
iH the intersection of the last flat by 

2A,a7-Pi_^jr-p2 

.iiid verify that the two planes meet in the line, common to the original plane and the 
original flat 

Ex iS. A plane i.s given by the equations 

x = a + pz + qVj y=.b + rz + 8u; 
lirovQ that its projection on the flat 

Zx -h My + JVz+ Ev — P 

IS the plane 

I a-« + /.c*, y-h-\-Mc, z+JVc, v + Ac '1=0, 

! p^Lu , r — Mu , \-Nu^ -Ku 

I q—Lvy 8-Mv , —Nv, \ — Kv ll 

where 

t' — La + Mb — P^ u = Lp-\-Mr-^Nj v = Lq-\-Ma-\-K. 

Verify that the two planes intersect in a hue and not in a point merely - and obtain the 
(‘quations of the line. 


Inclination of two flats. 

80 . The orientation of a flat is considered most simply by reference to 
the direction of its normal; and consequently the inclination of two flats 
IS estimated by — and is taken to be — the angle between the normals to the 
flats. When the equations of the flats are 

Lx -H My + Nz + Kv = P , 

IIx + My -I- N'z -h K'v = P', 

respectively, and when the inclination of the flats is denoted by x» have 
cos x^LL' + MM' + NN'+KK', 

on the assumption that Z, M, N, K, and U, M', N\ K\ are the actual 
direction-cosines of the normals. 


9—2 
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The intersection of the two flats is a plane — their plane of cleavage. 
The properties of the plane of cleavage, in relation to the flats, have already 
(§ 55) been discussed. 

An estimate of the inclination of two flats, by choosing a line in one flat 
and a line in the other flat in such a way as to secure a maximum or 
a minimum inclination 0 of the two lines, or a maximum or minimum value 
of cos®^, has already been made in § 65. From the analysis there given, it 
appears that the angle between lines, selected so as to satisfy the critical 
conditions for a maximum or a minimum inclination, is given by the equation 
cos e = LL + AO/' + NW + KK\ 

Accordingly the estimate, thus obtained, agrees with the estimate provided 
by the angle between the directions of normals to the two flats. 



CHAPTER VI. 

Inclinations of Planes: Orthogonality. 


Summary of couditionSf for ‘parallel planes, for orthogonal planes. 

81. Before entering on the discussion of the inclination of two planes to 
one another, it is convenient to summarise the analytical results affecting 
respectively the two extreme instances : (i), when the two planes are parallel ; 
(ii), when the two planes are orthogonal. 

I. Parallel planes. 


(i) The conditions for parallelism, when the planes arc given by the 
equations 


X — a, 


z -c, 

r-d j =0, 

x — u', y — b', 

z — c\ 

v — d' 

= 0 , 

k . 

nil , 

"i . 

ki j| 

i| h , ««3 . 

H3 3 

k'A 


k , 

m2 , 

3 

1 1 

A ’2 iI 

• h - ^ 

><4 1 

K 



can be taken cither in the forms 


l-i = aly - 4 “ Sll > “ ailly + = Wiy + ^*3 — " 1 " 

U = 7^1 + ^^2 j = 7^Rl + ^”^2 » ^*4 * + ^^^2 » ^'4 = 7^1 + ^^2 > 

where aS — does not vanish, while o, 7, 8, arc otherwise arbitrary ; or in 
the eipii valent forms 


k. 

ina. 

/'a, 

kt ' 

= 0, 

k. 



k. 

k. 

nil , 

Hi, 

k. 


k. 

nil. 

Hi, 

k, 

h. 

ni2. 

Hi, 

k^ 


: k. 

lUi, 

Hi. 

ki 


(11) When the planes arc given by the equations 
X—a, y — b, 3 — C, V — d =0, LyX Myy NyZ KyV = Py 

ly f Illy , lly , ky /<2 ® “h A2 ^ H“ AigU = P2 

li I ^^^2 1 ^^2 I ^2 

the conditions for parallelism are 

Pyly + Myllly -1- Nyny -j- l^yky — 0, /> 1^2 + il/l/n-j + N yll^ "h Kyk^ — 0, 

^2^1 "h M^my + W 2 W 1 + ^2^1 “ /^2^2 "1" + N^i\^ + K^k^ — 0. 


(ill) When the planes are given by the equations 


; sc — a, 

I ' 

h . 


y-6. 

my , 

m2 , 


z-c, 

ny , 
W2 , 


v-d \i=0, z=f + px + qy 


ky 

k 2 


v = h-\- rx + sy 


}■ 



134 


PARALLEL PLANES : ORTHOGONAL PLANES 


[CH. VI 


the conditions for parallelism are 

ni = pli + qnii , ki = rli + , 

712 = ph + k 2 = rl^ + 

(iv) When the planes are given by the equations 

Lix + Miy + z + Kxv = A 1 + M^y + N^z + K^v = Ps 

L^x + M 2 y + N2Z + K2V = P2 ) ’ L^x + M^y + N^z -h K^v = P4 

the conditions for parallelism are 


4^31 

M», 


K, 

II 

0 

J/ 4 , 


K, 

Zi, 


Nu 

K, 

Li, 

Ml, 

Ni, 

Ki 

L 2 . 


Nt, 

K, 

4'2 i 

Ml, 

Ni, 



(v) When the planes are given by the equations 

1 j\x + M\y + N\Z + K\V = P\ 

L2X + ^ 2 y "h N2Z + /iTj V = P2 

the conditions for parallelism are 

Ij\ + N\p + = 0, Ij 2 + ^ 2 P "i" 

Ml + N^q + K^\S = 0, M2 + Nzq -^2® = 0 

(vi) When the planes are given by the equations 

^=/ + P® + 72/ 1 ^=/' + pV+ q'y\ 

V = h-\-rx sy ) y = A' + r^x + s'y ) 
the conditions for parallelism are 

P'~Pf 7" = 7 ’ s' = s. 

II. Orthogonal planes. 

The six possible combinations^ arising out of the different forms of 
equations, are numbered as for the preceding combinations. 

(i) The conditions, that the planes be orthogonal, are 

Izh + m^mx + Warii + k^kx = 0, l^l^ + ni4nii + n^Uj + ^44^1 = 0, 

^3^2 + 7?i37?i2 + 713712 + k^k^ = 0, ^4^2 + m^Tn^ + <^4^2 + ^44^2 = 0. 

(ii) The conditions, that the planes be orthogonal, are 

Zi, Mx. Nx. Kx\= 0 , Lz, M2, N2, K2 =0. 

Zi, 7711, »i, 4;i lx, mx, Hx, kx 

I2 , 77*21 ^^2i k 2 Ii Z2 1 77*21 7*2i 42 

(iii) The conditions, that the planes be orthogonal, are 

Zi + Tiip + 4;ir = 0, ^2 + Uzp + 4:27' = 0, 

vix + Tiig + 4;iS = 0, 7712 + 7*23' + 4^2® = 0. 


^=f+px + qy] 

V = k-\- V:C + sy } 
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(iv) The conditions, that the planes be orthogonal, are 

+ = 0. + + = 0. 

+ K:,K^ = Q, L^L^+ M^M^ + N^N^+ K^K^ = 0. 

(v) The conditions, that the planes be orthogonal, are 

iV'i = Zip + Ni = L^p + Mzq, 

l^\ = Zi j' + M\Sj K% = Z2/' + M^s. 

(vi) The conditions, that the planes be orthogonal, are 

pq' + rs' = 0, 1 + pp' + rr = 0, 

qp + at' = 0, 1 + qq + hs = 0. 

Ex. 1. Shew that, if two planes intersect in a line, they cannot he nithoguual 

Ex. 2 . Uivon four flats Fi^ /’a, ^4, prove that, if the cleavage planes of Fi and F^, 
and of Fa and are parallel, the cleavage planes of F^ and /V of F^ and ^*4, also are 
parallel, and the cleavage planes of F^i and F^^ and of F\ and /*4, are parallel. 

Ex. 3 . Given four flats Fi, F^^ A 3, F^, such that the cleavage plane of ^1 and F» 
IS orthogonal to the cleavage plane of Fy and ^4 in what circumstances is the cleavage 
plane of Fi and F^ orthogonal to the cleavage plane of F^ and /*•) ^ 

Relation between four directions in one flat. 

82 . We have seen (§ 43) that, when the two planes 


iv — a. 

y-b, z-c, 

u - d 

= 0, 1 

X-/, y-g, z-h, v-i 


mi , 


ki 

1 

1 

I 3 < ’^3 • "3 < ^8 

u , 

m 2 , 

»2 , 

A’2 i 

1 

i 

^4 1 ni ^ , k^ 


meet in a line and not in a point alone, the condition 



Wi, 


ki 

= 0 

^a. 

wia, 







^3 


h. 



k^ 



is satisfied. Further, we have seen that the two planes then lie in one flat. 
It therefore follows that, when four directions are taken in one and the same 
flat, there exists a relation among their direction -cosines it is a well-known 
property of homaloidal triple space. 

This relation can be exhibited as an identical equation among the six 
inclinations of the four directions when combined in pairs. Let the angle 
between the positive senses of the directions Ir, m,.. a, , ky , and Ig, m^, Ug, k^, 
be denoted by 0 ^ so that 

cos If If, Ul>j 771'!, kfkgf 
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for r, s, = 1, 2, 3, 4. Then, as 


/l. 

Wi, 


^'1 

2 _ 




tkk 

^ 2 , 

ma. 

Wa, 

Jc2 


tkU, 



l.kk 

h. 

^3, 

W 3 , 



2^1 Za, 



Ikk 

k, 

;a4, 

?l4, 



'S.hk, 

Ikh, 

2^3 ^ 4 , 

S«4* 


the foregoing relation implies the equation 

1 , cos ^12, cos ^13, cos ^14 =0. 

C0sdl2, 1 , C0S^23f 003^24 

cos ^13, 008^23. 1 < COS ^34 

COS ^14, C0S^21> COS ^31, 1 

Let this determinant be denoted by 0 ; when it is expanded, we have 
0 = 1— cos® ^23 — cos® ^31 — cos® O 12 — COS® ^14 — COS® ^34 — COS® ^34 
+ cos® ^23 cos® Ou + cos® ^31 COS® 0^ + COS® 612 cos® ^34 

+ 2 (cos ^23 cos ^34 COS ^43 + COS ^34 COS 0 ^i COS ^13 + COS 0 ^i COS ^12 COS ^24 

+ COS 012 COS ^28 COS 02i) 

— 2 (cos 012 cos ^13 COS ^24 COS ^34 + COS ^21 COS ^23 COS 0 ^ COS ^34 

+ COS 013 cos 023 COS 014 COS 024). 

Then the condition, satisfied by four directions wlien they lie in one and the 
same fiat, is 

0 = 0 . 

The four directions can be taken arbitrarily, subject to the sole restriction 
that they shall lie in one fiat, if this condition is to be satisfied. But if, 
chosen arbitrarily in homaloidal quadruple space, they do not observe the 
restriction of being contained in some single fiat, the condition 0 = 0 is 
not satisfied. 

Ex. If the fourth line makc8 an angle - 0 with the normal to the flat through the 
first three, shew that 

0 = (1 - cos* 02 \ — cos* ^31 — cos* ^12 + 2 cos ^23 ^J^S COS ^ 12 ) SUl* 0. 

Inclination of two planes hy reference to projection of areas. 

83 . Instead of estimating the inclination of two planes by proceeding 
from the inclination of lines lying in the respective planes, we can frame an 
estimate by a comparison of areas in the planes, one of which will be deduced 
from the other — and it will appear that, as obviously should be the fact, the 
same result is obtained whichever plane is first selected — by projecting its 
boundary, through perpendiculars drawn from the points of that boundary, 
upon that other plane. 
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Accordingly, let it be required to find the inclination of the plane 
X — O', y — r — c, V —d =0 
h , ^3 , ^^3 , ^3 

^4 j ^4 j ^*'4 f ^4 

to the plane 

oc — a, y — b, ^ — c, V — d = 0 . 

li , mi , ??i , k'l 

, m 2 , 7*2 , A ;2 

The planes will be supposed not to be parallel to one another. The conditions 
for complete orthogonality have been stated; and the possible event of ortho- 
gonality will therefore be omitted as the full conditions arc known. Two 
planes certainly have a point of intersection : this common point has been 
taken to be a, 6 , c, d. The two planes possibly intersect in a line and not 
merely in a point : the condition for linear intersection is 

^ 3 , WI3, h 1 = 0 , 

I 4 , m4, 7*4, /’4 

^’1 

hf ^* 2 ) ^’2 


but such eventuality will be left open at this stage, so that its influence may 
be discussed in the course of the investigation. 

As already indicated, we shall proceed by projections. Let the direction 
^3, fth, ^3. through the common point a, 6 , c, d, be projected on the latter 
plane: its projection, also passing through that common point and making an 
angle ^^3 with that direction, has direction-cosines 
where 

^3 = ^ll h + ^Im ^^^3 + ein »3 + ^Ik ^3 

3/3 = 

-^3 = ^3 + ®Min ^^^3 + ®»n ^'3 + ^nk ^3 

^^3 = ^Ik h + ^itik WI3 + ^nk ^'3 + ^kk ^3 
fla = COS ^3 sin^Qi = (cos“ dia -H cos® ^23 — 2 cos 0 ^ cos cos sin oi, 

with the same notation as before (§ 69 ) for w ; for ^13 and ^23 ; and for the 
symbols where p,q^l, m,, 71, k. Similarly when the direction ^4, 7/14, 714, ^4, 
is projected also on the second plane, its projection through a, 6, c, d, and 
making an angle ^4 with that direction, has direction- cosines 
where 

L4 = Cii + ejjn ^4 H" ^In ^4 + ^Ik ^4 
M4 = ®iim ^^4 " 1 " ^mkk\ 

N^ = 6in I4 -h €jfin ^*4 + ^nn ^4 + ^4 

■^"4 = eik Ia + ^4 + C|i* ^4 + ^kk k^ 

n 4 = cos *^4 sin® w = (cos*^i 4 + cos® ^34-2 cos 014 cos 02A cos g>)^ sin w. 
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Measure a length r along in^, /za, and a length 8 along 7714, nx, kx \ 
the lengths along Z3, Jfa, A'a, and Z4, N^y K^y of the projected 
segments are 

rcos^a, 5 cos ^4. 

Let n denote the angle between these projected segments, so that 
03X14003 XI = L^Lx “h ^^Mx "I" N^Nx "i“ -^3-^4 ■ 

The area of the original triangle, two of the sides of which arc r and s, is 

^r5sin 

where 

cos 17 = ^ 3^4 + 7713^114 + 773714 + ^ 3 ^ 4 . 

The area of the projected triangle is 

cos ^3 . 8 cos ^4 . sin XI. 

If therefore we denote by 0 the inclination of the two planes to one another, 
and we take the inclination of the projected area to the original area as the 
inclination of the planes, we have 

, ircos^,.sco8^4.sin XI 

cos d) = ~ — z 

^ ^rssinT; 

_ cos cos ^4 sin XI 
sin 77 

Now 

Ha* = + A/3* + iV + ilx^ = W + Mx^ + Nx^ + Kx^ ; 

and therefore 

XI3XI4 sill XI = 

where 

□ = (Z3A/4 - M^LxY + (Z 3 N 4 + N;,Lxf + {UKx - KsLxY 

+ {M,Nx - N^MxY + (^3 Kx - K^Mxy + {NsKx - K^Nxf , 

consequently 

cos 0 = ^^^-4— 

^ sin 973111^0) 

Tt is necessary to evaluate 

In the various terms in □. we substitute for A3, Jlfa, N3, and 
Lxy Mxy Nx, Kx^ We have 

Tj^Mx — M^Lx= Bu h + ^*.3 + t’/n + ^ 3 i ^4 + ^/ 1 : ^4 

^Zw^3 + Cminn'Z3+ C||,n^<3 + 6mA!^3» ®Z»ii ^4 + 6?nm^R4 + ®wMi^4"i" ^tnfc^‘4 

By direct substitution for the quantities eu, ei^n we find euem^ — eix,em» 

= ^1^1+ ^2^2 — (^1^2+ /20l)COSCa, ^101+ ^202 — (^102 "I” ^20l)cOSG) 

TTli 01 + 7712 ^2 “ ^2 + ^2 0i) COS 01, TTli 0i + 7712 02 “ 02 + ^2 0l) COS Q) 

= (^i 77 l 2 — liTtli) (^102 — ^ 20 l) sin® 0 ). 



84] INCLINATION OF TWO PLANES 

for all the combinations 0^ 4^ = 1, m, n, k. But 
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^3f 

0a 

1 

ei^ 

et. 

0. 




0X, 

01 

^3, 03 

02i 

02 

^4, 04 


mi, 

ni 

— ttl2a 

h. 

ki 

m 2 , 

??2 


It. 

k2 


the summation being taken over the six combinations of 0 and 0; hence 
Zg M/i — M 3 L 4 , = {l\ m 2 — /gmi) sin^o) S | 

With our former notation (§ 47), 

= /l2> 

I It. h I 

and so for the other combinations : also 

2ai2® = S (Jim 2 — /2WI1)* = sin^ft), Sa34* = S {Unii, — U m3)® = sin® 7 ; 

We write 

“12 + ^12^*34 + C12C34 + f \ 2 fu + ^12^34 + ^^12^34 = ^ i 

and now 

= A (^iwia — ^ 2 ?ni) sin®oi. 

Similarly for the other combinations Z 3 i ^4 — 

Hence 

□ = S(Z3^f4-il/3Z4)® 

= A® sin* GJ ^ (^1 m 2 — ^2 mj )® = A® sin® oi. 


Therefore 


cos 6 = r- 

^ sin Tj sm*(i> 

^ A 

sin 7) sin w 

_ S(li2« 34 

"(2a„*)*(Sa34*)*' 


Ex^^ressions for the inclination of two planea. 
84 We thus have the inclination of the two planes. 
Various corollaries can be derived. 


(i) Any two non-coincident lines in the plane can be substituted for the two 
guiding lines and l 2 t m 2 , ug, kz, of the plane 


X— a, 

y-b, z-c. 

V — d 

k . 

my , 


ky 

1 It . 

m 2 , 

W2 , 

4/2 1 
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without affecting the value of For any two such lines arc given by 
= olIx + rrix = ami + fim^t w/ = a«i + , kx = o^•l + /QA’2 , 

I 2 “ 'y^i "1" ^^2 » ^^^2 “ Sm2 , ^^2^ “ H" ^^2 1 ^2 “ H" • 

where a8 — /Qy is not zero : then 

lx m 2 — l2'nix = (a^ — /Qy) (^im2 — l2Vix), 
and so for the other quantities, so that every magnitude 

^12 

for i = tt, 6, c,/, g, hj is unaltered. The value of cos </> is unchanged. 
Similarly any two iion-coincidenb lines in the plane 


X — a, 

y-b, z-c. 

v — d 

= 0 

h . 

W*3 , 

W3 , 

k^ 


h . 

m4 , 

W 4 , 

k^x 1 



can be substituted for the guiding lines ^3, m3, 713, ^3, and 7/14, i»4, k^, 
without affecting the value of 0. 

(ii) The expression for cos 0 is symmetrical, as between the parameters 
defining the two planes : thus verifying the exj^cbation that the same result 
would have been attained, had an area in the second plane been projected 
upon the first plane. 

(iii) The quantities 034, 634, ^34, are (§ 30) proportional to the 

quantities —p, — 1, s, —r,ps~- qr, arising when the equations of the plane 

arc taken in the canonical form 

z=f ^-px^-qy) 

v = h-\- rx-\- sy ) 

and similarly for the quantities a34, 634, ^34, ^341 when the equations of 

the other plane occur in the canonical form 

z^f'+px + qy} 
v = h' + rx + s'y ) 

If then 

= 1 + p* + g* + r* + 5 ® + (jJS — qry, 

S'^ = l + p'® + g'® + r'® + s'® + (ps — gV')® , 

T = 1 + pp' + gg' + rr' + ss' + ( ps — gr ) ( ps - gV'), 

the inclination of the two planes, when their equations occur in the foregoing 
canonical forms, is given by 

SS' cos 0 = 2 \ 
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(iv) When the equations of the two planes are given in the form 
AjS! + + Oiz + Div = Jill I A.^x + U^y + O^z + U^v = ] 

A.2X + 2/2^ H" (Jzz + = E2 ) -^43? + + f?4^ + 2I4V = E^ ) 

their inclination is given by 

Ai 2 ^34 cos <l>= U, 


where 


Ai 2* = (ill ^2 ■” “h (-^1 ^2 — -^ 2 ^ 1 )* "h (-^1 “^2 — ^2“^l)^ 

+ (A G2 - B2 Gif + (^1 Ih - Bz Dif + (GiD 2- G^Dif, 

= (ill 2?4 — ^ 14 ^ 3 )* + (ill (>4 “ -<^ 14 ^* 3 )“* + (^3 ^4 “ -^ 4 ^ 3 )* 

+ (fia C 4 - B^Gzf + (i^3 D , - B^D^f + (C 3 D 4 - G.D^f. 

U = (ili 7^2 - ^ 2 ^ 1 ) (^ 3^4 - ^ 4 ^ 3 ) + (^ 1 G2 - A2G1) {AzG^ - il 4 C 3 ) 

+ {AiB2-A2Di){A2D,-A^D,) + {BiG2-B2Gi){BzG^-B^G2) 
+ (B1D2 “ 2 / 22 ) 1 ) ( 2 ^ 32)4 — B^Ds) + (( 7 ] 2 ) 3 — C 22 )i) (( 732 ) 4 — G^Ds). 


Ex Obt.iin fill GxprohMion for the inclination of the i)lane.s 


X, 

y 1 

" 1 

V 

=0, 

k, 

'/111, 

'hi 

h 


h. 

7»2i 

'hi 




likewise for the inclination ^ of the planes 


z=pc + qy\ _ 
v= rx-k-ay ) 


I y f 1 = 0 , 

^ii 'hi I 

' ^ 2 , wh, »Jii ^*2 


JiZ-l-ffiy + Cj£+ /^i 
jlg.r + ^2y "h GjZ-i~ D<i i’-=oJ 


in the respective forms 

aShui <0 cos 0 = (^|/ji 2 — (iHiHi — jiiwii) - q ('h^ 2 ~ ^I'h) 

+ s - X 1 fj) - r ( wi| /*2 - ^'1 "h) + (/'«- y'O ('h ^2 - Xti 712)1 

where 

cos U = ^2 + »li 7112 + Wl 71*2 + /'l X-J J * 

and 

sin 6)8111 17 cos (^1 m 2 —m^lJ ) (Cj E 2 ^J^iCi) +(jii -Xi'h) (^h^ 2 “ 2 ?i^ 2 ) 

+ (wi| ?l2 — 7l| 771^) (yl I — JJj 3) + (^1 X 2 — X 1 ^2 ) (Z/| ^2 “ ^1 ^2) 
+ ('*! ^2 — Xl 7*2 ) (X/l X ?2 “ (^1 ^^ 3 ) + ("h Xj — X 1 WI 2 ) (Of A2 — Ai C 2 ), 
where a has the foregoing value, and 

cos 17 = Xr| fj2 + Jf I JJ2 "h JJ^3 + E\ Kt . 


Orientation coordinates of a plane, 

86. Now consider the inclinations of the plane to the planes of reference 
in the system of coordinate axes. As the direction-cosines of the axes arc 

1, 0, 0, 0, for OX, 

0. 1, 0, 0, ... or. 

0, 0. 1, 0, ... oz, 

0, 0, 0, 1, ... ov, 
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the equations of the various planes, through two of these axes, in all possible 
pairs, are 





V =0, 

for X0Y-, X, 

y. 

z. 

V =0, for 

zov. 

1, 

0 . 

0. 

0 

0, 

0 , 

1. 

0 


0, 

1 , 

0 , 

0 

0, 

0 . 

0. 

1 


X, 

y. 

2, 

V 1 = 0 . 

for FOZ; I x, 

y. 


V =0, for 

XOV; 

0, 

1 . 

0. 

0 1 

1 

0 , 

0, 

0 


; 0 , 

0 , 

1. 

0 

' 0, 

0 , 

0, 

1 


X, 



V =0, 

for ZOX , X, 

y. 


V =0, for 

VOV. 

1. 

0 . 

0, 

0 

0. 

1 . 

0. 

0 


0, 

0 . 

1, 

0 

0, 

0 , 

0, 

1 



Let if>xY denote the inclination of the plane 



y * 


h. 

Wi, 


I2. 

7712, 

«2, 

let 

4>ZX» i>YZt 


significance for its inclinations to the other planes respectively. From the 
preceding result, we have ^ 


a = cos <j)YZ ~ 
b = cos ^zx “ 
c = cos ifixY — 
f — cos ^xv ~ 
g = cos yp = 
h = cos (Pzv ~ 


mi 712 — Wi m2 

sin aj 

7l\ ^2 — ^2 

sin 01 

Zl7?l2 — mi /2 
sin 01 

^2 — ^2 

sin 01 


„ _mik2-hm2 gxi 

® ^ sinoj sinoi 

h = CO8 A,y = = -?-« . 

Sin 01 sin o> 

Thus the quantities a, b, c, f, g, h, may be regarded as orientation-cosines or 
orientation coordinates of the plane. Now we have 

^ 12/12 + ^125^12 + C 12 ^12 = 0, 

ai 2 ® + ^ 12 * + C 12 * +/ 12 * + ^ 12 * + = sin® o» ; 

and therefore the orientation-cosines of a plane satisfy the two universal 
relations 


af + bg + ch = 0, 
a® -I- b* -h c® -I- f ® -I- g* -I- h* = 1. 
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86 . If it proves desirable to indicate, specially, guiding directions of lines 
the construction of the plane, such as the directions ^i, mu and 

^2i 712 , the need is met by using the symbols ais, bi2, Ci2, fi2, gui hi2. 
I, with this notation, it must be remembered that any two non -coincident 
ictiuns in the plane 

lx = alx + , Wi' = amx + /Qwa , = aux + ^nH , W = okx + , 

U = yh + ^^ 2 . 7712' = ymx + Sma , = 7ni -I- Swa . k^ = ykx + hk^ , 

jre aS — Py is not zero, can be selected as guiding lines : the orientation- 
nes, by this change, are invariaiitive. For, as the new quantities are 
action-cosines, we have 

llx^=l, 2/2'*=!, 

.hat 

a® -I- -h 2 aP cos 01 = 1 , 7* -I- 5 * -f- 27S cos o) = 1 . 

len 0/ denotes the angle between the two new lines, 
in® (»' = 2 (li'fn2 — — Pyy 2 (Zi?H 2 — ^2 Wi)® = (aS — /S7)® sin® to. 


/ 1 / / ^ / /\ (aS — 37)(77li7l2-)iiWl2) 

ai2 = / (wii Wa - Ml 7fi2 ) = ^ — 7-^' ' = ai2 , 

sin w ^ ' (00 — Py) sin tD 


I so for the rest: that is, the orientation-cosines of the plane are invariant! ve 
all variations in the choice of guiding lines. 

When the equations of the plane are given in the form 

z=f + px + qy\ 
v = h+ rx-\-sy \ ’ 

orientation-cosines are 


a = 


P 

S’ 


b 



r 



^^ps-qr 

A 


ere 

A® = 1 -h ja® -I- 5 ® -h r® -I- 5® -I- (ps — gr)®. 

e two universal relations satisfied by orientation-cosines are satisfied 
ntically by these values of a, b, c, f, g, h. 


When the equations of the plane are given in the form 
Lix -h Mxy + + Kxv = -Pi 1 

L 2 X -H M2y + 1^22 + K 2 V = P2 J 
orientation -cosines are 


LxKt-KrLt 

MxKt-K^Mi 


sinli 

“ " sin ll 

sin li 

MiNt-NiM, 
Sin a 

NiLt-LiNt 
^ Sinli 

1^ /yj il /2 “ .A/j X 12 

" Sill li 



144 


INCLINATION OF 'I’WO PLANES 


[CH. VI 


where 

cos 11 = Ij\ L2 + M\ M2 "I" N\ iVj + K\ K2 ■ 

The two universal relations remain as before. 

Further, if there be two planes, with orientation-cosines a, b, c, f, g, h, 
and a', b', c', f', g', h', respectively, their inclination <l> to one another is 
given by 

cos = aa' -H bb' + cc' + ff' + gg' + hh'. 

Again, the equation of the flat through the plane 
2=f-\-px + qy, v — h+rx + si/j 
and a direction /x, v, k, not lying in the plane, is 

px + qy — ( 2 —/)_rx-\-sy — (v — h) 
p\ -\-qp — v r\ + s/x — /c 

that is, 

X {( jw — qy') p + rv— px} + y {(^r — ps) X-\-sv — qx} 

+ (-2 -/) (— r\ - s/x -h /c) + (v - h) (p\ -\~qp — p) = 0, 

and therefore the direction-cosines X, M, N, K, of its normal are 
L 0^ = /xh — i/g -I- #fa 

= _ \h -H i^f -I- /cb 

= Xg — 

= — Xa — /xb — VC * w 

where 

0 = S (/xh — vg + Ka.)\ 

Ex. Identify this value of 0 with the value given in § 47 


Orientation-cosines. 

87 . The inclination of two planes can be obtained likewise from the pro- 
jections of an area — say a triangle — upon the coordinate planes of reference. 
Take any point 0 in the plane as origin ; a line OPi, of length ri and dircction- 
cosines mj, ?ii, and a second line OPa, of length ra and direction- 
cosines /a, m2, ria, ^2; and consider the projection of the triangle OP1P21 
which is of area 

sin PaOPi = \r^r2 sin «», 
upon the planes of reference in turn. 

In the plane XOV, the coordinates of the projection of Pi are X2 = rxl\, 
2/1 = 0, ii = 0 , Vi^Txhi'. those of the projection of Pa are cca = 7 ai 2 , ^2 = 0 , 
2:2 = 0, U2 = ^2^2- ^The area, in the plane XOV, whose angular points, referred 
to the axes in that plane, have coordinates 0 , 0 ; ^i, ; ^2,^2; is 

i - ViOJa), = inra (^i^a - ^1^2)- 
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88 ] 

Hence the cosine of the angle between this projected area and the original 
area is 

Ajj — 1C\ I 2 
sin 03 ’ 

that is, it is the magnitude denoted by f. 

Similarly, for the planes of reference XOY, YOZ, ZOX, YOV, ZOY, the 
cosines of the angles, between the respective projections on these planes and 
the original triangle, are c, a, b, g, h : that is, the orientation-cosines of the 
plane are 

a, b, c, f, g. h. 

88 . Now let these various projections on the six planes of reference be 
projected back, in successive addition, on the onginal plane P 1 OP 2 . When 
A denotes the area of the original triangle, the various projections are 

aA, bA, cA, fA, gA, hA. 

When these magnitudes are projected back into the plane P^OP^, the 
respective magnitudes of the re -projections are 

a aA, b.bA, c.cA, f . fA, g gA, h.hA, 

that is, 

a^A, b’-A, c^A, f^A, g*A, h*A. 

Hut -H b* -h c^ + f® + g* + h* = 1 ; and therefore the sum of the re-projections 
IS equal to the area of the original triangle. 

Again, project the triangle P\0P2 in the plane with orientation-cosines 
a, b, c, f, g, h, into a triangle Q 1 OQ 2 in another plane, passing through the 
point 0 and having orientation-cosines a', V, c', f', g', h'. When we take the 
projections of P 1 OP 2 upon the planes of reference, viz. aA, bA, cA, fA, gA, hA, 
and then project these constituent elements upon the plane Q 1 OQ 2 , obtaining 
respectively 

a', a A, b'.bA, c'.cA, f'.fA, g'.gA, h'.hA, 
the new aggregate is 

(aa' -H bb' -I- cc' + ff -f gg -I- hh') A. 

Hut aa' H- bb' -h cc' + ff' -|- gg' -|- hh' = cos if), where is the inclination of the 
two planes ; and therefore this aggregate is A cos 0, that is, the area of the 
projected triangle. 

Hence plane areas in quadruple space can be projected upon the coordinate 
planes, and can have these projections combined by further projection upon 
any plane, in a manner analogous to the manner in which lines are projected 
upon the coordinate axes and have their projections combined by further 
projection upon any line. 


F. o. 


10 
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Inclination of two planes in the same flat. 

89 . A review of the preceding analysis shews that no account is taken of 
the range of intersection of the two planes ; that is, the range may be only 
the point a, h, c, d, or it may be a line through that point. With the equations 
as given, the value obtained for cos is valid, for either type of range. 

But when the intersection is a line, and when this line is in evidence 
in the equations of the planes, a substantial change can be effected in the 
expression for cos </», which then subsides into the customary expression for 
the angle of a triangle in three-dimensional spherical trigonometry. To 
establish this, let the planes be 


x — a\ 

'0 

1 

1 

v-d' =0, 

1 

1 

z-c. 

v — d' 

h . 

mx , 

, 


1 Wli 


h 

h . 

7712 , 

^*2 . 

kt 

h , ^3 

^*3 , 



so that the line, common to the planes, is 

a; — a _y — h' _ z — c _v — d' 
l\ nix ^*1 hx 
Also, let 0x2 - c, Osx = b, 0^3 = a ; so that 

cos a = Slala, cos b = ^lalx, cos c = ^lila, 
and the angles oi and tj of the preceding investigjition become oi = c and r) = h. 
Then, in these circumstances, we have 

«12®13 + ^12^13 + Cl2Ci3 -l-yi2yi3 -|- ^12^13 + ^2^13 

= S (Z1/W2 — ^1^2) — 77*1^3) 

= cos a — cos c cos 6 ; 
and our formula becomes 

sin h sin c cos ^ = cos a — cos 6 cos c : 

that is, the formula gives the angle between the planes containing the 
sides b and c, as equal to the angle A, of a spherical triangle with sides a, 6, c, 
in a three-dimensional space 

And this result is to be expected. The two planes, now having a line in 
common, lie in one flat (§ 43 ). Accordingly, in this flat, take a sphere centre 
the origin : draw three radii ^i, thi, tii, A;i ; l2,m2, /a, 7713, 773, ka ; cutting 

the sphere in the points A, B, C, respectively. The section of the sphere by 
the first plane is the arc A B of a great circle, and its section by the second 
plane is the arc AC 7 of another great circle, while the angle between the 
planes is the angle A at which these two arcs cut. The customary formula 
of spherical trigonometry at once leads to the particularised result — a mode of 
derivation of the inclination which manifestly depends on the circumstance 
that the two planes happen to intersect in a line and not merely in a point. 
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Moreover, we can associate the inclination of a line to a plane with this 
construction. Let the direction of the line through 
the centre of the sphere meet the sphere in A : with 
the former notation, 

AB = a\ AC = J3\ BC=a>, AN = 0, 
while A^ is the perpendicular from A on BC. In 
this spherical triangle, a customary formula for is 
cos® iliV'sin® BC 

= COB® AB + cos® AC — 2 cos AB cos A C cos BC^ 
that is, 

cos® 0 sin® to = cos® a' + cos® — 2 cos a cos ff cos cu, 
the former result. Also 



Fig. 4 


sin® 0 sin® to = l — cos® a — cos® — cos® to + 2 cos a' cos 13' cos to, 
which is only another form of the usual relation in a spherical triangle 
sin® p sin® ct = 1 — cos® a — cos® h — cos® c + 2 cos a cos h cos c, 
where p is the (angular) perpendicular from A on BC. 


Application of the method of § 68, with a restmetion. 

90. It is to be noticed that this result, as regards the inclination of two 
planes intersecting in a line, can be brought into relation with the earlier 
method (§ 68) of finding the inclination between a line and a plane. 

Take any point on the line as an origin of reference: let the line have 
direction-cosines I, m, n, k] and let the planes be 



y ^ 


V 

- 0 , 

a-', 

y . 

z , 

V 


m. 

71, 

k 



m. 

*1. 

k 

h. 

Wi, 

^li 




71*2, 

*12, 

k2 i 


The direction-cosines of any line iii the first plane are 

\=pl-^qlx, p=pm-\-qmxt v = pn + qn^^ K = pk-\-qki^ 
with the condition 

p® + 5 ® -I- 2pq cos c = I, 


where %ll\ — cos c = cos a'; and those of any line in the second plane are 
\' = rl sli, fL=rm-\-sm 2 , v=r}i+sn 2 , K=rk-\-sk 2 , 
with the condition 

r® -I- 5* -H 2rs cos 6 = 1, 

Avhere 'S.II 2 = cos 6 = cos The inclination of these two new lines is 
cos 0 = XV -H pfjb H- pv -H KK 

=pr -H qr cos c +p5 cos h-^-qs cos a, 


10—2 
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where SM 2 = cosci) = cos u; and the estimate of the inclination of the planes 
is obtained by making cos^ 6 a maximum, that is, for values of p, q, r, s, 
subject to the two conditions 

p^+ q^-\- 2pq cos c = 1 , /‘^ + s* + 2rs cos 6=1. 

The critical equations are 

r s cos h = P (p-\-q cos c), 
r cos c + 5 cos a = P(p cos c + qX 
p + q cos c = Q (r + s cos 6), 
p cos 6 + 5 cos a — Q(r cos 6 + s). 

By the customary analysis, we find 


P = cos 6, Q = cos 0. 

Then 

r + a cas b = P(p -\-q cos c) = PQ (r + s cos 6) = (?' + s cos 6) cos® 0. 

Either 


cos® ^ = 1 : 


the planes are parallel; and the line I, m, ti, k, lies in the same plane as the 
lines li, ?ni, iq, ki, and ^ 2 , WI 2 , nzi ^'21 under the relation 

1 — cos® a — cos® 6 — cos® c + 2 cos a cos 6 cos c = 0, 
which requires (fc ± 6 + c = /itt, where n is an iRfc^ger. Or 
>■ + a cos 6 = 0, p + q cos c = 0; 
and the equations then give 

sin 6 sin c cos 0 = cos a — cos 6 cos c 
= sin 6 sin c cos ^ , 


leading to the former result 


0 = A, 


.IS the angle between the planes. 

Further, we notice that the plane, through the two directions \, /i, v, 
and X', Vy k, in the respective planes, is 



2/. y 

X, 

Py Vy K 

X.'. 

t f t 

Py V y K 


Now 


l\ + mp + tiv H- hfc = pSi® + q = p -^-q cos c = 0, 


l\' + mp + tkv + kK = + s%ll 2 = 1 ' + s cos 6 = 0: 

that IS, the plane through these two directions is perpendicular to the 
supposed line of intersection of the two planes — there being, of course, only 
one plane, at once perpendicular to this line and lying in the flat containing 
our two original planes. 
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91. After the last result, it might almost be expected that the inclination 
of two planes, when they intersect in a point only and not in a line, could be 
obtained by reference to selected lines : but the expectation is not justified. 

We take the one point, common to the planes, as the origin, and we assume 
that their equations are now 

X , y , z , =0, X, y , z , V =0. 

^1, Wli, Hi, ki ^3, //J, 

^2 1 ^^^2i ^^2 1 ^2 ^4 j ^4 

Because the two planes do not meet in a line and so do not coexist in any 
the same flat, the determinant 

©*= k, nil. III, ki 
I2, niz, 1*2 » ^'2 

^3 1 ^^^3 1 ^^3 1 ^'3 

U, ^^4 1*4, 

does not vanish. 

Two simple propositions must first be established . 

(i) it is impossible to draw a line in one plane and a line in the other 
plane which shall be parallel to one another : and 

(ii) it is possible, in an unlimited number of ways, to draw a line in oni; 
plane and a line in the other plane which shall be perpendicular to 
one another. 

To establish the prior proposition, we take some line 

ph + qU , pnii-\- qni2 , + qn ^ , pfci + ql^2 . 

Ill the first plane, and some line 

rls + s?4, rm-s -i- sm^, rn^ + 5/14, 7*^3 + a 7 i 4 , 

in the second plane. If for any values of p and q, and for any values of r 
and 5, these lines can be parallel, we should have 

(Ki + sl^ ), 
pnii + g?/i2 = P' + 5/114), 
pill -\-qn 2 = ft (rn3 + 5/t4 ), 
pki + qkz = p {rk^ + 5^:4 ), 

where the value of p is 

(jo® + 5® + 2 pq cos ^12)* (?’* + 5* + 2r5 cos ^34)"^. 

In order that the four relations may hold, we muse have 

Zi, nth /ii, =0. 

Z2f ^2i Wg, k^ 
hi r/ij, /i3, Ajs 
hj 7/I4, 114, k\ 
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that is, 0 = 0, a condition which is excluded. There are no non-zero values of 
pt satisfying the four relations. It is therefore not possible to draw two 

parallel lines lying in the respective planes. (Should the planes have a 
common line, directions in the respective planes parallel to that line art' 
parallel to one another.) 

To establish the later proposition, we postulate the same two lines iii the 
respective planes. In order that they may be perpendicular, we must have 

S ( pl\ -l- ql^ (Ha -h sl^ = 0 , 

and therefore 

?’ ( p cos ^la + q cos ^aa) + ^ (p cos di\ + q cos 62^ = 0. 

Also 

H -h s® + 2rs cos ^34 = 1 ; 

it is therefore possible to determine r and s, whenever p and q arc assigned , 
or we can always draw a line in the second plane perpendicular to an arbi- 
trarily assumed line in the first plane. Similarly, if a line be arbitrarily 
assumed in the second plane, it is always possible to draw a perpendicular 
line in the first plane. 


Least angular distance between lines in two planes. 

*• 

92. We now take a line 

l—ph + qlzi m^pmx-\rqni2, n^pni+qn^, k = pkx + qk^, 
in the first plane, and a line 

X. = Ha + H4, p — rm^ + sin^, v = sn^, K = rk 2 -\- sk^, 

in the second plane, where the disposable parameters p, g, r, 5, are subject to 
the two relations 

p® + 9* + 2p7 cos 6x2 = 1, r® -H 5® H- 2rs cos ^34 = 1. 

The inclination of the two lines is given by 

cos ^ + mp -I- 711/ + kK. 

After the preceding proposition, ifr cannot be 0 or tt, so that coa®>fr cannot 
attain the value unity ; but, by appropriate choice, may be made ^tt or i]-7r, 
so that cos®'^ can attain the value zero. We therefore seek a maximum value 
for cos®^; and we denote, by 6, the associated value of 

This maximum value is attained for the possible range of values of p, q, r, s, 
which are subject to the two specified relations. The value of cos is 

cos 0 = pr cos ^13 + ps cos ^14 -|- qr cos ^23 + QS cos ^24 . 
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Thus the critical equations are 

r cos di2 + s cos ^14 = il (p + r/ cos ^12), 
r cos ^23 + « cos {p cos e^^ + q). 

p cos ^13 + q cos d2A = B {r + s cos ^34), 
p cos 0x\ + q cos 62A = B{r cos ^34 + s), 

where initially A and B are two indeterminate multipliers, the values of 
which can however be determined at once. 

We multiply the first and second of the critical equations hy p and and 
add : we multiply the third and fourth of the critical equations by r and 
and add : the results are 

cos 0= A, cos 6 = B. 

When the values of A and B are inserted, the critical equations become 

( p -\-q cos ^12) cos 6 = r cos ^13 + s cos ^14 

(p cos + q ) cos 0 = r cos ^23 + ^ cos ^34 

p cos ^13 + q cos 023 =(r + s cos ^34) cos 0 

p cos 0 u + q cos 02i = (r cos ^34 + .s ) cos 0 

Accordingly, the value of cos 0 is given by the erjuation 

COS^ , cos ^ cos ^12, cos ^13 , COS ^14 = 0 . 

cos d cos ^12, cos ^ , cos ^23 , cos ^24 

COS ^13 , cos ^23 ' COS 0 COS 0 COS ^34 

cos ^14 COS ^24 , COS ^ COS ^34, COS ^ 

When this determinant is expanded, we have 

(1 — COS® ^12) (1 — cos® ^34) COS*^ — n COS®^ + (cos 013 COS ^24 — COS ^14 COS ^23)“ = 
where 

n = COS® ^13 + COS®^14 + cos® ^23 + COS®^24 

+ 2 cos 012 cos ^34 (ct)S COS 02 i + COS ^14 COS ^23) 

— 2 COS ^12 cos ^23 COS ^31 — 2 COS ^23 cos ^34 COS ^42 

— 2 cos ^31 COS 0 u COS ^43 — 2 cos ^14 cos ^42 COS ^21 ■ 

Accordingly, this is the equation determining cos®^. It is a quadratic in cos® 0y 
not linear, as might have been expected from the earlier analysis. 

We proceed to some inferences from the equation. 

93 . When we recur to the expression (§ 81 ) for the magnitude 0 , which 
vanishes when the four directions Ip, nip, Up, kp (for p=l, 2 , 3 , 4 ) lie in 
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one flat and which (being equal to B?) otherwise is positive, we have 
11 + = 1 — cos® ^12 — cos® ^34 

+ cos® 6 yi cos® ^34 + cos® ^13 COS® ^34 + COS® ^14 COS® ^23 
— 2 cos ^13 cos ^14 COS ^23 COS ^24 

= (1 — cos® ^12) (1 — COS® ^34) + (cos ^13 COS ^24 “ COS ^14 COS ^23)“ 

Also 

COS ^13 cos ^24 — COS ^14 COS ^23 

= ai2 «34 + ^12 ^34 + C12 C34 +/i2/34 + ^12 5^34 + ^12 ^*34 

= sin ^12 sin ^34 cos 0, 

where ^ is the inclination of the planes. Hence 

fl + ^ = sin® ^12 sin® ^34(1 + cos®<^). 

The result, obtained in § 92, was 

sin® ^12 sin® ^34 cos^ ^ — H cos® 6 + sin® ^12 sin® ^34 cos® = 0. 

We therefore have 

=(l-co8*fl)(cos*tf-cos*^). 
sin*0i,8in*flj4 ' 

Now when % is not zero, so that the two places do not lie in one and the 
same flat and no line in one plane can be drawn parallel to a line in the 
other, whatever lines be chosen, 6 cannot be equal to zero, thus 1 — cos®^ 
cannot be zero. Hence 

cos®^ > cos®(^ ; 

and therefore, taking for ^ an inclination less than ^tt, 

O<0< (fi < J7r<7r— <^<7r— ^<7r. 

But whatever value be chosen for 0, we cannot have 0 equal to 0, that is, the 
minimum angle between two lines appropriately chosen in the respective plane.s 
is not equal to the inclination of the planes when they meet in a point and not 
in a line. 

Next, suppose that the planes do meet in a line and not merely in a 
point. Then 

^^ = 0: 

consequently cither cos®^ = I, or cos® cos® Now, on the present hypothesis 
that the planes meet in a line, cos®^ = 1 provides a maximum value for cos®^, 
where is the inclination of two lines drawn in the respective planes : it arises 
when two lines are drawn parallel to the direction of intersection. Manifestly 
it is a value irrelevant to the inclination of the planes. The alternative is 

cos®^ = cos®tf, 

or 0 : that is, the inclination of the planes is measured by the inclination 
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of the two directions providing a minimum value of cos^'i^. And it has already 
(p. 148) been pointed out that, in such circumstances, the plane through the 
two selected directions is perpendicular to the direction of intersection. 

We shall return later (§ 109) to the consideration of the critical equations 
which serve to determine p, q, r, s. 

Ex. 1. Two pltiims, which meet in the origin only and not in a line through the origin, 
.ire given by the equations 

£ = + r/y I z=p^x-\- i(y \ 

V = rx + Jty I v=/x « y J 

A line IS drawn in the tirst plane, and another in the second plane, and their inclination 
IS prove that the mniiiiium value of coH^d is given by 

{AB- 6’=*) {A'B ' - cos* d-Q coa^ 6 + {ud - bey = 0, 

where 

.1 (' =pq +r» , // + 

+ C'=p'q'-\-r'g\ /?' = !+ + 

a = 1 -{-pp' + r/, h—pq'-\‘ 7-s\ v = qp’ + jji-', rf — 1 + + aa', 

.Old il denotes 

A {A*d^ - HCvd-^- B'e^) - 2C'{J'5rf — 6" (urf+6c) + ZJ'ac}+5 {A'h- - 2G'(ih-\-B'a-). 
Obtain the rcLitioiis 

ad^hc^T, AB-C'^=S, A’H' 

where *S", iS", T ,iie the rpiantitics of 84 , and bring the foregoing equation into the form 
I p‘-p, <{-<1 1^ 

' ~ = (1 — B) (cas® 6 — cos^ 0), 

oo 

wheie (jt is the incliDatioii of the two planes to one another. 

Ex. 2. Find the angle betNNeon the planes XO V and OCa in the figure on p. 7 


Another expression for the inclination of two planes. 

94. The expression for the inclination of two planes, of which the re- 
spective orientation-cosines are a, b, c, f, g, h, and a', b', c', f', g', h', has been 
obtained in the form 

cos ^ = aa' + bb' + cc' -l- ff' -H gg^ -h hh'. 

When the planes are given in their canonical forms 

j=/ + jxc + 5y| z=/' + /a: + g'yl 

v = h + rx + syl’ » = A' + r'a: +s'y) ’ 


the expression is 
where 


SS' cos = 


=lH-p“ -1-9“ +7* +.V* +(i^s -qr)\ 

T =l + pp' + qq +n'' + S8' + {ps -qr){p's' -qr'\ 

S'^ =l+p^+ 9'* + r'* -h 5 ^ + (pV - qVy. 

But an expression, having a somewhat more obviously geometrical form, 
can be given for the former value of cos0, when the planes have their 
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equations in either of the customary non-canonical forms. When their 
equations are 


x — a, y — b, — c, 

0 — d 

=0. 

x-a\ y- h\ 

z-c\ 

V-d' 

h , nil , wi , 

h 


h . wia » 

W3 , 

kz 

Z2 1 m2 , H '2 ) 

k^ 


U , m 4 , 

»4 , 

^4 


we denote by d^j the inclination of the directions m», and n^, kj, 

so that 

cos 0 -tj = ZiZj + m^mj + + k^ k^, 

for all the values of i and j. Then, as 

_ mi 712 — 7 ?im 2 , _ 

* ” sin ^12 ’ sin ^34 

and so for the other orientation-cosines, wc have 

sin ^12 sin ^34 cos = 17 , 

where 

Z 7 = S (/im2 — ^Wi/2) (^37/14 - /»i 3 Z 4 ), 

the summation being over all the pairs of corresponding symbols from the 
two planes. Now 

(Z|7?l2 — ^1^2) (^37714 — 

= (Z1Z3 -f mims) (Z2Z4 -H m 277 » 4 ) — (Z2Z3 + hhvh) 
and similarly for each of the other products ; he^e 

= cos ^13 cos ^24 — cos 6^23 COS ^14. 

Consequently the inclination of two planes, one through the directions 
Zi, mi, Til, k\, and Z2, m2, 712, /t2, the other through the directions Z3, 7/13, 9?3, kz^ 
and Z4, m4, r?4, ^4, is given by 

sin ^12 sin ^34 cos = cos ^13 cos ^24 “ cos ^23 cos ^14. 

Similaily, when the two planes are given by 

Lxx + Miy + NxZ + KxV = Pi] Lzx-\- M^y + Nzz-\-Kzv = Pz\ 

L^x H- M^y + N2Z “h K^v = P2I L^x + M\y + N\z -H K\v = P4 j 

and when % is the inclination between the normal to the flat ^L^x = P, and 
the normal to the flat '^LjX = P^, so that 

cos ^ij = “I" -h 

the inclination 0 of the planes is given by 

sin ^12 sin ^34 cos ^ = cos ^13 cos ^24 — cos ^33 cos ^14. 


Ex. Shew that if the planes 12 and 34 meet in a point only, the planes 23 and 14 also 
meet in a point only, and likewise the planes 31 and 24. 

Prove that, if the respective inclinations of these pairs of planes are 0, they satisfy 
the relation 

sin 12 sin 34 cos 0 + 8in 23 sin 14 cos x+sin 31 sin 24 cos 0=0. 
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The relation of parallelism between two planes. 

96. The conditions for the parallelism of two planes have already (§§ 43, 81) 
been set out ; consequently, their discussion in connection with the expression 
for the inclination of the two planes can be brief. The condition for parallelism, 
in this connection, is 

« = 0 , 

and therefore 

cos 0 = 1. 

When the equations are given in their canonical forms, this condition 
rcriuires 

that is, 

{1 + + ?•“ + 5^ -h (ps - qrf] {1 +p'2 + + r^ + + {ps - qrf\ 

= {1 + pp + qq + rr' + ss + {ps - qr) {pis - qr’)\\ 
a relation which can only be satisfied if 

p=p, q=q, r=r, s = s. 

These are the conditions already (§ 81) stated for this form. 

For any non-canoiiical form, the condition of parallelism is 
aa' + bb' + cc' + if' + gg' + hh' = 1 , 

with the conditions 

a* + b2 + c2 + f2 + gz + h2 = I = a 2 + b'* + c'* + f '2 + g'z + h'z. 

These eciuations require the relations 

a'=a, b' = b. c' = c, r = f. g' = g, h' = h; 
that IS, for one of the usual non-canonical forms, 

^3^'4 — ^'3^4 — ^1^2 

sin 6^34 sin ’ sin 6^34 sin 

#13^4 — ^3^»4 _ ^< 1^2 — _ mik2, — kim^ 

sin ^34 sin d \2 sin ^34 sin ^12 ’ 

^ 37/(4 m^l^ liTn^ — niil^ n^k^ — k^n\ nxk^ — k\n^ 

sill ^34 sin ^12 i^in ^34 sin 6^12 

Hence 

ar/is + /37W4, wh + 0^:3 + /9A;4 || = 0 : 
l\ , 7711 , Hi , A’l 

l^ , /712 , 712 , k2 II 

and therefore the parallel to any direction in the second plane, which has 
23 , 7713 , 713 , 4 : 3 , and Z 4 , 7714 , 714 , 4 - 4 , for guiding lines, is contained also in the first 
plane : a property characteristic, unique and complete, of the parallelism. 

If the two planes meet in a point only, there is no direction in either 
plane which has a parallel in the other. When such directions are possible 
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wc have 

yli +S?2 = (rials +/8/4 ). 

7?Wi + = <r (anis + 

7111 + 8ri2 = O’ (flWa + /8rJ4 ), 

yki + 8/^2 = O’ {aks + )j 

Avheiv 

_ /7* + 8^ + 278 cos 0i2\^ 

^ \a® + + 2a/i cos ^34/ 

Til order that these e(]|uations may coexist, it is necessary that the relation 

li, nil, wi, =0 

hf 'nis, «2, ^’2 

^ 3 i rns, Wsi ^3 
Z4, ni^y W4, Ar4 

shall be satisfied . and the relation is not satisfied when the two planes meet 
in a point only. In that circumstance, neither plane contains a direction 
parallel to a direction in the other plane. 

If the two planes do not meet in a point only, but meet in a line (which 
may lie at infinity), a guiding direction common to the two planes can be 
selected, being the direction of this line ; let it J)c 1, m, n, k. When another 
guiding direction for the first plane is Is, ms, nl, ks, and another guiding 
direction for the second plane is U, m^, k^, a direction in the first plane 

can be parallel to the second plane, if 

\l fils = <r (al + Pl/i ), 

\m + finu = <T {am + 

\n + fins = <r (an + /3n4 ), 

\k + fiks = O’ (ok + pkn ). 

These equations can be satisfied, if 

\ = o’o, fi=0, /S = 0 . 

that is, if all parallel directions in the two planes are parallel to /, ni, n, k - 
that IS effectively, if there is no such direction which is not parallel to the 
common line. Or they can be satisfied, if 

I4, W4, ><4, ^4 =0 

I , m , n , k 

Is, ms, ns, ks 

SI) that, now, every line in the second plane finds a parallel direction in the 
first plane : the two planes are coincident, if their common line is in the 
finite part of space : they are parallel, if their common line lies at infinity. 
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These results may therefore be summarised as follows: 

(i) if two planes meet in a point only, there exists no direction in either 
parallel to a direction in the other . 

(ii) if two planes meet in a line, every direction in one parallel to that 
line is parallel to every direction in the other parallel to the line , 
and such directions may be the only parallel directions : 

(iii) if two planes meet in a line not at infinity, they may be coincident - 

(iv) if two planes meet in a line at infinity, they may be parallel. 

The relations between two planes at right angles. 

96 . The condition, that two planes may be regarded as being at righi 
angles, is that the quantity 0 shall be Jtt ; and therefore we have 

cos ^13 cos ^24 — cos 6 ^ COS ^14 = 0 

as a necessary condition ; with, of course, the equivalent condition T= 0 , when 
the equations of the plane are in canonical form. 

We have already seen (§ 67) that there arc two kinds ot relation in 
which planes can be regarded as at right angles. In one type of relation, 
every line in cither plane is perpendicular to every line in the other plane , 
in the otlier type of relation, one direction certainly (and consequently every 
parallel direction) is perpendicular to every direction in the other plane. We 
may note a third type of relation : becduso, given any arbitrary direction in 
one plane, there will be some direction perpendicular to it in the other 
plane. It therefore is desirable to investigate the types of relation in which 
two planes must stand so that they can be regarded as being at right angles 
We shall take a common point of the planes as origin ; and we represent 
the two planes by the two sets of equations 

.r, // , j , V 1 = 0. 

^3. W3, A:3 I 

^4 p ^'4 

Typical directions in the first plane and in the second plane are given by 
\ = + ^9^2, p = ami + ^ 

hf = 7/3 + BU I = 7WI3 + Sm4 , V = 7/i3 + S;j4 , k = + SA;4, 

respectively. 

The third type of relation requires only brief consideration. When a 
direction /i, v, ic, is arbitrarily assumed in the first plane, a perpendicular 
direction V, p , v , ic\ can be obtained in the second plane. The necessary 
condition is 

7 (a cos ^13 + /9 cos ^23) + S (a cos ^14 + /9 cos ^24) = 0 ; 
and therefore, as 

72 _|. ga _|_ 2-y5 fos ^34 = I, 


X, y, z, u =0, 

li, nil, 111, ^'1 j 

^ 2 1 ^*-21 ^2 I 
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we have values of 7 and 8, that are unique (save as to sign) : that is, we have 
a direction V, fj.\ v\ k\ in the second plane, unique (save as to sense), and 
perpendicular to yu, v, k. 

Similarly, if a direction \\ fi, p\ is arbitrarily assumed in the second 
plane, we can find a direction in the first plane, unique (save as to sense), 
and perpendicular to X', v, k. 

Thus there is nothing distinctive, arising out of this kind of relation: 
there is no limitation of any nature upon the planes. This property is merely 
an incident common to any pair of planes: it is ignorable as regards any 
relation of perpendicularity for the ivhole of the first plane, or the whole of 
the second plane, or both, because it is concerned only with single lilies. 

There remains the consideration of the other two types of relation. 


Perpendicular planes. 

97 . We have seen (§§ 33 , 67 ) that a line can be perpendicular to every 
direction in a plane, and yet be not unique in the possession of that 
property. We have also seen (§ 22) that the locus of lines through a point 
perpendicular to a given line is a fiat, so that every plane in the fiat is 
perpendicular to the line : yet no plane in the fiat is unique in the possession 
of that property. We therefore proceed to enquire in what circumstances 
a line or lines in one plane can be perpendiculdt to every direction in the 
other plane. 

Consider the direction V, /l', v\ k\ in the second plane. If it is per- 
pendicular to every direction in the first plane, the relation 

V (o^i + ^^a) + p! (anil -1- ^wia) + v (ani + + k' {aki + = 0 

must be satisfied for all values of a and subject to 

a* + /S* + 2a^ cos = 1. 

Among these possible values are a = 1 , = 0 ; and a = 0, = 1 , which lead 

to the respective relations 

2 x 7 i = 0, 2 x 7 a = 0. 

Conversely, when these are satisfied, we have 

2X {al\ + /S ^2) “ 0| 

for all values of a and ^ : that is, the two relations secure the property that 
the direction X', v\ k\ in the second plane is perpendicular to every 
direction in the first plane. 

When we substitute the values of \\ v\ k\ the relations become 
7 cos ^13 + 8 cos ^14= 0 1 
7 cos 023-^8 cos ^24 = 0 ] ’ 



97 ] PLANES 159 

while 

7® + + 27S cos ^34 = 1, 

an equation which precludes the possibility 

7 = 0 , 8 = 0 . 

It tbllows that, if both relations exist, we must have 

cos ^13 cos ^24 — cos ^83 COS 6 ^^ = i) , 

and when this relation is satisfied, the two relations are equivalent to one 
only. That single surviving equation, together with the relation 

7* + 8* + 278 cos ^34 = 1, 

determines values of 7 and 8 that are unique save as to sign ; and con- 
sequently, under the assumptions made, there is a single direction in the 
second plane perpendicular to every direction in the first plane. And the 
assumptions, which have been made, are, firstly, 

cos ^13 cos ^24 — cos 6 ^ COS ^14 = 0 , 
and secondly, that both the relations 

7 cos ^13 -I- 8 cos ^14 = 0 , 7 cos ^ 23 - 1-8 cos ^24 = 0 , 

exist, that is, are not evanescent. 

Now it might happen that one of these two relations is evanescent. If it 
were the first, we should have 

cos ^13 = 0, cos ^j4 = 0 . 
and if it were the second, we should have 

cos ^23 = Of cos ^24 = 0, 

all four conditions being necessary to reduce both relations to evanescence. 
We might have the first relation evanescent, and then the direction 
Zi, Till, 71], is perpendicular to the second plane: that is, every direction in 
the second plane is perpendicular to the particular direction mx, ni, ^i, in 
the first plane. In order that the particular direction X', fi, k\ may be 
perpendicular to the direction Z2, 7712, 713, ^2, (and therefore, now, perpendicular 
to the first plane), we must have 

7 cos 6^23 + S cos ^24 = 0 ■ 

a non-evanescent relation which serves for a determination of 7 and 8, 
unique save as to sign : that is, there is a single line v\ k\ perpendicular 
to the first plane. 

We could even have cither cos ^23 = 0. “-nd then 8 = 0, that is, the 
direction Z3, 7713, 713, Ajs, is perpendicular to the first plane: or cos ^24 = 0, 
and then 7 = 0, that is, the direction Z4, 7714, 714, k^, is perpendicular to the 
first plane. In each set of conditions, the relation 

cos ^13 cos ^24 ~ cos ^23 COS <>14=0 
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IS satisfied, and the two relations 


7 cos ^13 + £ cos ^14 =0, 7 cos ^23 + S COS ^24 = 0, 

do not simultaneously become evanescent : and, for each set of conditions, 
there is one (and there is only one) direction in the second plane perpendicular 
to the first plane. 

98. But now, when these conditions are satisfied, there is a reciprocal 
inference: there is one (and there is only one) direction in the first plane 
perpendicular to the second plane. The direction \, /i, v, k, in the first plane 
IS perpendicular to the direction Z3, 723, in the second plane if 

2X^3 = a cos ^13 -h cos ^33 = 0. 


But owing to the relation 

cos ^13 cos ^24 — cos ^23 COS ^14 = 0, 

Ave now have 

a cos ^14 + ^ cos ^24 = 0. 

Hence the direction X, /a, i/, chosen perpendicular to the direction 
Zii TWa, 7I3, /ca, is perpendicular also to the direction Z4, m^, 7/4, k^^-. that is, 
it is perpendicular to the second plane. Moreover, the relations 

a cos ^13 + cos ^23 = 0 , a* 4 - + 2 flf /3 cos 0j2 = 1 , 


determine values of a and which are uniqut save as to sign; that is, undei 
the set of conditions, there is one (and there is only one) direction in the first 
plane perpendicular to the second plane. 

But, in order that these results may follow, it is necessary that not both 
the e(|uations 

7 cos ^13 + S cos ^14 =0, 7 cos 6^23 + 5 cos ^24 = 0, 

shall be evanescent — one may be evanescent, but not both. There is also 
a necessity that not both the equations 

a cos ^13 + P cos ^23 = 0, a cos + P cos ^24 = 0, 
shall be evanescent — one may be evanescent, but not both. 


Orthogonal plants. 

99. If both equations in the first pair are evanescent, then 
cos ^13 = 0, cos ^14 = 0, cos ^23 = 0, COS ^24 = 0- 

Should these conditions be satisfied, then both the equations in the second 
pair are evanescent. The conditions are necessary and sufficient to secure 
that both pairs of equations are evanescent ; and, of course, the condition 

cos ^13 cos ^24 “ cos ^23 COS ^14 = 0 
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is satisfied. We now have 

= 2 (ot^i + (7^3 "h ^^4) 

= ay cos ^13 + Py cos ^as + cos ^14 + ph cos ^24 
= 0 : 

or every direction in the first plane is perpendicular to every direction in the 
second plane. 

Thus there are two kinds of relation of perpendicularity possible between 
two planes. In one kind of relation, each plane contains one (and only one) 
direction perpendicular to every direction in the other plane. In the alter- 
native kind of relation, every direction in cither plane is perpendicular to 
every direction in the other plane. 

Accordingly, we define two planes as orthogonal to one another, when 
every direction in either plane is at right angles to every direction in the 
other plane ; and we define two planes as perpendicular to one another when 
each plane contains one (but only one) direction at right angles to every 
direction in the other plane. Finally, when two planes arc such that each 
contains only one direction at right angles to any arbitrarily assumed direction 
in the other — a selection that always is possible — we do not regard this 
incident of isolated perpendicularity, which is common to all planes in pairs, 
as constituting a relation of perpendicularity. 

The conditions for orthogonality are 

cos ^13 = 0 , cos ^14 = 0 , cos ^23 = 0 , COS ^24 = 0 . 

If the four quantities cos ^13, cos ^14, cos ^231 cos ^241 do not necessarily vanish 
individually, yet satisfy the equation 

cos ^13 cos ^24 — cos ^23 COS ^14 = 0 , 

the planes are perpendicular. This single relation is the condition for 
perpendicularity. 

Note. We have seen that it is possible to draw a line in one plane 
parallel to a line in another plane, only if they lie in one flat : an extreme 
case, when the directions arc not unique, arises when the two planes are 
parallel. 

On the other hand, it is always possible to find one line in a plane and 
one line in another plane such that the two lines are at right angles. When 
the planes are perpendicular, any line can be taken in one plane, and there is 
one line in the other at right angles to every such line. When the planes are 
orthogonal, every line in either is at right angles to every line in the other. 

If, then, X denote the inclination of a line in one plane to a line in 
another plane, usually cos^;^ cannot be equal to unity: a condition is required 
if cos*;^ can be equal to unity. But lines can always be chosen so that cos*;^ 
can be equal to zero. It is therefore to be expected that, when two planes are 

11 


r. a. 
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arbitrarily chosen, there will be a minimum value of cos^;^ different from 
zero ; the investigation of this value has already (§ 93) been effected, and it 
shews that the angle is not equal to the inclination of the two planes when 
they do not lie in one and the same flat. 

Jir 1 Show that the plaiiCN 

z^pa:-^qy\ z=p'x-^q’y\ 
v=rx+syi v=r'a?+s'yJ’ 

are orthogonal, provided 

l+pp' + yg''=0, /)g' + rj'=0, 

1 +rr' =-0, yp' + 8r'=0. 

A’a; 2. A piano is drawn through a, )3, y, orthogonal to the plane x —pz + gi?, y = rs + aw ; 
ohtain its equations in the form 

{pz-qr) (j:-a)+ a( 2 -y)-r (w-d) =01 
{pa-qr)(\f-fi)-q{z-y)-\-p{v-K)^o] 

Ex. 3. If two planes meet in a line, the planes through any point respectively orthogonal 
to them also meet in a line. 

Ex 4. If two planes are orthogonal, a plane meeting each of them in a line is per- 
pendicular to both 

Ex. 5. Provo that all planes, through a direction tii, and perpendicular at 

the origin to the plane 

X. y, V =0, 

^1, m,, /!,, /;• , 

hi ^2 

he 111 the flat 

{l^x -I- m^y + Ua? + ^ 2 ^) cos = (^i x-\-miy-\-niZ-\- v) cos 0 ^ 3 . 

Ex. 6. The planes, having orientation-cosines a, b, c, f, g, h, and a', V, c', f', gf, li', 
respectively, are orthogonal to one another ; prove that 

f™g h a b^c’ 

ITence (or otherwise) shew that, if two planes are perpendicular, the planes respectively 
orthogonal to them also are perpendicular to one another. 

Ex. 7. Shew that the two planes 

*C Z 17 ' X ^ 47 ' 

■ - sin a - j cos a = 0 - + - sin fl - j cos 3=0 

a c a CL c cL 

■ j -I 

COB a - j sin a = 0 \ — cos fl - j sin j9=0 

h e d f b c a > 

constitute the intersection of the region 

xZ y'fi V* _ 

J. i- 0 

c* cP 

by the flat 

cos J (a -I- j3) -1-^ sin i (a -I- /3) - ^ sin 4 (a - /2) - ^ cos i (a — j9) = 0 , 
and that they themselves meet in the lino 

sec 4 (o -Hja) = ^ cosec +i3)=~ cosec i (a - ^) =* ^ sec J (a - ff). 
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Prove that two planes of the first family, for diftercnt values of a, meet in the origin 
only ; and likewise two planes of the second family, for different values of 

Prove also that the two given planes are perpendicular to one another, for parametric 
vnlues of a and /9 connected by the relation 

c‘^d^ — = — 6*c®) sin a sin + (6*oP* — d^c^) cos a cos / 3 . 

Ex. 6. Prove that there are no real values of the quantities a, /S, y, d, for which the region 

X^ 

a j 9 y 0 

can contain planes, unless . and that, if c=0, and if the region contains straight 
lines, two of the four quantities a, jS, y, d, are positive and two are negative. 

Prove also that, when the last requirements arc satisfied, two (and only two) contained 
lines pass through every point of the region. 

Ex. 9 . Given five fiats 

LrX + J/,y + ■{■KyV~Pr= 0, 

('/' = 1 , 2 , 3 , 4 , 5 ), no four of which intersect in a line . prove that, if bo the perpendicular 
upon the fiat 't.L^x— from the intersection of the remaining four. 


A. 

T'i I 

A., 

X. 1 

= 

Pi, 

Li, 

Mi, 

Mi, 

Ma ! 

31., 

Mi, 

Jfu, 

if. 


A. 

Li, 

Mi, 

Mi, 

Mi 


Ni, 

AT,., 



P 3 , 

As, 

Mi, 

Mi, 

Ki 

A'„ 

Kt, 

7<r„, 

AT, 


Pa, 

La, 

Ma, 

Ma, 

Ma 





P., 

Li, 

Mi, 

Mi, 

Mi 


where and r, s, <, v, are 1 , 2 , 3 , 4 , 5 , taken cyclically. 

Shew that the inclination of the edge 

2X3:1?- 7^3 = 0, 2Z4ar-P4=0, 2X5i;-Pr,=0 

of the pentahedroid to the opposite face 


IS given by 
where 


2 Xia 7 -i*i = 0, 2X2^- 7*2 = 0, 

sin^ 6 sin^ a — cos^ a + cos^ /3 — 2 cos a cos jS cos u, 
cos u = Xj Xj + Afi A 2 + ATj E2 , 


A cos a = 

^ii 

Li, 


Li 

, Acosj3 = 

X 2 , 

^3 I 


Li 


Mi, 

Mi, 

Ma, 

Mi 


Mi, 

Mi, 

Ma, 

Mi 


Mi, 

Mi, 

Ma, 

Mi 


Mi, 

Mi, 

Ma, 

Mi 


Mi, 

Mi, 

Ma, 

Mi 


Mi, 

Mi, 

Ma, 

M; 


and 




1 , 
2X3X4, 


2X3X1, 2X1X5 

1 , 2X4X5 


2X3X5, 2X4X5, 


Orthogonal planes : orthogonal frames of reference. 

100. One important property of any couple of orthogonal planes is an 
inference from the conditions, first as regards orthogonality, and next as 
regards the modification of guiding lines in a plane without affecting the 
orientation of the plane. 


11—2 
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Let the two planes, as before, be 


X 

y . 

Z , 

V 

-0, 


V • 

z , 

V 

h. 

7^1, 

ni. 



^a, 

m 3 , 

n3i 

ks 

hi 

m 2 , 

712, 



hi 

m4, 

714 , 

k^ 


The conditions of orthogonality arc 

cos 013 = 2^1^3 = 0, 003 014 = 2^1^4 = 0, COS 023 = 2^2 ^3 = 0, 003 024=2^2^4 = 0; 

and whatever guiding lines be substituted for those specified in the first 
pair of equations, with equally free substitution of guiding lines for those 
specified in the second pair of equations, the condition of orthogonality 

2 (fli^i + ^^2) (7^3 + ^^4) = 0 

is satisfied. 

We can substitute for the two directions li, mi, ni, Aj, and I2, m2, ^2, 
any pair of perpendicular lines lying in the first plane. The choice of per- 
pendicular lines can be made in an unlimited number of ways : thus we could 
keep the direction Zi, mi, /<i, /ti, unaltered, and could substitute, for 
hi W^2, rt2i ^2 1 

h — Zi cos 012 m2 — ??li cos 012 ^2 — til cos 0i2 — ^i COS 0i2 

sin 012 * sin 012 ' sin 0i2 ' sm0i2 ’ 

a direction which is perpendicular to the retained direction : or we could 
retain the direction hi WI2, ^i2i ^2, and similarly, for Zi, mi, iii, ^’i, substitute 
the perpendicular direction 

Zi — h cos 012 mi — m2 £0^012 «ii — W2 cos 0i2 ki — k^ cos 0i2 
sin 012 ’ sin 012 ’ sin 0i2 ' sin 0i2 

Similar changes can be made in the assignment of guiding lines for the 
second plane without affecting the orientation. 

Consequently it may be assumed, without any loss of generality or effect 
upon the respective orientations of the two planes, that the two guiding lines 
for each plane are perpendicular to one another. Therefore, assuming that 
such guiding lines have been selected, we have 

cos 012 = 0, cos 034 = 0. 

The orthogonality is not affected, so that the relations 

cos 013 = 0, cos 014 = 0, cos 023 = 0, COS 024=0, 

still hold. Thus there are four directions through the origin, which are 
perpendicular to one another in all the six pairs. 

We therefore infer that any two orthogonal planes belong to an orthogonal 
frame of reference. 

Further, as Z4, m4, 114, ^4, is a direction perpendicular to the other three 
directions, it is normal to the fiat through the origin determined by those 
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three directions. Similarly for each of the four directions in turn. Hence the 
flats of reference, in any orthogonal frame to which two orthogonal planes 
belong, arc the flats perpendicular to the four determining directions ; bheir 
four equations are 

IrX + rriry + rirZ + krV = 0 , 

for r = 1, 2, 3, 4, the origin being at the intersection of the planes. 


Amplitudes generated by the projecting lines in the process of projection. 

101. Brief notice may be taken of the amplitudes which can be constituted 
from the array of lines projecting a given line, point by point, upon another 
amplitude. 

(A) When the line 

x — a __y — 0 — _v — h 

\ fl V K 

is projected upon the fiat 

Lx + My + Nz + Kv = P, 

the direction-cosines of any projecting line arc L, M, N, K. When a point 
f, 17, f, V, on the given line is taken, so that 

f = a + \p, i; = /9h- f = 7 + I'p, v = h + Kp, 

the equations of the projecting line from f, f, u, arc 

a; — f = LRj y—ij= MR^ z ^ ^ = NR^ v — v = KR , 

and therefoie x, y, z, v, lies upon the plane 


X — a, 

00 

1 

1 

1 

h , 

(L , V , K 

L , 

M . N , K 


which accordingly is the amplitude generated by the projecting lines. 
Manifestly it is the plane through the given line and a direction through 
a, 7, 8, normal to the flat. 

(B) When the line 

a; — a_2/ — — 7_v — 8 

\ p, V K 

is projected upon the plane 


x — a. 

y-b, z-c. 

v — d 

= 0 

k . 



ki 


k , 

m2 , 

"2 , 

^'2 
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the foot of the perpendicular upon the plane from any point 
w, = a + Xp, ^ + 7 + vp. S + Kp, 

upon the line has F, Z, F, for coordinates, where (§ 69 ) 

X = a-^pli-\-ql2, Y=h-^pmi + qm2, Z = c-\- p 7 ii + qnz, V = d + jiki qh, 
and 

p = ^2^ (a — a) — {2/2 (a — a)) cos &> + p (cos 7 — cos S cos o))] = A + pC, 
q = . \ [Xl2(oL — a) — { 2 /i (a — a)} cos to + p (cos S — cos 7 cos oi)] = B pD, 

SI 11 * 0 } 

cos 7 = 2^1 cos 8 = 222^1 cos 01 = 2^1^2. 

Now along the line of projection, any point is given by 

^ f C _ y-v _ 

Z - f “ Y-7i~ Z - F- V 

so that 

= a(l — Q) + Q [a + {liA + l^B)] + (^iC' + l^D) + \p (1 — Q), 

that is, 

a; - a = 0 [{l\A + l^B) - (a — a)) + Qp (hC + hD) + p-(l - Q)X, 
with three similar equations Hence 

2^1 (x^a) = Q ((A + B cos o)) — 2 /i (a — a)} 

+ Qp {C D cos o)) + p (1 — Q) cos 7 

= p cos 7 ; 

and similarly 

2/2 (x — a) = p cos 8 . 

Hence the array of projecting lines lies in the flat 

(2^2 \) 2^1 (a; — a) = (XliX) a). 

Again, writing the four equations in the form 

X = QL + QpL' + p (1 — Q) \ + a (1 — Q), 
y = QM+ Qpilf ' +p (1 - Q) + ^(1 - Q), 

2 = QN^+ Qp 2 V'' + p(l - Q) I' + 7(1 - Q), 
v = QK +QpZ'+p(l-Q)>c + S(l-Q), 

we have 

0Q = Ai, ®pQ=A 2 . 0p(l-Q) = A 3 , 0 ( 1 -O)-A 4 , 



101] GENERATED BY PROJECTING LINES 167 

Avhere 

Z, L\ \ OL , 

M, M\ fi, 0 

N, N\ V, 7 
K, K\ K, S 

^1 “ ® I Z , fx , 

y , M\ fi, 0 
z , N\ V, 7 
V , -K", B 

with similar expressions for ^2, A3, A4. Consequently 

Ai + A4 = 0, 

A2 Aj — Ai A4 = 0. 

The former can be changed so as to become the foregoing equation of the 
containing hat. As each of the expressions A], A2, As, A4, is linear in x, y, 2, v, 
the latter is a quadratic region. 

Hence the locus of the projecting hues is the section of this quadratic 
region by the hat* that is, it is a quadric surface, which manifestly must 
be (I ruled quadric surface in a spa^e of three dimensions. 

(C) When the line 

x — fx_y — P — 7_ u — S 

\ fl, P K 

is projected upon the live 

x^a _jf — b __ 2 — c __v — d 
I m n k 

the foot of the perpendicular, upon the second line from any point 
fi f» I'l = « + ^ + g>p, 7 vp, 8 + #cp, on the first line, has for its co- 

ordinates X, K, Z, F, where (§ 24) 

X-a Y-h Z-c V-d - 

7 = ^,-=Si(?-«) = 2i(a-a) + pco8<?, 


and cos d = l\ + mp -\-nv + kte. Along the projecting line, we have 

V-v ’ 

that IS, 

x = ^(l-R)-\-RX, 

or 

a; — a = Xp (1 — i2) -h 12 (A — a) 

= Xp (1 — 12) -I- (tt — a + I'll (a — a)) 12 -I- Rpl cos 6, 
with three similar expressions. 
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Eliminating /a (1 — R), R, Rp, we have 


a? — a. 


a — a + Z 11 (a — a), 

1 

= 0. 



h — fi-\- mil (a — a), 

m 


z-y, 

V, 

c —y -hull (a — a). 

n 


V - 8, 


d — S + kH(a — a), 

k 



Thus the generating lines lie in a flat, which manifestly contains also both 
the given lines. 

Again, writing the four equations in the form 

a; = a (1 — P) + P (a + (a — a)) + (1 — i^) + Ppl cos 0j 

with three others, and resolving for 1 — P, P, p (1 — P), pP, wc have relations 
of the form 

^^(l-P) = Ai, @P = A2, 0p(l-P) = A3, 0pP = A4, 

where Ai, A2, A3, A4, are linear in x, y, z, v, and 0 is independent of x, y, v. 
Consequently 

Ai + A 2 = 0, 

A2A3- AiA4 = 0. 

The former can be changed into the equation of the containing flat. The 
latter is a quadratic region. ^ 

Hence the locus of the projecting lines ^5 the section of the quadratic 
region by the flat : that is, it is a ruled quadric surface w a space of three 
dimensions. 

Note. The identity of the results in (B) and (C) can be explained by the 
following consideration. 

The projection of a line upon a plane, as in (B), is a line in that plane, 
and if a point P on the line is projected into a point Q in the plane, PQ is 
perpendicular to the projected line. This charaeteristic is exactly the same 
as for the projection in (C) Hence the configuration, constituted by the 
original line, the projected line, and the array of projecting lines, is the same 
for the two problems. 

Moreover, a flat can be drawn through any two lines in quadruple space. 
Hence the whole configuration lies in a flat : and thus both problems, in 
essence, become problems in three dimensions. 



CHAPTER VII. 

Globular Representation : Projections : Rotations. 

Globular representation. 

102. It is convenient to introduce the trigonometry of a globular con- 
figuration, in connection with the inclinations of various amplitudes to one 
another, whether they be of the same dimensions or of different dimensions. 

A line, by itself, provides one direction. A flat, by itself, provides three 
independent directions, which initially are not unique : but no two of them 
may coincide, and the three may not be complanar: and the flat contains 
a double infinitude of directions, linearly congruent with the three guiding 
directions A plane, by itself, provides two independent directions, which also 
initially are not unique, but they may not coincide; and the plane contains 
a single infinitude of directions, linearly congruent with the two guiding 
directions. When two planes are given, they either intersect in a line ; and 
then the four guiding directions can be reduced to three, by taking the 
common direction as one of the two guiding lines for each plane or, if this 
arrangement is not adopted, the four guiding lines lie m one flat : or the two 
planes intersect in a point only, and then they provide four guiding lines 
which do not simultaneously lie in one flat. Further, external directions con- 
nected with the trilinear flat arc most conveniently estimated by reference to 
a normal to the flat, that is, by reference to a line which is perpendicular to 
every direction in the flat. 

It thcrcfoie appears that four directions, chosen so that they do not 
simultaneously he in one flat, will provide a configuration adequate for the 
consideiation of the inclination between a line, and a plane, and a flat (through 
its normal), and of each such homaloid with another of its own type. Thus, 
in all, there are six possible cases : but, effectively, they reduce in number, 
because of the relation between a flat and its normal line. 

Let the four directions be denoted, temporarily, by 1, 2, 3, 4. Then there 
are six planes, determined by pairs of these directions taken to be represented 
by four lines concurrent in the origin; and there arc four flats, determined 
by triads of these directions. We can denote the flats by 234, 341, 412, 123. 

The SIX planes arc 12, 13, 14, 23, 24, 34. Of these, 12 and 13 intersect 
in the line 1, and lie in the flat 123, which also contains 23 intersecting 12 
in the line 2 and 13 in the line 3; similarly 23, 34, 42, lie in the flat 234; 
34, 41, 13, in the flat 341 , and 41, 12, 24, lie in the flat 412. But the planes 
12, 34, intersect in the origin only and do not lie in one flat : likewise the 
planes 23, 14 ; and likewise the planes 31, 24. 
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As the cosines determining any direction satisfy an equation 

+ m* + 7i* + P = 1, 

we take a triple region in the quadruple space : this region, called a unit globe, 
IS defined by the equation 

P + y* + + V® = 1, 

the centre of the globe being the concurrent point of the four directions. 


Sections of a globe. 

103. (i) The section of the globe by a central flat is a surface, which is 
easily seen to be a sphere (that is, the surface of a sphere in the three- 
dimensional space of the flat). For any central flat is represented by an 
equation 

Lx + My -H Nz -1- Kv = 0, 

where Z, M, N, K, arc the direction-cosines of its normal Take an orthogonal 
frame of four lines, perpendicular to one another in pairs, the normal to the 
flat being one of these lines , and let the lines of this orthogonal frame be 
taken as axes of X, F, Z, F, respectively. Then one of the new coordinates — 
let it be V — is 

V^Lx^-My^-NxF\Kv. 

In the new frame, the globe is 

X2 + 72 + ^2 + 72=1, 

Consequently, the section of the globe by the central flab F = 0 is the sphere 

lying ill the flat region F= 0, that is, in an ordinary three-dimensional 
Euclidean space ; and the radius of the sphere i.s unity, being the radius of 
the globe. 

For our immediate purpose, the section of the globe by a non-central flat 
Lx + My + Nz Kv = cos a 

is not required : with the same change in the frame of reference it would be 
a sphere 

Z*-^F2-l-2r* = Bin*a, 

existing in the flab F = cos a ; but we are not concerned with non-central 
sections of the globe at this stage. 

(ii) The section of the globe by a central plane is a curve, which is easily 
seen to be a circle (that is, the circumference of a circle lying in the plane). 
For any central plane is represented by the equations 

Lx + My-\-Nz+Kv = 0, L'x-\- M'y + N'z-\-K'v = 0; 
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and therefore, with the previous change of frame of reference, it comes to be 
represented by the equations 

V=0j \X + fiY+ vZ kV=0, 

(the two flats in the equation of the plane are not supposed to be necessarily 
perpendicular) : that is, by the equations 

V=0, \X fjiY vZ = 0. 

As before, the globe is 

and therefore its section by the specified central plane is the section of the 
sphere 

by the amplitude \X fiY vZ = 0, both lying in the flat F=0; that is, 
the section is a great circle of this sphere. We may regard it as a great circle 
of the globe. 

Again, the section of the globe by a non-central plane is not wanted for 
our immediate purpose : it would be a plane section of a 'small sphere* 

A2+ Y2 + Z2 = sinao, 

and it might be either a great circle or a small circle on that sphere, according 
to the position of the plane : that is, we could regard it as a small circle on 
the globe. 

(iii) The section of the globe by any central line, regarded as a direction, 
IS a point. (Strictly, it would be two points, if opposite senses were allowed 
to the line. But we rcgaixl the line as a single direction in one sense, 
emanating from the origin ; the portion of the complete line, in the other sense, 
would be another single direction in the same diameter. With this convention, 
a direction meets the globe in only one point ) 


The globular quadrilateral. 

104. Accordingly, we have a configuration. The points 1, 2, 3, 4, being the 
ends of radii of the globular region, represent the four directions l^, rHj, 
for 1 = 1, 2, 3, 4. The arcs 12, 13, 14, 23, 24, 34, being arcs of circles with 
their common centre at the centre of the region, represent the six planes, 
determined by the directions, taken in paiis. Any three non-complanar 
directions determine a flat ; and thus the surfaces of the four curvilinear tri- 
angles 234, 341, 412, 123, represent the four flats, determined by the four 
directions, taken in triads. 
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Moreover, each triaogle is a part of the spherical surface which is the 
section of the globe by its flat; thus 
there are four such spherical sections. 

As we shall be dealing with the inclina- 
tion of the planes 12 and 34 to one 
another, we drop arc-perpendiculars on 
the representative arcs : on 12, the per- 
pendicular 37 in the spherical surface 
123 and the perpendicular 48 in the 
spherical surface 124; on 34, the per- 
pendicular 15 in the spherical surface 
134 and the perpendicular 26 in the 
spherical surface 234. Thus the arc 56 
represents the projection of the plane 
12 on the plane 34, and the arc 78 represents the projection of the plane 34 
on the plane 12; each of these intercepted arcs will be connected with the 
measure of the inclination of the planes 12 and 34 to one another. 

The polar quadrilateral. 

106 . Further, each of the four flats has a unique direction normal to itself; 
the radius parallel to this direction will bcftaken to represent the normal. 
Thus we shall have two points in the globulal region corresponding to this 
normal. That one of the two points, which lies on the same side of a flat 
through three dircction.s as the remaining point-direction lies, will be called 
the pole of the flat. Let A, 2^, G, i), be the respective poles of the flats 234, 
341, 412, 123 ; then A and 1 lie in the same vicinity, likewise B and 2, like- 
wise O and 3, and likewise D and 4. Also, the arc \B is a quadrant of a circle 
because B is the pole of 341, the arc \C is a quadrant because C is the pole 
of 412, and the arc 12) is a quadrant because D is the pole of 123; conse- 
quently, as each of the arcs 1^, 1C, 12) is a quadrant, the point 1 is the pole 
of the flat BCD. Similarly, the point 2 is the pole of the flat CD A, the point 
3 is the pole of the flat DAB, and the point 4 is the pole of the flat ABC. 
Thus the polar relation of the two (quadrilaterals 1234 and ABCD is re- 
ciprocal. 

Normals to the flats. 

106 . 3'he direction-cosincs of the normals to the four flats — being the 
coordinates of the four poles in the globular region — have been given already 
by implication. Let 

Ai® = 1 — cos® 023 — cos® ^34 — COS® + 2 COS 623 COS ^34 COS ^42 ' 

A2® = 1 — cos® ^34 — cos® 641 — cos® ^13 -i- 2 cos ^34 COS 641 COS ^13 
A 3 ® = 1 — cos® 041 — COS® 0J2 — cos® 024 + 2 COS ^41 COS 012 COS 024 ’ 

A4® = 1 — cos® ^12 — cos® 023 — cos® ^31 -f- 2 cos 012 COS 023 COS ^31 , 


1 A 
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and let the coordinates of the poles be Zi, ilfi, iVi, for il ; Z2, ^2, i^2i 
for B\ Ls, M3, N3, K3, for C\ and Z4, M4, N^, K^, for D. Then 
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Also, the inclination of the normal of the flat 234 to the direction 1 is repre- 
sented by the arc A \ : therefore 

cos il 1 = Ij\ + Ml nil “J" -^1^1 H" 

li, mi. Hi, /li 

hi '*2 1 ^’2 * 

h. Wa, ?i3, A 3 

h, 7M4, '^4. h 

where, as in § 82, 

0 = 1— cos* 612 — cos* ^23 — cos* ^31 — COS* ^14 — COS* ^24 “ COS* ^34 
-h COS* 012 cos* ^34 + cos* 023 COS* 0 u + COS* ^31 COS* ^24 
+ 2 cos 012 COS ^23 COS ^31 -j- 2 cos ^23 COS ^34 COS ^42 
+ 2 COS ^34 COS 0^1 COS ^13 + 2 cos 0 n cos ^12 cos ^24 

— 2 COS 012 cos ^13 cos 02i COS ^34—2 COS ^21 COS ^23 COS ^14 COS ^34 

— 2 COS ^13 COS 023 cos ^14 COS ^24 ; 

and 0 is not zero, because the four directions 1, 2, 3, 4, do not lie in one flat 
Similarly, for the arcs B'2, C3, 2)4. We thus hiive 

cos A 1 = ^2 cos B2 = As cos C3 = A4 cos 2)4 = 0* 


Ai 
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-©lAxQi- 

cos 012 } 

COS ^23 1 

COS ^24 


cos ^13, 

1 , 

COS ^34 


COS ^14, 

COS ^ 34 , 

1 


1, 

COS ^ 12 , 

COS ^24 


COS ^23< 

COS ^13, 

COS ^34 


COS ^24 1 

COSdl4, 

1 

-©*AiSi = 

1 

COS ^23 1 

COS ^12 


COS ^23 1 

1 , 

COS ^13 


COS ^24, 

COS ^ 34 , 

COS ^14 


Similarly for the direction-coordinates of the other poles. 

Again, Zi, Jlfi, Ni, Ki, are the minors of Zi, mi, ki, in ; and likewise 
for the direction-coordinates of the other poles. Hence 

^2 (L1M2 — M1L2) = — ^4^3), 

and so for other second minors of the determinant 


L,. 

Mr. 

Nr. 

Nr 

X,, M, 1 

N,. 

Nr 

X„ M,. 

N,. 

JCr 

Z4, 


iV 4 , 



and therefore 


that is, 


A2® 2 (LiMz — MiL^)^ =02 

A2® sin® A 5 = 0 sin® ^34, 


or 

Further, we have 


^1^2 sin AB = ®^ sin ^34. 


Ax A2 cos A.B = (Zi L2 -I- Jl/i Afj + Ni N2 + Ki Ai A2 


= -2 

WI2, ^3 


W3, U2, k^ 


^ 3 i ^ 3 » ks 


mi, W4, ki 


m 4 , W4, ki 


ki 


cos ^ 12 , cos ^13, cos ^14 
cos ^23, 1 , cos ^34 

cos ^24f cos ^34, 1 


Similarly for other quantities connected with the arcs of the polar quadrilateral 
ABCD. These polar arcs measure the inclinations of the flats : thus AZ is 
the supplement of the inclination of the two flats which intersect in the 
plane 34. 
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Inclination of two planes meeting in a line. 

107. The inclinations of the planes which in pairs intersect in a line, viz. 
the planes 12, 13, 14, all of which pass through the direction 1 ; the planes 
23, 21, 24, all of which pass through the direc- 
tion 2; the planes 34, 31, 32, all of which pass 
through the direction 3 ; and the planes 41, 42, 

43, all of which pass through the direction 4: are 
given by the customary relations of the four 
triangles 234, 341, 412, 123, on the spherical 
surfaces in the respective flats. Thus if p, q, r, be 
any three of the four numbers 1, 2, 3, 4, denoting 
directions, the inclination qpr of the planes pq and 
pr is given by 

cos qr — cos pq cos pr 

coso«r= — , 

smpgfsmpr 

sin qpr = ^ (1 — cos^pg — cos^gr — cos^rp -1- 2 cospg cos qr cos ?’p)^. 

smpqsinpr^ ^ ^ ^ 

Further, if 0 be the centre of the globe, and if pt be the arc-perpendicular in 
the spherical surface from p upon the opposite arc qr, so that Ot is the pro- 
jection of the direction Op upon the plane gr we have, as usual, 

cos pi sin qr = (cos^pg -f cos* pr — 2 cos pq cos pr cos g?')^, 

sin pi sin gr = (1 — cos*pg — cos*pr — cos*gr + 2 cospg cos pr cos gr)^, 

cos ri sin ri _ cos gi _ sin gi 

cos pr sin qr cos pg — cos pr cos qr cos pq sin gr cos pr — cos pq cos gr 

1 

(cos*pg + cos*pr — 2 cos pg cos pr cos gr)^ 

results to be used immediately, in connection with the inclination of two 
planes which meet in a point only (the centre of the globe) and not in a 
line, that is, which have no point of intersection to be represented on the 
globular quadrilateral. 


P 



Inclination of two planes meeting in a point only. 

108. The planes 12 and 34 do not meet except at the centre of the globe: 
they have no line common. The same holds of the planes 13 and 24, and of 
the planes 23 and 14. Thus the arcs 12 and 34 do not meet \ nor the arcs 
13 and 24; nor the arcs 23 and 14. 

It has been pointed out that the arc 56, intercepted on the arc 34, repre- 
.sents a projection of the plane 12 on the plane 34; and likewise the arc 78, 
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intercepted on the arc 12, represents a projection of the plane 34 on the 
plane 12. Thus each intercepted arc is a measure, in some form, of the 
inclination of the two planes : the actual relations of these arcs to the angle 
0 prove simple. 

Referring to the figure in § 104, we have 


cos 45 _ sin 45 

cos L 4 sill 34 cos 13 — cos 14 cos 34 



cos 15 sin 34 = 


where 


Hence 


cos 46 sin 46 1 ■ o>f n * 

-r: 777 = ^ n :tt = ^ , cos 26 sin 34 = Fi*, 

1 24 sin 34 cos 23 — cos 24 cos 34 

F] = cos® 23 + cos® 24 — 2 cos 23 cos 24 cos 34, 

Fj = cos® 13 4- cos® 14 — 2 cos 13 cos 14 cos 34. 


sin 65 = sin (46 — 45) 

= (cos 14 cos 23 - cos 13 cos 24). 

Fi^lV" 

But (§ 93) 

sin 12 sin 34 cos 0 = cos 13 cos 24 — cos 14 cos 23 , 


hence, substituting for Fi^ and F 2 ^ their respective values] cos 26 sin 34 and 
cos 16 sin 34, we have f 


, cos 15 cos 26 . -- 

cos 0 = — sin 56, 

^ sin 12 


the relation in question between the intercepted arc 56 and the inclination 
of the planes. 

In the same way, we have 


cos 18 _ sin 18 

cos 14 sin 12 cos 24 — cos 14 cos 12 



cos 48 sin 12 = Fs^, 


cos 17 


sin 17 


cos 13 sin 12 cos 23 — cos 13 cos 12 


= — . , cos 37 sin 12 = F^^ 

rA 


where 


and we find 


Fs = cos® 14 + cos® 24 — 2 cos 14 cos 24 cos 1 2, 
F 4 = cos® 13 + cos® 23 — 2 cos 13 cos 23 cos 1 2 ; 

, cos 37 cos 48 . 

cos 0 = : — sin 87, 

^ sin 34 


the relation in question between the intercepted arc 78 and the inclination 
of the planes. 

There is a simple verification in the fact that, if the planes are perpen- 
dicular so that 0 = i TT, the points 5 and 6 coincide, so that the perpendicular 
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from 1 upon 34 drawn in the triangle 134 meets 34 in the same point as the 
perpendicular from 2 upon 34 in the triangle 234; and similarly, in the same 
event of the planes being perpendicular, the points 7 and 8 coincide, being 
the feet of the perpendiculars from 3 and from 4 in their respective spherical 
.surfaces that intersect in the arc 12. 


Ex 1. Obtiin the following reaiilta, in addition to tho.sR stated for the arcs 45, 46, 17, 
18, viz . 


COS 35 

sin 35 

1 

cos 13 sin 34 

cos 14 — cos 13 cos 34 


COB 36 

sin 36 

1 

COS 23 sill 34 

cos 24 — cos 23 cos 34 

Pil’ 

cos 27 

sin 27 

1 

cos 23 sill 1 2 

cos 13 - cos 23 cos 12 


cos 28 

am 28 _ 

1 

cos 24 sin 12 

cos 14— CUM 24 cos 12 

Pji' 


Ex. 2 Prove that the dircctioii-cosincs of 05, or the coordinates of 5, are 


where 

ar 2 l = sin 14 cos 143, /9r2^=siii 13 cos 134 , 
that the coordinates of 6 are 

+ mo=a'«i4+^'wii, no=o'n>i + 3'»i, l-|i = o'^i+i3'X*4, 


where 


aT|l = sill 24 cos 243, 
that the coordinates of 7 aie 


/yr,! =sm 23 cos 234 , 


where 




•yr|i = sin 23 cos 123, 
and that the coordinates of H arc 


a7 = yWi + 8/?2i k~ = yki’\-hkij 

3r4l=sin 13 cos 213 j 


where 


+ ws = ymi + fi'm2» h=yki + h'ki^ 

7T|4 = sill 24 cos 124, 3' Fi ^ B am 14 cos 41 2. 


Ex 3 Prove that 

sin 78 _ sin 65 

Fj i F^^ Hin 12 Fj i sin 34 ’ 

and shew that the quantities a, a , /9', y, 3, y\ 3', in the preceding example arc such that 
(oj9' - a'j9) Fi^ Fa^ = (yfi' - yS) Fji r 4 ^= cos 1 3 cos 24 - cos 14 cos 23. 


Least arc-distance between two planes meeting only in a point. 

109. In § 92 an estimate was obtained for the least angular distance (and 
therefore, in the diagram the least arc-distance) between two planes which do 
not meet in a line. When these planes arc, once more, the planes 12 and 34, 

12 


F.G. 
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and this least arc-distance passes from a direction I, m, n, k, (say N) in 12 , to 
a direction /a, v, #c, (say N^) in 34, where 

I, m, n, k = (p, qJUli, mi, Wi, ki\ Zj, m2, ^2, ^2), 

X, /I, v, « = (r, sjia, m 3 , r»^, A^s; ^ 4 , WI 4 , n^, h), 
the critical equations are 

r cos 13 -h s cos 14i = {p + q cos 12) cos 6, 
r cos 23 -h s cos 24 = (p cos 12 -i- q) cos 9, 
p cos IS + q cos 23 = (r -H s cos 34) cos 0, 
p cos 14 -I- g cos 24 = (r cos 34 H- s) cos 0, 
where 0, = NN\ is the arc-distance in question. 


1 



cosliV’ ='^lil=p -h^ cos 12' 

cos 2N = 2 ^ 2 ^ = p cos 12 -H ^ 
cos 3^ = 2 / 3 ^ = p cos 1 3 -H </ cos 23 
cos4iV^ =2^4^ =pcosl4-l-^cos24, 
cosl-ftT' = 2^i\= r cos 13 - 1-5 cos 14 
cos 2N' = 2^2 X = r cos 23-1-5 cos 24 
co83iV'' = 2 / 3 X = r -h 5 cos 34 
cos 4iV^' = 2/4X = r cos 34 -|- 5 


and therefore the critical equations are 

cos IN* = cos IN cos NN*, cos 2N* = cos 2N cos NN*, 
cos SN = cos ^N' cos N*N, cos 4iV = cos ^N* cos N*N. 

Hence in the fiat liV’' 2 iV^l, the arc N'N is at right angles to 12 ; and, in the 
flat 3iV’4JV''3, the arc NN' is at right angles to 34. Thus the arc NN\ of 
least angular distance between the planes, is at right angles to the non- 
concurrenb arcs 12 and 34, which represent the two planes 12 and 34 meeting 
in no point in the globular representation but only at the centre of the globe. 


110 ] 


PROJECTION OF A LINE ON A FLAT 


179 


Projection of a line on a fiat. 

110 . The projection of a line on a flat is determinate when we know the 
direction -cosines of the projection, the line of course not being contained in 
the flat. In the globular diagram, the flat is represented by a spherical 
surface ; the given line is represented by a point which does not lie in that 
surface. The projection of the line, being a line in space, will be represented 
by a point ; as the projection lies in the flat, it is represented by a point in 
the spherical surface. 

The line and the flat are referred to their point of meeting, as the centre 
of the globe. The line is taken to be 
04 : the flat to have 01, 02, 03, for its 
guiding lines : that is, in the globular 
diagram, the flat is the spherical surface 
123, and the line is the point 4. Let D 
be the pole of the flat 123. After the 
analysis of §§ 60-64, we obtain the pro- 
jection of the line by drawing the plane 
through the normal OD to the flat and 
the line 04, and in this plane by then ^*8- 

drawing the line 04' perpendicular to OD. The line 04' is the projection : 
the point 4' in the diagram represents the projection of the line 04, repre- 
sented by the point 4, and 4'i) is a right angle in arc, because D is the 
pole of the flat. 

In the globular diagram 4'4 is at right angles to 14', to 24', and to 34' ; 
and the arc 4'4 is 6, the inclination of the line to the flat. But 4'4 is the 
complement of Z)4 ; thus 

sin 0 = cos /)4 
_ ^ 

with the preceding significance (§ 106) for @ and A4, and therefore 

COS 0 — — 

^4 

Then we have 

cos 14' cos 4'4 = COS 14, cos 24' cos 4'4 = cos 24, cos 34' cos 4'4 = cos 34, 
that is, 

cos 14' _ cos 24' cos 34' 1 A4 

cos 14 cos 24 cos 34 cos^ (A4®— 0)1 


1 



12—2 



GLOBULAR 


180 


[CH. VII 


Now if \\ /i', v\ k\ be the direction-cosines of 04', that is, be the globular 
coordinates of 4', we have (§ 44) 

\' = pli +irl2 +Tla 
p! = prrii -I- crma + 

, ' f 

V = pni H-ana -|-T?ia 
K = pki -I- (rk2 + tAs 

so that 

cos 14' = 'tliX' = p H- o- cos 12 -h T cos 1.3, 
cos 24' = 2/a^-' = p cos 12 H- o- -h t cos 2-3, 
cos 34' = = p cos 13 -|- o- cos 23 -|- t. 

Thus the values of p, a, t, are known, being 


pA4(A4»- 

-©)i = 

COS 14, 

cos 12, 

cos 13 



cos 24, 

1 , 

cos 23 



cos 34, 

cos 23, 

1 

«rA4(A4*- 

-«)* = 

1 , 

cos 14, 

cos 13 



cos 1 2, 

cos 24, 

cos 23 



cos 13, 

cos 34, 

1 


-©)* = 

1 , 

co^il2, 

cos 14 



cos 12, 

1 , 

cos 24 



cos 1 3, 

cos 23, 

cos 34 


Globular diagram. 

111 . The accompanying figure (p. 181) gives a globular representation 
connected with the parallelepiped in quadruple space shewn in the figure 
on p. 7. 

The points 0 , A, B, C, B \ o, y, B ; and P ; are the same in the two 
figures. To secure unit radius for the globe we take a = I = OA, h = m= OB, 
c = n= OG, d = k = OD. The points a, 7, 8, are the feet of the perpen- 
diculars from P on the respective flats a; = 0, y = 0, z = 0, v = 0. 

There arc four spherical surfaces in the diagram : 

the surface YaZ^^Va, with equations a; = 0, = I — l^ ; 


y = 0, = 1 — 

VyXy Yy, z = 0, + y^ + = 1 — 

XiY^Zi, u = 0, + y^-\- — k^. 


In the planes of reference, the sections of these spherical surfaces arc quad- 
rantal arcs, each joining points on adjacent axes. 
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In the right-angled spherical triangle FaZaFai there are three arcs 
through the point a, being Yaaot, VaCia^; and these arcs are the 

sections of the spherical surface by planes, through the point a and the 
respective axes OF., OZ., OF,. Similarly for the arcs in the other three 
spherical triangles, concurrent in 7, S, respectively. 

The line 00481 in the plane 0 VZ is the diagonal of the rectangle BOG in 
that plane : it meets the arc Za F, at the point of intersection 04 with the arc 
FaO, and it meets the arc ZsYi at the point of intersection 81 with the arc 
XiS. Similarly for the line iti the plane OZX^ for the line O7483 in the 

plane OXY, for the line O/^aya in the plane OVX, for the line OyiOa in the 
plane OFF, and for the line in the plane OVZ. 



The sections of the globe by the planes of reference are not drawn in the 
diagram: when unit lengths OX, OF, OZ, OF, arc taken, the quadrantal 
arcs are YZ, ZX, XY, VX, FF, VZ, 

Gonventions as to orientai%o}i coordinates of a plane. 

112 . Within the globular representation, we assign conventions as regards 
the senses of positive and negative directions, for rotations and for measure- 
ments of angles where mere magnitude is not the sole need. 
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Direction along a line is made precise, by assuming a centre of reference 
and defining direction along the segment of a line as the sense in which 
movement is made away from the centre of reference along the segment. 
Along one segment, direction is called positive : along the other, it is called 
negative. Thus fur a line AGB, the direction CB from G towards B is taken 
to be positive (that is, with G as the centre of reference), and the direction 
from G towards A is taken to be negative (again with G as the centre of 
reference). The direction from A to C is positive (even with A as the centre 
of reference) ; and the direction from 5 to C is negative (even with B as the 
centre of reference). 

The convention, as regards ratations, is less simple and less obvious : and 
its significance is of most importance in the application to the orientation- 
cosines of a plane. In the six planes of reference, the positive directions of 
rotation are selected by adopting, first of all, the convention that is customary 
in the geometry of three dimensions, and by superposing a convention for 
positive rotation from each of the three-dimensional axes to the remaining 
axis in four dimensions. Within this assumption, there is always a choice as 
to which axis shall be left as the fourth, we assume, as the fourth axis, 
the line which is associated with the dimension that, as the fourth, is 
imposed on the customary three dimensions. Accordingly, within the three 
planes of reference YOZ, ZOX^ XOF, in the figure on p. 7, the positive 
direction of rotation in the plane YOZ is from OF to OZ, in the plane ZOX it 
is from OZ to OX, and in the plane XO Y it is from OX to OY — the customary 
three-dimensional convention. In the plane XOV, the positive direction of 
rotation is taken to be from OX to OV\ in the plane YOV, it is taken to be 
from OF to OF; and in the plane ZOV, it is taken to be from OZ to OF. 

The orientation-cosines of the planes parallel to 


a:. 

y » 

z 

V 

k. 

Wli, 

Wi. 

kx 

k. 

mg. 


k^ 


have been taken, by anticipation, in accordance with this convention. They 
are given by 


miWa —7*1^12 
a = , 


ZiTiia — m^U 
c = : 

sin a> 

sin o) ’ 

sino) 

^ lik^ ■” k\ ^2 

mik2 — kx'ni^ 

, n-ik^ — kxn^ 
n = : , 

sin 01 ’ 

° sin (u 

sin <k> 


where oi denotes the angle between the two guiding directions of the plane : 
they are subject to the two universal relations 

af -I- bg + ch = 0, a® + b®-|-c®H-f*-Hg® + h®=l. 
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Interchange of the guiding lines, estimated analytically, is equivalent to a 
reversal of rotational direction v^ithin the plane and that reversal is met by 
the accordant change of sign in each of the six orientation-cosines. For cal- 
culations concerned with external relations of the plane, we have to deal with 
the ratios of the orientation-cosines when these occur ; so that a hypothetical 
internal interchange of guiding lines leaves the calculations unaffected. 
Moreover, these conventions give the following tableau of orientation-cosines 
characteristic of the six planes of reference : 



a 

b 

c 

f 

g 

h 

YOZ 

1 


■ 




ZOX 

■ 

1 


- 



XOY 



1 



xHv 




1 



YOV 





1 


ZOV 






1 


(The arrow, above the lettered title of the plane, denotes the conventionally 
positive direction of rotiition within the plane.) The tableau shews that the 
convention accords with the requirement of making each plane, with the 
assumed positive direction of rotation within the plane, coincide in sense 
with itself. 


Orientation coordinates of a fiat. 

113. Conventions as to rotations of a flat have been adopted implicitly, 
so far as these are concerned with internal rotations ; for the customary con- 
vention of three-dimensional space, with OX, OY, OZ, as axes of reference, 
has been adopted. When it is necessary to consider simultaneous movements 
of the whole flat, without compression or distortion, as by rotation round a 
normal to the flat, we adopt, as a convention, the assumption that, in any 
displacement, the three axes of reference are in a configuration which is a 
continuous displacement of their original configuration so that, without any 
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reversal of sense on the part of any one axis alone, the original configuration 
can be restored. 

As regards orientation coordinates of a flat, determined by three guiding 
lines implied in the equation 

a? , y , , V =0, 

Z , in , n , k 

l\ m' . n , k' 

m'\ ii!\ k" 

we have taken, as magnitudes sufficient for purposes of direction, the direc- 
tion-cosines of a normal to the flat, which are proportional to the four 
determinants 


m , 

n , 

k 

J 

n , 

k , 

1 

1 

k , 

1. , 

m 

, - 

1 . 

m , 

n 

m , 

i 

n , 

k' 


n , 

k\ 

V 


k', 

1', 

m' 



rti ' , 

v! 



k" 



k". 

1" 


A", 

1". 

m' 


V\ 




The four sets of direction-cosines for the four axes are 


1, 0. 0, 0, for OZ, 

0, 1, 0. 0, ... OF, 

0, 0, 1, 0, .^.OZ, 

0, 0, 0, 1, . . OF. 

When these are arranged in a determinant of four rows and columns, the 
same convention gives the direction -cosines of the normal to a flat containing 
three of the directions as proportional to the minors representing the fourth 
direction. Thus for the flat OFZF, the direction-cosiiics of the normal are 
proportional to 

0 , 1 , 0 , 0 , 

0. 0, 1, 0 

0, 0, 0, 1 

that is, they are I, 0, 0, 0 : for the flat OZVX, they are proportional to 

“ 0, 0, 1 , 0 , 

0 , 0 , 0 , 1 

1 . 0 , 0 , 0 

that IS, they are 0, 1, 0, 0 : for the flat OVXY, they are proportional to 

0, 0, 0, 1 , 

1 , 0 , 0 , 0 

0, 1. 0, 0 
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that is, they are 0, 0, 1, 0 : aad for the flat OX YZ^ they are proportional to 

- 1 , 0 , 0 , 0 , 

0 , 1 . 0 , 0 

0 . 0 , 1 , 0 

that is, they are 0, 0, 0, 1. All these results accord with the convention. 

Projection of volumes. 

114. The most frequent use of conventions, as regards directions, occurs 
in connection with linc-distanccs ; projections are a conspicuous example. 
But the conventions arc used in connection with magnitudes of different 
orders, such as areas and volumes, when a sense-direction has significance . 
again, the projection of an area is a conspicuous example. 

Thus as regards the projection of an area, consider a triangle of which 
the angular points are : first, the origin ; second, a point distant ? i from the 
origin along a direction Zi, 7/11, Wi, kw third, a point distant from the 
origin along a direction r?2, ^2. The area of the triangle is irir2sincB, 

with the former significance of to. The orientation-cosines of the plane, in 
which the triangle lies, are a, b, c, f, g, h. The area of projection of the 
triangle, upon the plane XOY, is 

c . Jrir2 sin o), 

that IS, 

\rir 2 (lim 2 — ini 

But, in that plane XOY, the projected triangle has V2m2\ and 

0, 0 ; for its angular points, so that its area is 

i (riZi . ra WI2 - . ?’2^2)- 

The two results agree. So for the other planes: the requirements arc met by 
the convention. 

Similarly, as regards the projections of volumes : a volume can be projected 
fiom one flat into another flat: the ratio of the projection to the original 
volume can be taken as the cosine of the inclination of the two flats, that is, 
as the cosine of the inclination of their respective normals. Thus consider 
a parallelepiped of which three adjacent sides are: first, a distance i\ from 
the origin along the direction /i, Wi, ni, ; second, a distance r2 from the 
origin along the direction I2, 7712, 712 1 kw and third, a distance 7*3 from the 
origin along the direction ^3, m3, 113, This parallelepiped lies in the flat 

ic, y. z. y 1 = 0, 

^1, 7111, i 

I2, 7712, ^2 ' 

1^3 7J3, k'2 ; 
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and the direction-cosines of the normal to this flat are L, M, N, K, where 


rz= 

mi, 


A, 

, TM — 

ni. 

k\. 

h 


m 2 , 

712, 

k. 


712, 

^2f 

h 


1 Ws, 

W 3 , 

h 


W 3 , 

k 3 i 

h 

rjv= 

h, 

h. 

in-i 

. rK=- 

hi 

mi. 

Ml 


k2, 

I2, 

m2 


hi 

Tzia, 

rti 


ksf 

hi 

m3 


1 ^3, 

TThi 

7I3 


and 

r® = 1 - cos® 012 — cos® 023 — cos® ^13 -|- 2 COS 012 COS 023 COS ^13. 

The area of the face of the parallelepiped through the first and the second 
of the sides is 

rir2sin 0i2. 

The perpendicular from the extremity of the third side upon this face is 
r3 sin 0, where 0 is the inclination of that side to the face, that is, the 
inclination of the direction I3, m3, 773, to the plane with li, mi, tzi, ^1, 
and l2t m2y 712 , k23 as guiding lines : thus (§ 69 ) 0 is given by 

sin 0 sin ^12 = F. 

Hence the volume of the parallelepiped is 

ri?’2 ain^i2.r3 sin 0, 

that is, it is 

rir 2 r 3 T. 

Let this parallelepiped be projected from the flab, in which it lies, into the 
flat v = 0 ; as the inclination of the flats is the supplement of the inclination of 
the normals to the flats, the volume of the projection of the parallelepiped is 

(- A?)rir2r3r, 

that is. it is 


rir,r 3 ! i,, 

1 

77li, 

1 

■ ht 

m2. 

712 

i h. 

WI3, 

7I3 


But in the projection, the origin remains unaltered ; the projection of the 
side ri is the line joining the origin to the point ri/i, rimi, Vitii ; the pro- 
jection of the side 72 is the line joining the origin to the point r2l2, ^2^21 ^2^2; 
and the projection of the aide 7-3 is the line joining the origin to the point 
^3^3, rsTTis, rsTis- Thus the volume of the projection is 


rih. 

rimi. 

riTii 

rah. 

raTZig, 

raWa 

rah. 

r3m3. 

^3^3 


agreeing with the former result. Similarly for projections into the other 
three principal flats of reference. 
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The agreement of the two results can also be interpreted as giving the 
orientation coordinates — Z, — Jlf , — i\r, — IT, of the flat. 

Also, the sides ri, r 2 , rs, with their assigned directions can be projected 
into another flat 

X, y , z , V = 0 , 

Zi, tni', wi, ki 

It, rit, kt 

Vj k't 

after the results of §§ 64, 110. The consequent derivation of the expression 
cos-1 {LU + MM' + NN' + KK') 
as the inclination of the flats is left as an exercise. 

Rotatiom in quadruple space. 

116. As with spherical representation in triple space, so with globular 
representation in quadruple space, the representation of the displacement of 
an orthogonal frame is facilitated. 

Let the orthogonal frame of axes in either of the figures (§§ 9, 111) 
be displaced to positions 0X\ 0Y\ 0 Z\ 0 V\ so that the new coordinates 
of a point a;', y\ z\ v\ are connected with the old coordinates x, y, z, v, by 
relations 

y\ v' = ( ^ 1 , nil, wi, ki 5®, y, z, v), 
h, mt, rit, kt 
h, nit, Ut, kt 

I 4 , m^, n^, k^ 

the frame being rigid in the displacement. Then the seta of direction-cosincs 
are subject to the ten independent relations 

for r =1, 2,3,4, 

— for r, 1, 2, 3, 4, 

the summation being taken over I, m, n, k, in each instance. Thus there are 
six parameters effectively in any transformation. These six parameters can 
be associated with six rotations, as explained later (§§ 116, 117). 

In quadruple space, there are three significant types of rotation. 

A rotation can leave a point unaltered while, around it, there is a general 
displacement without deformation : it may be described as rotation round 
a point. Thus a rigid globe, with centre 0, can be rotated round its centre. 

A rotation can leave a line unaltered while, around it, there is a general 
displacement without deformation; it may be called rotation round a line or 
an axial rotation. The general displacement under rotation round a line is 
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more restricted than the general displacement under rotation round a point ; 
it is of the same character as the general three-dimensional displacement 
round a point. Thus in the rigid globe, we could have a rotation round the 
axis 0 K, the line whose equations are a? = 0, y = 0, = and in the diagram 

of § 111, the most general displacement, under rotation round the axis OV, 
is the most general displacement in the flat = 0, a triple space. In the 
displacement, the movement of every point is perpendicular to the axis 
of rotation : for the instance adduced, every point is displaced within the 
flat i; = 0. 

A rotation can leave a plane unaltered while, around it, that is, in every 
orthogonal plane, there is a general displacement without deformation : it 
may be called rotation round a plane, or a planar rotation. The general 
displacement under rotation round a plane is still more restricted than the 
general displacements in the preceding instances : it is of the same character 
as the orthogonal displacement of ihe axes in a plane — such plane being, in 
this instance, orthogonal to the plane round which the rotation is effected, 
l^hus we can have a rotation round the plane ZO V\ it is a rotation of the 
axes within the plane XOY. Similarly we can have a rotation round the 
plane XOY] it is a rotation of the axes within the plane ZOY. Manifestly, 
these two rotations are independent of one another-, and, generally, when there 
is a rotation round a plane P, yielding displa^menb in an orthogonal plane Q, 
there can be completely independent rotations round the plane Q, yielding 
displacements in the plane P. 

There are no rotations, in quadruple space, which leave a region (in 
particular, a flat) unaltered. A displacement in quadruple space, leaving 
a flat unaltered, is merely a translation along a normal to the flat : it is not 
a rotation. 


Displacement of an orthogonal frame by planar rotations. 

116. It is a well-known theorem in the geometry of triple space that 
an orthogonal frame of three axes, the origin being fixed, can be changed 
from one position to another by a suitable rotation round a duly chosen axis. 
The corresponding theorem in the geometry of quadruple space is that an 
orthogonal frame of four axes, the origin being fixed, can be changed from any 
position to any other position by two suitable rotations round two orthogonal 
planes, the rotation round either plane being independent of the rotation round 
the other. To the establishment of this proposition we now proceed. 

Rotations* round a plane lead to a rotation of the axes of reference in the 
orthogonal plane. Thus simultaneous independent rotations round two ortho- 

* For rotatioDB in ii-fold space, the memoir by C. Jordan (quoted § 124, post) should be 
consulted. 
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gonal planes result in simultaneous independent rotatioi^ of the axes of 
reference in the two planes : and consequently it is convenient to consider 
simultaneously these independent changes in the positions of the axes in two 
orthogonal planes. Accordingly, as regards the six coordinate planes of reference 
when these are taken in orthogonal pairs, there are three distinct operations, 
each operation consisting of a rotation round one plane of a magnitude that 
can be chosen at will and of a simultaneous rotation round the orthogonal 
plane also of a magnitude that can be chosen at will, the two choices being 
completely independent of one another. These three opciabions are as follows : 

I. A rotation round the plane YOZ through an angle a! and a simultaneous 
rotation round the plane XOV through an angle or, where a' and a are in- 
dependent of one another. A point x, y, z, v, in the undisturbed configuiation 
is thus displaced so as to have coordinates Ai, Fi, Fi, where 

Xi = X cos a +v sin a 
Fi = y cos a z sin a 
Zi = — y sin a + z cos a 
Fi = — aj sin a' + u cos a 



II. A rotation round the plane ZOX through an angle 0' and a 
simultaneous rotation round the plane VOV through an angle where 0' 
and /9 aic independent of one another. A point x, y, z, v, in the undisturbed 
configuration is thus displaced so as to have coordinates X2, F2, Z2, F2, 
where 


X 2 = X cos ^ — z sill 13 
V2 = y cos -H w sin /Q' 
Z 2 — xsiu 0 -V z cos P 
1^2 = — y sin /S' -H cos /S' 


(ii). 


III. A rotation round the plane XOY through an angle 7' and a 
simultaneous rotation round the plane ZOV through an angle 7 where 7 ' 
and 7 are independent of one another. A point a;, y, z, v, in the undisturbed 
configuration is thus displaced so as to have coordinates X3, Y^, Z3, F3, where 

X3 = X cos 7 + y sin 7 
Y2 = — X sin 7 + y cos 7 
Z3 = z cos 7' + 1/ sin 7 
F3 = — z sin 7' -I- u cos 7' 


.(III). 


117 . Let these operations (or substitutions) be denoted by Oi, O2, O3, 
respectively. Then we proceed to shew that, if x , y, represent an 

assigned displaced position of a?, y, z^ v, owing to a displacement of the 
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quadruple orthogonal systenii given by 

X =lxx m\y + n^z kiv ' 
y = l^x + m^y + t\^z + /fgW 
z* = l^x + m^y 7i^z k^v 
— l^x + m^7j + 7\^z + k^v , 

it is always possible to determine rotations a and a. round a selected pair of 
orthogonal planes, the selection being made by operations 11 and 111, and the 
effect of the rotations ol and a being such that 

(x\ y\ z\ v) = {OaT^O^-^OiOzOs'^x, y, z, v). 

The effect of the operations, O 3 and then Oa, is to select two suitable 
orthogonal planes \ round these two orthogonal planes, the rotations a and a 
are effected, independently of one another, after the rotations have been 
effected, the effect of the operations 0 a“^ and is to bring back the 

displaced configuration to the original frame of reference, so as to express 
y> ^ I i terms of a;, y, v. The sixteen constants, in the relations 
connecting the original and the final positions, are connected by the ten 
permanent relations already stated, so that they imply six independent 
constants. In the sequence of operations indicated, six constants occur that 
can be selected at will independently of one another, being a', a; ^ 7', 7. 
The theorem will be established by shewinj^ that these six constants suffice 
for the construction of the sixteen related constants ; and conversely, it will be 
shewn that the six constants can be expressed explicitly in terms of the 
sixteen related constants. 

It is convenient to denote the various stages in the transition from 
a;, y, z, v, to x\ y , z\ u , by means of coordinate symbols at each stage. 
Accordingly, we write 

(?. ’7. ") = (O 3 y, z, ») ) 

{X'.r,z',v') =(o, 

(X", Y", Z”, V"')=(0x 5X'. Y', Z', V) 

(f, V. v) = (Or^JX", F". Z". V") 

{x.y'.z'.v') =( 03 -‘$f,V,r'.v') 

We have 

X' = f cos ;3 - f sin /8 , F' = cos ^9' + 1 / sin /9' ) 

Z' = f sin j 9 + fcos /8 , F' = - ij sin / 9 ' + o cos J ’ 

X" = X'cosa' + F' sin a', F''= F'cosa +X'Bina 1 

F" = -X'8ina' + F'cosa', X"=-F'8ina +X'cosa T 
f ' = X" cos ^3 + Z ' sin v = Y" cos ff - V" sin | 

f' --X"sin^ + Z"cos/ 3 , v' = F" sin ^' + F" cos /S' J ‘ 
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When these successive substitutions leading from f, 17 , f, 1 ;, to f 77 ', f', y, 
are effected, the results are 

f' = Zif + Mx^i + Ni^+ Kiv, 

7) = 2/2? + + K 2 V, 

= 2^3 f + ^ 3‘»7 + -ATa f + 7^3 V, 

^ + -A /4 17 + 7^4 + K\ Vy 

where 

Xi = cos a cos* i 9 + cos a sin® ^ 
ifi = — sin o' cos /8 sin — sin o sin /9 cos 
= — cos o' sin /Q cos + cos o sin ^ cos /3 | 

2^1 = sin o' cos /S cos /Q' — sin o sin ^ sin / 9 ' ] 

— Ml = L2 = sin o' cos sin /S' + sin o sin /3 cos /S' 

Tlfa = cos o' sin® /S' + cos o cos® /S' 

= - sin o' sin ^ sin /S' + sin o cos /S cos /S' 

2^2 = — cos o' sin /S' cos /S' + cos a sin /S' cos /S' . 

= Tj 3 = — cos o' sin /S cos /S + cos o sin /S cos /S ' 

-- N2= M3= sin o' sin /S sin /S' — sin o cos /S cos /S' 

J ^3 = COS o' Sin® /S + cos o cos® /S 
/Ta = - sin o' sin /S cos /S' - sin o cos /S sin /S' 


~ 2^1 = 2>4 = — sill o' cos /S COS /S' + sin o sin /S sin /S' 

2^2 = JI/4 = — cos o' sin cos /S' + cos o sin /S' cos /S' 

— 2^3 = N^= sin o' sin /S cos /S' H- sin o cos /S sin /S' 

2^4 = cos o' cos® /S' + cos o sin® /S' 

We have, as the first stage in the whole transition, 

f = a: cos 7 + y sin 7, f = z cos 7' + v sin 7' 

7 ) — — x sin 7 + y cos 7, u = — sin 7' + 1; cos 7' 

and, as the last stage in the whole transition, 

od = f ' cos 7 — V sin 7, 2' = cos 7' — u' sin 7' 

y' = f ' sin 7 + 17' cos 7, v = f”' sin 7' + v cos 7' 

In the last stage, substitute the values of f 77', f', u', obtained in terms of 
j and then substitute the values of f, 17, f, v, in terms of a;, y, 2:, w, as 
given in the first stage. We find the values 

x' = lix + miy + niz + kiV 
y = /23; + may + WaZ + k^v 
z = ^3® + may + 713^ + AtsU 
V = /4a; + m4y + n^z + k^v 
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where the respective coefficients I, m, n, k, are 
li = Li cos® 7 + Mi sin® y, 
nil = {Li — Mi) sin 7 cos 7 + Mi, 

■ 

Til = Ni cos 7' cos y — Ki sin y cos 7 — Ni cos y sin 7 + 7^2 sin y sin 7, 

Ati = sin y cos 7 + /iTi cos 7' cos y — Ni sin 7' sin y — Ki cos 7' sin 7 , 
li = (Jji — M^ sin 7 cos 7 — Ml, 
iHi = Li sin® y Mi cos® 7, 

7 ?a = -^1 cos y sin y — Ki sin y sin 7 + Ni cos y cos y — Ki sin y cos 7, 

\ki = Ni sin y sin y + Ki cos y sin 7 + Ni sm y cos 7 + Ki cos y cos 7; 

I ^3 = Ni cos y cos 7 + sin y cos 7 + cos 7' sin 7 + ^2 sin 7^ sin 7, 
j W3 = cos y sin y Ki sin y sin y — Ni cos y cos y — Ki sin y cos 7, 

I 7*3 = Ni cos® y + K^ sin® y, 

\ hi = (^Ni - K^) sin y cos y + Ki ; 

1/4 = Ni sin 7 cos y — Ki cos y cos y + Ni sin y sin 7 — Ki cos y sin 7, 
j 7114 = N I sin 7' sin 7 — /Ti cos y sin y — Ni sin y cos y + Ki cos y cos 7, 

] 714 = {Ni - Ki) sin y cos 7 - Ki, 

( /f4 = Ni sin® y + Ki cos® y. 

118 . Thus the sixteen constants, being directio i-cosines in the displaced 
position, arise in the final result. They are expressed in terms of the six 
constants a', a ; 7,7. It is easy to verify that the relations 

Ir^ +m,® H-7iy® +/c,.® =1, 

Irlt + mrirti + UrTIt + krki = 0, 

for r, = 1 , 2 , II, 4 , are satisfied, being the necessary ten relations affecting 
the sixteen constants. Thus the combined operations lead to a general 
displacement in the quadruple space with a conservation of origin. 

Conversely, given a general displacement the sixteen constants of which 
satisfy the ten relations, we can obtain the two quantities a' and a, and the 
four quantities y\ 7, which specify the independent rotations round the 

two orthogonal planes. The quantities o' and o measure the actual rotations ; 
the two orthogonal planes are Y'OZ' and X'OV in the intermediate stage, 
given in terms of /S', 7, 7', by the equations 

X' = Hi cos /S cos y + y cos /S sin y—z sin /S cos y —v sin /S sin y 
Y' = — x cos /S' sin 7 + y cos ff cos y — z sin /S' sin 7+1; sin /S' cos 7' 

Z' = X sin /3 cos 7 + 1/ sin /S sin 7 + 2: cos /8 cos 7' + w cos /S sin y * 

V' = X sin /S' sin 7 — y sin /S' cos y—z cos /S' sin 7' + w cos /S' cos y 

where the equations of the plane Y'OZ' arc X' = 0 , V' = 0, and those of the 
plane X^OV' are F' = 0, Z' = 0. 



119 ] 


IN TERMS OF PLANAR ROTATIONS 


193 


119 . In § llT, the four sets of orthogonal direction-cosines arc expressed 
in terms of six independent quantities a, a\ /3\ y, y ; and the ten relations 
of condition are satisfied by the expressions there given. We now proceed to 
obtain the converse expressions for the six quantities in terms of the sixteen 
direction-cosines. We write 

cos a -h cos a = 2P, sin a + sin a = 2ii ] = y + y= C 

cos a — cos a = 2Q, sin o' — sin a = 2<S I ’ ^ = E) y — y =F 

In place of the former sixteen equations, which express the four sets of ortho- 
gonal direction-cosines, we take the following sixteen linearly independent 


equations, easily verified as their equivalent : 

n3 + Ic4) = P ( 1 ); 

i h — m2 + + k^) = Q sin B sin E ( 2 ) ; 


^ (mi -h ^2) = Q cos B cos E sin 27 
J {lx — = Q cos B cos E cos 27 

“ 2 (^<^3 + W4) = Q cos B cos E sin 2y 
^ {k^ — 713)= Q cos B cos E cos 27' 

^ (“ I2 4 " Wi — 1}^ + A'3) = jR sin E \ 
i ( ^3 — ^14 — = -R cos P sin C ^ .... 

J (— ^4 — viz -I- /»2 ■\‘ki) = R cos E cos C ) 

J ( l2 — mx — ^4 4- ^’a) = SsinB ] 
i (— ^3 — ^»4 4- 4- /L'a) = B cos 7 ? sin P > .... 

l{—U + m 3 — ii2 + kx) = S cos B cos F ) 

i ( ^4 4- m3 4 - //a 4- ki) = Q sin B cos E sin C 
4 ( ^3 — '»a4 4 - Hi — A;a) = Q sin B cos E cos C 
4 (“ ^4 4- WI3 4- Wa “ ^1) = Q cos B sin E sin F 
i{ 1^ + 711 ^ + nx + A’a) = Q cos B sin E cos F 

The set ( 5 ) of these equations determines R, P, C, and the set (6) determines 
B, B, P, in each instance merely by polar coordinates in three dimensions. 
The values of B and E determine /3 and /S', and the values of C and P 
determine 7 and y : that is, the two orthogonal planes, round which the 
rotations arc to be effected, arc determinate. 'J'he values of R and S determine 
sin a' and sin a. As B and E arc now determined, the equation (2) deter- 
mines Q\ also the equation (1) determines P \ thus cos a' and cosot are 
determinate. Consequently the rotations a' and a arc determinate. 

It therefore follows that any displacement of a quadruple oi'thogonal 
frame can he obtained by two single independent rotations, taken independently 
of one another round two orthogonal planes. 



\ ( 3 ); 

} ( 4 ); 

( 5 ); 

(«), 


F. G. 
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Further, we have 


tan 67 = 


— 7^4 + 7*1 — * 


cot E sin G 


I 3 - m4 + 111 — kj 
— 12 + irii — '«4 + A.3 ’ 


tan F = 


_ “ ^4 + '^*3 + ^2 ” ^'1 


^3 + WI 4 + Hi — k% ’ 


cot J? sin ^ 


— I3 — 7714 + Vi + k^ 


I2 — iHi — n^-{- k^ 


so that B and F, 67 and F, are determinate: thus, within the frame, the 
orientations of the two orthogonal planes for rotations are obtained. Then 
from equations ( 1 ), (2), (5), ( 6 ), we have values of 

F, FsinF, iSfsinF, QsinFsinF: 
that is, values of P, Q, R, /Sf, thus determining the necessary rotations. 

It may be remarked that the sixteen equations, which give the values of 
the four orthogonal sets of direction-cosines, contain only six independent 
magnitudes; and therefore they must satisfy ten relations. These, in turn, 
whatever form they take, are equivalent to the ten relations of condition 
which must be satisfied by four orthogonal sets of direction-cosines ; and it 
is not difficult to verify that these ten relations are actually satisfied by the 
values of the sixteen quantities I, m, n, k, as obtained in § 117. 

Moreover, as will now be shewn, each of the operations in § 116, whether 
direct or inverse in action, substitutes one orthogonal frame for another; and 
therefore the gradually cumulative effect, at every stage, is a substitution of 
that character. 


Characteristic property of rotati lftt> / ut* nd a plane. 

120. After the foregoing statements, it is not difficult to infer that, so 
far as concerns all rotations in quadruple space, the fundamental clement can 
be made the rotation round a plane which compels a displacement of per- 
pendicular axes in the orthogonal plane. 

The rotation round a point, taken to be the origin, is composite , as will 
be proved later, the most general rotation of that kind effected without dis- 
tortion of the space, thus leaving any orthogonal frame undeformed, can be 
compounded of rotations round planes. 

When rotation round a line is effected, that line is unchanged : and the 
result of the rotation is to have the most completely free movement in the 
three-dimensional flat normal to the line, because every direction in the fiat is 
perpendicular to the line but otherwise can be unrestricted. Now every such 
three-dimensional displacement, leaving the origin unchanged and conserving 
the orthogonality of an orthogonal three-dimensional frame, can be exhibited 
as a rotation round one axis. In such a rotation, the axis is fixed ; the 
normal to the fiat is fixed ; and thus the plane in four-dimensional space, 
through the axis of the component rotation and the normal to the fiat, is 
fixed during the rotation which, accordingly, is a rotation round a plane. 
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Thus, in quadruple space, every rotation round an axis can be resolved into 
rotations round planes. 

One property of rotation round a plane, which is an essential in the 
maintenance of the rigidity of an orthogonal frame, can be inferred imme- 
diately from the globular representation of a displacement with a fixed origin. 
In the diagram (Fig. 10), OX, OF, OZ, OF, arc a set of lines constituting an 
orthogonal frame. Let there be a rotation of this frame round the plane VOZ ; 
it is a rotation in the plane XOY upon itself, displacing the perpendicular 
axes OX and OF to a position Ox and Oy, the angle xOy being a right 
angle. Thus the arcs Xx and Yy are equal, each of them being a measure 
of the rotation. Now ^ is the pole of the great circle XxYy on the spherical 
surface X YZ in the fiat F = 0 ; hence 


Zx = \Tr, Zy = ^ir. 
Z 



Also, F is the pole of the same great circle XxYy on the spherical surface XYV 
in the flat Z = 0\ hence 

Vx = \ir, Vy=\TT. 

Also xy = \ir, ZV=\ir\ consequently in the frame xyZV, we have 
xy = xZ = xV=yZ = yV = ZV= Jtt ; 

that is, the frame xyZV is orthogonal, and it is the position of the frame 
XYZV after a rotation (measured by Xx or Yy) round the plane of reference 
ZOV. 

Next, take a displacement of the frame xyZV, round the plane xOy, that 
is, round the plane A^OF which is orthogonal to ZOV the plane of the former 

13—2 
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rotation: and, by this new rotation, let the axes OZ and OF of the frame 
xyZVhG displaced to the positions Oz and Ov, the angle zOv being a right 
angle. The arcs Zz and Vv are equal, each of them being a measure of the 
new rotation. Then, as in the preceding rotation, y is the pole of the great 
circle ZzVv in the spherical surface yZV, so that 

y2 = \ir, yv^\ir. 

Similarly x is the pole of the same great circle in the spherical surface xZV^ 
so that 

xz^\'ir^ xv = \ir. 

Also a-’y = Jtt, for it has been unaffected by the rotation ; and zv=\Tr. Thus 
the displaced frame xyzv is orthogonal. 

Hence rotation round a plane, and successive rotations round any number 
of planes, leave the orthogonality of a frame unaffected. Further, rotation 
round a plane, and another rotation (independent of the first) round the 
orthogonal plane, can be combined into a single operation ; and for such an 
operation, thus composed of two independent rotations round two orthogonal 
planes respectively, and displacing the frame from the position X YZV to the 
position xyzv without disturbance of the orthogonality of the frame, the arc 
Xx or the arc Yy measures the rotation round one plane, and the arc Zz or 
the arc Vv measures the rotation round the orthogonal plane. But, as the 
rotations arc independent of one another, the measure of Xx and Yy is 
unrelated to the measure of Zz and Vv. 

Representation of rotations causing a general displacement of a frame 

121. The various rotations which in pairs constitute the different operations 
are represented in the globular illustration (p. 197). The initial configuration 
is xyzv. By the O3 operation, x and y are displaced to f and rj along xy, while 
z and V arc displaced to ^ and v along zo : the result is the configuration 
By the O2 operation, f and f arc displaced to X’ and Z' along ff, while 77 
and V are displaced to Y' and F': the result is the configuration X'Y'Z'V\ 
the arcs of displacement of f, 17, f, o, alone being shewn, but not the arcs 
connecting X\ Y\ Z\ V\ in pairs. By the 0 \ operation, X' and V arc 
displaced to X" and F" along X'V\ while Y' and Z' are displaced to F" 
and Z" along Y'Z'\ the result is the configuration F '. At this 

stage in the analysis, the coordinates of any point arc referred to 0 X'\ 0 Y'\ 
OZ", OF", as axes. In order to obtain the analytical effect upon the position 
of a point due to the rotation in the 0i operation, we reverse the operations 
which brought the axes to the configuration X*Y*Z*V'. Accordingly, to the 
configuration X"Y"Z"V" we apply, firstly, the 02~^ operation (being the 
inverse of O2); and, secondly, the operation (being the inverse of O3). 
By the 02”^ operation, X" and Z" are displaced to f' and along X"Z" 
backwards along an arc-distance equal to ^X' and J^Z' , the forward arc- 
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distance in the corresponding rotation in the Og operation ; while F" and F" 
are displaced to rj' and v along backwards along an arc-distance equal 

to rjY' and vV\ the forward arc-distance in the other corresponding rotation 
in the O2 operation: the result is the configuration Finally, by the 

^^3“^ operation, f ' and rj' are displaced to x and y along f backwards along 
an arc-distance equal to and yiy, the forward arc-distance in the corre- 
sponding rotation in the Oj operation ; while and v' are displaced to 2' and 
v' along f'u' backwards along an arc-distance equal to and uu, the forward 



arc-distance in the other corresponding rotation in the O3 operation. The 
final configuration is xy zv\ where the arcs are shewn joining the four points 
in pairs. That configuration results from the displacement of the axes Ox, Oy, 
Oz, Ou, due to the rotation a round the plane Y'OZ^ and the concomitant 
rotation cr round the orthogonal plane X'OV\ 

As regards the various arcs in the figure, which represent the respective 
rotations, we have 

X'X" = Y'Y” = a Y'Y" = Z'Z" = oi 
fA' = ^Z' = = f'A” = 0 ) 

i?r' = uF' = u'F"=77'F"=/3'r 

x^ =yf] =x^' =yr) =7 1 
z^ = vv = z'f' = V V = 7' j 

The quantities a' and a are the magnitudes of the rotations; if the dis- 
placement is infinitesimal, a' and a are small; otherwise they are finite. 
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The angles /S' and /S are usually finite, even for the general infinitesimal dis- 
placement j and, similarly, the angles y and y are usually finite, even for the 
general infinitesimal displacement. Thus the only small quantities that can 
occur in the operations are a' and a ; and they are small only for an infinitesimal 
displacement. 


Six modes of generation of a displacement. 

122 . As regards the succession of rotations in any one operation, their 
order can be changed without affecting the result : consequently, they have 
been taken simultaneously for the operation. But a full operation is not 
commutative with another full operation. Thus the effect of O^lO^ixyzv)] 
has been given as the configuration X*Y'Z'V\ The effect of Oi\[Oi{xyzv)]^ 
arising from the alteration of the succession of the two operations O2 and O3 , 
IS to give 

X'= X cos /9 cos 7 + y cos /9' sin 7 — a: sin /9 cos y v sin /8' sin 7 
T' = —X cos /Q sin 7 -\-y cos cos 7 -1- 5 sin /9 sin 7 -h v sin / 9 ' cos 7 
= xsinff cos y —y sin / 3 ' sin y + z cos B cos 7' + cob /S' sin y 
V' = — X sin B sin 7' — y y — z cos B sm 7' + y cos / 9 ' cos y 

which manifestly is different from the configuration X'Y*Z'V\ 

Now let the operation 0 i be applied to this tonfiguration, so that we have 
a rotation a' round the plane Y'OZ’ and a simultaneous rotation a round the 
orthogonal plane X'OV'\ and afterwards apply, firstly, the inverse operation 
and, secondly, the inverse operation 0 a“^- When the final configuration is 
taken to be xy zv , represented analytically as before, the parametric (jjuan- 
tities B and B\ 7 and 7', a and a , are involved in the sets of direction-cosines 
in the forms 

= Lx cos^ /9 + ilTa sin® / 3 , 

nix = Mx cos B' cos B — sin / 3 ' cos B — ^2 cos / 3 ' sin /8 — A'a sin B' sin / 3 , 

I /ti = - (Lx - -^ 3 ) cos /8 sin /3 + Wi, 

[fcx = Mx sin B' cos /Q + iTi cos B' cos B — ^2 sin /8' sin /9 + iTa cos B' sin B ) 

12 = Mx cos B' cos /9 + /Cl sin / 9 ' cos B + ^2 cos B' sin B — ^3 sin B' sin / 9 , 
7112 = M2 cos® B' + ^4 sin® B*i 

112 = — Mx cos B' sin B — sin /O' sin /9 -|- N2 cos B' cos B — X2 sin /S' cos /S, 

k2 = {M2— Ki) cos /S' siu B> -\-K2\ 

13 =-(Zi- A^3)cos/Ssin/S-iVi, 

7n2 = — Mx cos /S' sin /S -I- iTi sin /S' sin B — ^2 cos /S' cos B~~ ^3 sin /S' cos /S, 
713 = ZiBin®/8 + i^3C08®/3, 

A;a = — 3/1 sin /S' sin /S - iTi cos /S' sin B~ ^2 sin /S' cos B + ^3 cos /S' cos /S ; 
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’ ^4 = Mx sin cos ^ — Kx cos ff cos sin sin ^ + cos /S' sin / 3 , 

nii= (ilf2 — if 4 )coB/S' sin/S' — ^2i 

7?4 = — Mx sin sin /8 + iTi cos /S' sin /S + J^2 sin /S' cos cos /S' cos /S, 

h = -^2sin*/9'+iir4Cos*/3'. 

where, with the same signification for P. Q ; Ry S\ B, E\ C, P, as before, 


Lx = -P + Q cos 27 , 

JVi = — P sin C + sin P , 
/va= Jifi 

-ATg = R cos C — <S) cos P. 
X3 — 

= P — Q cos 27' 

P4 — 
i^ 4 = ifa 


Jl/i = Q sin 27 
Ex = R cos (7 + £1 cos P 
= P—Q cos 27 
P2 = P sin (7 + fif sin P 
Jl/3 = -i\r2 
E3 = — Q sin 27' 

Jif4 = -ir2 

P4 = P + Q cos 27' 


The final relations, connecting the sixteen direction-cosines for the displaced 
configuration with the six parameters (P, P, C, P, and the two parameters a, a', 
involved in P, Q, P, P), are as follows : 

J ( ^1 + r/i 2 + 1#3 + ^’4) = P (ly ; 

i (- ^ + WI2 - 773 + ^4) = 0 sin Csin P ( 2 )' ; 

i {h +nx) = Q cos 0 cos Psin 2/3 | 
i (^1 - ^73) = Q cos Geos Pcos 2/9 J ’ 

- i (^4 + ^’2) = Q cos ( 7 cos Psin 2 / 3 ' | . 

^ ( /772 — /^■4) = Q cos (7 cos P COS 2 / 9 ' J 

1 ( ^3 - 7714 — 77i -h A'a) = P sin C 

J (— /4 — 7713 -I- 77 2 + ^’l) = P COS C COS E ' ( 5 )' ; 

1 (“ ^2 + 77ii — 774 -I- A'a) = P cos (7 sin E ^ 


i(—h — 7714 + 7 ii + ki) = S sin P 

} (— ^4 + 7713 — 772 + Aji) = P cos Pcos B - ( 6 )' ; 

i( ^2 — TTii — 774 -\-k3) = S cos P sin B ) 

4 ( l^-\-m3 + }i2-\-kx)= QsinCsin F sin B 
i( ^2 + 7711 — 774 — A;3)=Q sin Ceos Pcos P 
J (— Z4 -I- 7713 + 772 — kx) = Q cos Csin Psin E 
i ( ^2 + 77ii + 774 + A^a) = Q cos C cos P cos E 
It thus appears that, given a displacement of the orthogonal frame, there 
arc six different ways in which it can be composed out of the operations which 
consist, each of them, of simultaneous rotations round two orthogonal planes : 
for the full transformation leading to the result can be expressed in the form 
Or-^Og-^OpOgOr(a:, y, z, u), 

where the integers p, g, r, are the three integers 1 , 2 , 3 , in any order, associated 
with the three operations 0 in §§ 116 , 117 . 
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Infinitesimal displacement of a frame. 

123 . Among the most interesting displacements of an orthogonal frame 
are those usually called ‘ small' or 'infinitesimal.’ In an infinitesimal displace- 
ment, the two effective rotations round the pair of orthogonal planes are of 
small magnitude; and they remain as independent of one another as for 
displacements of finite magnitude 

Because an infinitesimal displacement, under retention of a fixed origin, 
means only a small ehange in the coordinates expressing a position, the 
smallness of the change can be made evident in the equations of transforma- 
tion. Accordingly, the equations of general transformation will be appropriately 
modified so as to exhibit the smallness of the change. Thus, in a transforma- 
tion which is to be infinitesimal, and initially represented by the equations 


X =l^x-\- m^y + n^z ^kiV] 
y* = l^x m 2 y + n^z - 1 - Jc^v 
z = l^x -H m^y + 713^ + A’aV 
rf = l^x-{‘ m^y + n^z -|- k^v 


these equations must be made to represent each of the magnitudes x' — x, 
y' — y, / - v' — v, as a quantity which is small on account of the constant 
coefficients. Thus l\y r/ij, W3, A4, must, each of tMem, be nearly equal to unity, 
let them be 1 — ei, 1 — e2, 1 — €3, 1 — 64, respectively, where ei, eg, €3, are 
small quantities. The twelve remaining constants in the transformation 
must be small quantities. Now 


that is. 


li^ + + 7*1^ -I- ki^ = 1, 

- 2?! -I- € 1 ® -I- 7yii® -I- Til® -I- /ti® = 0. 


Thus 61 is a small quantity of order higher than that of nii , «i , k ^ , and there- 
fore when we decide to include, in the expression of a small displacement, 
small quantities of no order higher than the first, we can take ei as zero in 
that expression. Similarly, and under that same decision, wc can make 
€a = 0, €3 = 0, €4=0: that is, for our small orthogonal displacement, we can 
take 

?i = l, 7112= 1 , 7?3 = 1 , ki = l. 


Again, among the conditions of the orthogonality which is to be maintained 
in the deformation, there is a condition 

Zl I 2 + TUiTWa -I- 7li?l2 + ^i^■2 = 0. 

Now 72 i 7 i 2 and kik2 are of the second order of small quantities ; when these are 
neglected in comparison with surviving terms of the first order, this equation 
gives 


I 2 + Till = 0. 
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Similarly, the other five conditions of orthogonality, which arc 

21^1^3 = 0, S^1^4 = 0, 2^3 ^*=0, 

for the general transformation, simplify to the respective five conditions 

^3 + 'Wj = 0, ^4 + hi = 0, 7?l3 + 7*2 “ 0, 7*14 -|- ^2 = 0, 714 + ^’3 = 0, 

when the transformation is made infinitesimal. When these relations are 
satisfied, all the conditions of orthogonality in the displaced transformation 
are met. Let 

mi = — ^2 = = — ^3 = ^‘'1 = — U = 9 , 

7*2 = — 7**3 = 6, /"2 = — 7**4 = /, ^’3 = — **4 = C, 

so that tt, 6, c, /, h, are small (quantities, taken to be of the first order; 
and, being six in number, they are sufficient to represent a general trans- 
formation. Thus the most general infinitesimal transformation can be 
represented by the equations 

:r = x-\- ay hz gv j 

y' = — ax + y + bz +fo\^ 
z' = — hx— by + r + cw I ’ 
v' ^ gx — fy — cz + vj 

where the conditions of orthogonality arc satisfied to the first-order, and the 
six small constants arc independent of one another. 


Jordan’s theorem on the geneiation o f a small displacement, 

124. In a general finite displacement of an orthogonal frame, the 
tiaiisition from the one position to the other can be effected by two rotations 
round a couple of orthogonal planes, these rotations being finite. In a general 
small disqilaccment of an orthogonal frame, the transition from the initial 
position to the final position can be effected also by two rotations round 
a couple of orthogonal jilancs ; but, now, the two rotations themselves are 
small. 

The analysis, necessary to express the magnitude of the small rotations 
and the positions of the two orthogonal planes (which are not approximately 
coincident with coordinate planes of reference), can be investigated from the 
beginning, by merely making the magnitudes a and o, that define the two 
rotations, small quantities initially. It is, however, unnecessary to perform 
the various operations in detail ; the results can be obtained from the results 
already given, by requiring the quantities a and ot to be small in those 
results, and still leaving them otherwise independent. We therefore take 
cos a = 1 1 cos a = 1 1 
sina' = a J ’ sina = af 
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Then the following values are consequently obtained, for the respective 
intermediate magnitudes which occur in the investigation of the general 
transition : 

P = ll 2R = a' + a) 

Q=0r 2^^=a'-ar 

Zi = l, jlfi= RsinE^SsinB, Ni = 0, Kx= R cos E + S con B , 

L 2 = — RsinE + SsmB, J^ 2 = /icos^- »Sf cosif, Kz^O] 

X 3 = 0, M3 = ^RcosE-\-ScosB, iV' 3 =l, ^3 = ii sin ^ + /Sf sin 5 ; 

i 4 = -i2cos^-iScos5, Jlf 4 = 0, A\ = -Rs[nE-SninB, K^ = l . 

with the relations 

A = ^V3 = -iV2. X4 = -A\, N^ = -K3. 

The final quantities, which express the infinitesimal displacement, are found 
to be 

/i = l, m2=h ^*3 = 1, ^4=1, 


mi = - 

- /a = 

Rsin 

E 

8s\n 

B 

= tt, 

77i = - 

-h =- 

- R cos 

A sm (7 + 

Scon 

BnmF 

=h, 

h=- 

-/4 = 

Rcos 

EcosG 

S c^os 

Rcos^* 

= 9> 


- W3 = 

R cos 

1 

I 

*S»co9 

BconF 

= b. 

II 

- m4 = 

Rcon 

E sin G + 

S cos 

Bn\nF 

=/. 

= - 

-7*4 = 

R sin 

E + 

*Si sin 

B 

= c. 


where all the magnitudes a, 6, c, /, g, h, are small, of the same order as the 
small rotations d and a. Hence there is obtained a general small transforma- 
tion, conforming to the required type. 

Conversely, when an infinitesimal transformation is assigned, the small 
rotations and the two orthogonal planes which can generate the transforma- 
tion are derivable from these relations. We have 

i2cos.EcosC= i( 5 f + 6)\ BconBcosF=\{g -by 
R cos ^ sin G = \{f'-h) ■ , SconBn\nF=\{f-\-h) ■ , 

Rsin = a) fii sin R = ^(c — a) 

which lead to the values of B and E, of C and F, determining the orthogonal 
planes round which the rotations are effected, and to the values of R and 
of S, determining the magnitudes of the (small) rotations*. 

This theorem, bb regards the generation of a funall displacement of a quadruple orthogonal 
frame, was first obtained by Camille Jordan, ‘‘EsBai Bur la g^omdtrie d. n dimensions, ” Hull. Sor. 
Math, de France, t. hi (1076), pp. 103-174 ; see, in particular, pp. 152-171. 
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Successive small displacements of the orthogonal frame of a skew curve 

along the curve. 

126. The simplest (and, at the same time, the most immediate) applica- 
tion of this result occurs when f g, h, vanish separately : there then remain 
three infinitesimal elements in the expressions that dehne the displacement. 
As will appear in the section relating to skew curves, this type of displace- 
ment arises when the orthogonal frame of the curve moves along the curve 
to a consecutive point and there becomes the orthogonal frame at that point. 
The Frenet eejuations (§ 164) characteristic of a general curve can be written 
in a form 

a/ = X “\-yde I 

ij = — xd€ + y ’\-zdi) 1 

/ = — ydi] -I- wdck) 

V = —zdto-\-v 

The quantities x, y, z, v, now represent the inclinations of any one of the axes 
OX, OF, OZ, OV, to the principal lines of the frame of reference of the curve 
at the point (the tangent, the principal normal, the binormal, and the 
trinormal), so that 

a = d€, b = di], c = da}, f=g = h = 0. 

The ((uantity de is the angle of contingence of the curve at the point, dy is 
the angle of torsion, and dm is the angle of tilt. 

Without pursuing the application of this particular interpretation at 
this stage, we shall deal only with the actual form of the preceding infinitesimal 
transformation. As f g, A, vanish, the equations for the determination of the 
small rotations a! and ot, and for the specification of the two orthogonal planes 
round which these small rotations are effected, become 

R cos E cos C = ^h 1 S cos B cos F= — ^b 

RcosEs\nG = 0 jSi cos.^sin 0 

RsinE = i{c-\’a)] SsmB= \{c — a) 

Thus we have 0 = 0, F = 0 : that is, 

7=0, y = o. 

Consecpiently, the operation O3 and its inverse are not required. 

The equations now become 

RcosE = \h 1 S cos B = ^\b 
R sin = ^ (c + a) 1 * Ssin B= i (c — a) 

Hence 

tan (13 — P*) = tan E = -^- , 
tan (P + P*) = tan B = ; 
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and therefore 


tan 2/9 = 


2a& 


tan 2/3' = 


2c6 


Thus we have the angle /8 settling the guiding lines in the plane XOZ^ and 
the angle /3' settling the guiding lines in the ]>lane YOV\ and we thus 
obtain the planes round which the rotations are effected. 

For the magnitudes of the rotations, we have 

2 (a' + a) = 272 = {b^ + (a + c)*)*, 

2(a'-a)=2fif={6a + (a-c)2)i; 

and therefore 

4a' = {6" + (a + + (6* + (a - c)®)* 

4a = (h* + (a + cy]^ - \h^ + (a- c)®)* ' 

the rotation o' being effected round the plane given by axes OY' and OZ\ 
and the rotation a being effected round the orthogonal plane given by axes 
OX' and OF', where 


X'= a; cos /3 + sin / 9, Y' = 2/cos/9' + vsin /3'| 
Z' sin 0 -\- z cos /3, V' = —y sin /8' + u cos /9' J 


Note. The following expressions for an orthogonal transformation arc due 
to Cayley* and can easily be verified: — • 

Let constants a„, for 5, = 1, 2, 3, 4, be such that = 1, — 

when r and s are different, let ^ denote their determinant; and let a,^, denote 
the minors of A, according to the formal conventions 

_ 9A _ 1 0A 

Then an orthogonal transformation between variables Xi, .r2, a’4, and 

Xi, A 2, X^f X^, is 

^Xr = Qgr ^8 + (2a,, — A) Xrj Axg = 2^ o,,, X , (2a,,„ — A) Xgj 

s r 

T jj 

where denotes summation for all values of s except r, and X denotes 

« i 

summation for all values of r except s. 

* “Surquelques propri^tds dea d^torminanta gauchea,” (1846), Coll. Math. Papets, vol. i, 
pp. 332 — 336; Bee alao Salmon’a Modern Higher Algebra, (1H85), p 43. 
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Skew curves : their analytical representation, 

126. When wc pass from the amplitudes in quadruple space which are 
characterised, in ultimate resolution, by development from a line, itself with 
;he characteristic of uniformity of direction, and pass to amplitudes of corre- 
iponding similar dimensions devoid of the characteristic which may be 
lescribed vaguely as general evenness, the equations, by which the various 
;ypes of amplitudes are represented, will no longer be linear : that is to say, 
lot all the equations representing an amplitude will be linear. We can, of 
jourse, have a two-dimensional surface which is not a plane and which can, 
n all its extent, lie in a flat ; and the equations of such a surface would be 
capable of transformation to a shape 

<l> (^1 Vj z, v) = 0, ax hy + cz dv = e, 

where the function 0 is not linear in all its arguments. We have had an 
example (§ 103) in the section of a globe by a flat. Now such a surface would 
relatively not be of the most general type ; for by a transformation of (ortho- 
gonal) axes of reference such that in the new system 

ax •\-hy ■\-cz-\- dv — e= V, 
the new forms of the equations would be 

f)=o, r=o. 

We should therefore have a surface {X, V, Z,0) = 0 in the flat three-dimen- 
sional space V=0 , the discussion of the geometry of such a surface is that 
of a surface in a customary three-dimensional space. 

Wc shall assume generally that, where more than one equation is required 
for the analytical expression of an amplitude, there is no such linear equation 
either existent in, or derivable from, the analytical expression of the 
amplitude. 

An amplitude of one dimension is called a curve, the simplest curve being 
a straight line or (briefly) a line. There are diverse modes of representing a 
curve analytically. Thus we might have three independent equations 

F{x,y,z,v) = 0, O{x,y,z,v) = 0, H{x,y, z,v) = 0, 
not all of which may be linear ; but there is the disadvantage that, unlike the 
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corresponding representation of a line, the three equations may represent two 
or more curves, which geometrically are discrete though analytically they are 
the same. Or the coordinates of a point in quadruple space might be repre- 
sented in terms of three parameters, say 

x = x(p,q,r), y = y(p,q,r), z = z{p,q,r), v = v{p,q,r), 

in effect, determining a region within the quadruple space : and then two 
relations 

if' (p. g. r)=o. X (p^ g* ^*) = 

would determine a curve, lying in the region. Or the coordinates of a point 
in the quadruple space might be represented in terms of two parameters, say 

x = x{p,q\ y = y{p,q\ z = z{p,q\ V = v{p,q), 

in effect, determining a surface, within the quadruple space but otherwise 
unrestricted : and then one relation 

m{p, g) = 0 

would determine a curve, lying on the surface. 

The analytical implication of all the different modes of expression is that, 
throughout the configuration, there subsists only a single independent variable, 
whatever be the geometrical significance of that variable. As ultimately 
there subsists one independent variable in the ai^lytical expression of a curve, 
that variable must be capable of transformation into some other equally 
independent variable, if such change be found convenient. Our concern, 
except for the measurement of circular curvature, will seldom be occupied by 
topographical relations to surrounding space : it will mainly be devoted to 
intrinsic relations and properties which, even when related to surrounding 
space, remain intrinsic to the curve. Accordingly, there is an almost over- 
whelming advantage in using one special intrinsic variable from the beginning 
of the investigations ; we select, for our use, the length of the arc of the curve, 
measured along the curve from some point of reference. It is a comparatively 
rare occurrence that this initial point of reference has any importance, so far 
as concerns the curve itself: circumstances of course change when we have 
to deal with the properties of a curve, upon a surface or within a region, in 
connection with that surface or that region. And, also in the comparatively 
rare instances where the length of the arc happens not to be the appropriate 
variable, a new variable can be adopted : then it will be found desirable, and 
usually necessary, to determine the arc of the curve in terms of such a 
variable. 

As a rule, wc denote the length of the arc of a curve, measured along the 
curve from a fixed point on the curve, by 8 \ and then the coordinates of a 
point on the curve, usually denoted by x, y, z, v, are taken to be functions of 
this parametric variable s. 
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Selected magnitudes involving arc-derivatives of the point-coordinates. 


127. In the analytical geometry of the curve, we shall have to deal with 
(lerivatives of y, z, v, with respect to s, of various orders ; we shall have to 
deal also with certain combinations, either pure symmetric or skew symmetric, 
of these derivatives of various orders. Accordingly, there is a convenience 
in obtaining initially some algebraical results as affecting these combinations 
of derivatives, with a tacit restriction to such results as prove useful in the 
analytical developments of the geometry. 

We denote the successive derivatives of x, y, z, v, with respect to s, by the 
customary notation, and write 


dx , d}x „ 



d^x 

ds^ 


= x'\ 


and so for derivatives of y, z, v. For the most part, derivatives of order 
higher than four will not be rc([uired ; if we were dcalmg with a curve in 
a space of n dimensions, derivatives of order higher than n would be of 
infrequent occurrence. For general representation, we write 
_ d^x d^^x d*"y d“y d^'z d^z d”'v d^v 


ds”^ rfs"’ * 

for positive integer values of ni and n ; and the summation sign, will 
regularly be used, without specific mention at each occurrence, to denote a 
symmetric summation over all the four variables ar, y, z, v, to whatever com- 
bination as a typical term that sign of summation may be prefixed. Occa- 
sionally, other symbols are used for in connection with the values 
m, 71, ^ 1 and ^ 4 , and the geometrical significance of some of these combina- 
tions is stated, dogmatically at this stage, from their occurrence in the 
geometry, so that p, cr, 72, and the like, temporarily remain mere symbols. 

We write p' for p" for , and similarly for the arc-derivatives of other 
quantities. There is, moreover, the fundamental relation 
ds^ = da^ -I- dy* + dz^ H- dv\ 


characteristic of homaloidal quadruple space : and this relation is 

+ V ® = 1. 

The full tale of these useful symbols is as follows : 

A =Sii = x^ -H y'* -I- z^ -h u'*, 
if = = a;V' -I- y'y" -|- -I- vd\ 

G = fix3 = + y'y"' + -h 
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F=S 23 = + y'Y' + /V" + v"v"\ 

C = ss 3 = a;"'® + ?/"^ + 

Z = Si4 = x'a^^ + yy'' + + v'v'"', 

M = 524 = X^X'"' + y"2/‘^ + -S'V^ + 

N = s^ = x"x'^ + y''Y + 

D = 8 ^ = x'^^ + 


As already explained, we have 


consequently 
We write 


^ = 1 ; 


B = x"^ + y"^ + z"^ + v"^= 
Because H = 0, it follows that 


so that 

Obviously 

Again, 

and therefore 


2 (a;V" + a;"*) = 0 , 
G = sii = lx'x'" 

= -Xit-'2 = - ' 

1 




dG 


= ^{x'x^'^ + x"a/") 


ds 

= 5i4 + 523 ; 

L = 5 i 4 = G — 523 


= 2 ^- 3 + ^,= 3 ^ 3 . 

p* p* p* 


In connection with G, =833, two related new symbols a and R are introduced, 
each with a subsequent geometrical significance ; we write 

C = s*, = a:'"* + y'"* + + 1/”^ 


<T‘P‘ 




<r*p* 


where R and a arc connected by the equation 

fi« = p* + <ry* 
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Again, 


^=2 (<b'V'' + 0 


and therefore 


Finally, 


= Sm + S33 ; 

“ ^24 

dF 

= 

p® p* p* a^p^ 


N=s^ 

-1^ 

ds 


/ H 

-PR. 


^ li ^ IS A 


p 4 - p 5 ^*^3 

One combination, which fretjueritly recurs, may be noted : it is easy to shew 
that 

n^P-m+\l=- ] 3(2^' 

p p^ p^erH p <r/ 

We retain D as the symbol for S44. It will be found convenient, later, to 
have a value for the determinant H defined by 


X , 

y » 


V 


y'^ 

z" , 

v" 


y'". 

/// 

« , 

w'" 



2'’, 

^IV 


By the customary rule for the square of a determinant, we have 


^11 1 

*12 » 

*13 » 

*14 

^12, 

*22 i 

*23 i 

*24 

513 i 

*23 1 

*33 1 

*34 

Sl4. 

*24 1 

*34t 

*44 


1 , 

0. 

1 

z 

0. 

1 

P*’ 

P 

Jf 

1 

f> 

P" 

1 J. p'* 

w 

L, 

ilf. 


n 


V ». 


14 
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Tangent line: normal fiat. 

128. We now come to tlie geometry of a curve and to the determination 
of the measures of its deviations, from a straight line and from associated 
planes and flats along its course. 

A point P is taken on the curve, with coordinates x,y,z,v \ a contiguous 
point P' has coordinates x + dx, y + dy, z-\-dz, v-\- dv, where the variations of 
the coordinates of P' from those of P are of the first order of small quantities. 
The length of the arc, ds^ being estimated in homaloidal space, is given by 
ds^ = {(a; + dx) — x]^ + {(y + dy) — y)“ + [(z + dz) - z]^ + {('« + dv) - v)® 

= dx^ + dy^ + dz^ + dv^\ 

and, consequently, there is the permanent relation 

We denote the space-coordinates of a point, current in an amplitude, by 
y, z, V. The equations of the line PP' are 

X — X y “V _ z — z v — v 

{x -I- dx) — X (y-\- dy) — y (z ^dz) — z~ (v dv) - v ’ 
and therefore the equations of the tangent to the curve at P, being the limit 
of the line PP' as P' approaches to coincidence with P, are 
x—x_y^y_z—z v—v 
X y* z V 
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As + + + 1 , manifestly y', z\ v\ are the direction-cosines of 

the tangent. In the accompanying figure, PT is the tangent at P. 

The fiat, through the point P and normal to the tangent at P, is called 
the normal flat of the curve. It is unique, as there is only one fiat through 
a point to which a given direction is normal. The equation of the normal 
fiat is 

(S — a;) + (y — y) y'-\-(z^ z) 2 ' + (i) _ v) v = 0, 



Every direction a, 7 , 8 , in the flat is perpendicular to the normal to the 
fiat, so that the equation 

ax -f- Py* -I- •yz -t- = 0 

must be satisfied. In the figure, the normal fiat is PCBF, 


Oscillating plane, and an orthogonal plane. 

129. A plane, drawn through the tangeut at P and containing any 
assigned direction \, p, v, k, is given by the equations 


a; — a?, 

y-y, z-z, u-u 

, 


X . 



14—2 
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Among such planes, let that plane be chosen which, already passing through 
the consecutive point P' on the tangent at P, contains the direction of the 
tangent at that point P'. The direction-cosines of the tangent at P\ distant 
ds from P, are 

X -I- x"ds, y + y*ds^ z + z'ds, v + v'ds, 
to the first order of small quantities; hence when these arc taken as the 
values of \, /i, i;, k, and the equations are slightly modified, the limiting 
form of the equations is 

® z — v — v =0. 

X , y , / , V 
x* , y' , z' , v' 

This plane, containing the tangent at P, contains a point P' on that tangent 
consecutive to P ; and, containing the tangent at P', contains a point P" on 
that tangent consecutive to P'. Thus the plane passes through three points 
on the curve, viz. P, and two successively consecutive points, P' and P". As 
the greatest number of arbitrarily assigned points determining a plane is 
three, it follows that the selected plane passes through as many points as 
can be assigned or arc required to determine any plane : and as P' and P" 
are consecutive to P, this plane lies as close to the curve through P as is 
possible by selection of points It is therefore galled the osculating plane of 
the curve at P. 

The equations of the osculating plane can be obtained by making the 
osculating plane the limiting position of a plane through three consecutive 
points P, P\ P'\ on the curve. If the arc PP' = o-i, and PP" = o-g, wc have 

Xp> =x-\’ (TxX -f ^ai^x" -I- . . . , 

Xp., = x + a^x -f + . . . , 

and so for the other coordinates. The equations of the plane are 
X —X, y —y, z — z, v —v = 0 ; 

Xp, - X, yp. - 2 /, Zp, - z, Vp. - V 

xp,s^x, yp-^-y, zp,--z, vp.,-v 

the form of these equations, when wc pass to the limit as ai and 0*2 tend to 
zero independently, is again 

X — Xf y — y, z — z^ V — V =0. 

X , y , / , V 

n If ft If 

X , y , z , V 

In the accompanying figure (p. 211), the osculating plane at P is the limiting 
position of the plane TP* PC. 

Further, the equation of the normal fiat at P is 

— x) X = (x - x) x' + {y^ y) y + (i - z) + (i; — v) v = 0. 
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The equation of the normal flat at the consecutive point P' is 
S — a; — xds) {x + x'ds) = 0, 

that is, 


2 (a; — x) X + [{S — x) x”] — 1] = 0. 

By the property of any two flats, the two normal flats at P and P' intersect 
in a plane : in the limit, the equations of this plane of intersection are 

— x)x = 0 ] 
l,{x-x)x=l]' 


In the first place, this plane is orthogonal (and not merely perpendicular) 
to the osculating plane ; for every direction a, 7, S, lying in this plane, 
satisfies the equations 

ax + -I- 7^' + hv = 0, 


€Lc" + + 7/' + Su" = 0, 

and therefore 


a (px + qx') + ^ (py + qy') + 7 (p/ + qz') + 8 (pv + qv') = 0. 

But px + qx\ py + qy\ pz + qz\ pv' + qv\ are direction-cosines of any 
direction in the osculating plane. Thus every direction in the new plane is 
perpendicular to any direction in the osculating plane. The two planes are 
therefore orthogonal. 


Principal normal: circular (prime) curvature. 

130 . In the next place, this new plane docs not pass through the point P; 
for X, y, z, V, the coordinates of P, do not satisfy the second of its equations. 
But it must intersect the osculating plane in a point. To find this point of 
intersection, we take any point 

x — x-\- px -h qx\ y = y-\- py + qy\ z = z-\-pz + qz\ v = v-\-pv qv'\ 

in the osculating plane : in order that it may lie in the new plane, we must 

have 

S [(a; -I- px -H qx') — a-) x = 0, 

S {(a; + px -I- qx") — x] x" = 1 

The former equation is 

® + q'Zxx" = 0. 

Now 2 ®'®= 1 and therefore 2 a;V' = 0, hence we have 

p = 0. 

The latter equation is 

pXxx" + qSx"^ = 1. 

We write, as anticipated in § 127 , 

S®"* - a;’’* + y"* + s"* + = -j , 

P* 
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necessarily a positive quantity ; and now the latter equation is 

q = p\ 

Hence the two planes intersect in a point, C, having coordinates 
a; + pV', z + ph'\ v + phj". 

For the magnitude of PC, we have 

PC^ = l{{x-\-p^x")-x]^ 

= p^y,x"^ = p^; 

and therefore denoting the positive square root of p^ by p, we take p as the 
magnitude of PC. Also as 

x'\‘p^x'—x^p.px\ y+p^y'—y=p-py\ 2-\-p^z'—z=p.pz\ v-\-p'h)"—v=p.pv\ 

and as |0 is the magnitude of PC, it follows that the direction-cosines of PC, 
measured from P towards C, are 

// »/ n It 

px , py , pz , pv . 

The point C lies in the new plane (the orthogonal plane), but not the point P : 
the line PC does not lie in that plane. The point C lies in the osculating 
plane, and so does the point P : the line PC lies in the osculating plane, passing 
through P. The direction-cosines ot the tangent PT are x\ y\ z , v , thos(^ of 
the line PC are p(£\ py\ pz" , pv ' ; and . 

px .x+py .y+pz . z pv . v = 0. 

Hence PC is perpendicular to PT, and it lies in the osculating plane of the 
curve; -as it is perpendicular to the tangent, it is a normal to the curve. 

Again, in the osculating plane, take the line P'C, passing through the 
point P\ which is ic -h x'ds, y H- t/'rfs, z -H zds, v + vds, and through the point C, 
which is £C + p^x", y -I- p^y\ z + pV', v -i- pV'; its direction-cosines are propor- 
tional to 

pV' — xds, p^y' — yds, p^z' — zds, pW' — vds. 

The direction-cosines of the tangent at P\ which also lies in the osculating 
plane, are x' -\-x”ds, y +y”d3, z +z"ds, v -\-v”ds, up to the first order of small 
quantities; and 

S (pV' — xds) (x -H x'ds) = 0, 

that is, P'C is perpendicular to the tangent at P'. Thus in the plane PP'RC, 
being the osculating plane which contains three consecutive points P, P', P" , 
on the curve, PC is perpendicular to the chord P’P, and P'Cis perpendicular 
to the consecutive chord P'P"; and in the plane, a circle can be drawn 
through the three points P, P\ P". In the limiting position, as P, P\ P" , 
approach to coincidence, we have a circle in the plane , PT is the tangent to 
the circle; PC and P'C are consecutive perpendiculars in the plane to con- 
secutive tangents ; thus C is the centre of the circle. 
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This circle is therefore called the circle of prime curvature, sometimes the 
circle of plane curvature, sometimes merely the circle of curvature. Its centre 
C is called the centre of prime curvature, sometimes the centre of plane cur- 
vature, sometimes the centre of circular curvature ; and its radius p is called 
the radius of prime curvature, or the rajd%us of plane curvature, or the radius 
of circular curvature. The line PC, being a normal to the curve and being 
the direction along which the radius of prime curvature lies, is called the 
principal normal of the curve. 

The equations of the principal normal, which has direction -cosines px' , 

py", #»«", p»", are 

X — X // — y z — Z V — V 


the principal normal therefore lies in the osculating plane 


U-y. v-v 

f § 9 9 

X , 1 / , Z , V 


= 0 . 


It also lies in the normal flat : thus the principal normal of the curve is the 
intersection of the normal flat by the osculating plane. 

To sum up as regards circular (or prime, or plane) curvature, the direction - 
cosines of the radius, measured from the curve towanls the centre, are 

/» // H ft 

px , py , pz , pv ; 
the coordinates of the centre arc 


fi = a; -h p^x', + pV ? i = ^ + ^ ui = V + pH " ; 

and the magnitude, p, of the radius is the positive square root of p®, where 

^ = x"^ + " 1 " 

pi- J 


Angle of contingence. 

131. The angle of contingenxe at any point P is the angle between the 
tangent at P and the tangent at the consecutive point P' , this second tangent 
lying in the osculating plane at P : it is the angle between two consecutive 
tangents. Thus it is the angle between the lines, the respective direction- 
cosines of which are x , y, z , v , and x' -H ad'ds, y + f'ds, z' + z'ds, v + v'ds. 
When the magnitude of the angle of contingence is denoted by de, we have 

sin* de = S [x (f + y'ds) — y {x + x"ds)Y 

= 2(a;y'-yV')*.ds* 

= lSa;'»2a;"*-(2a;V')*J dj* 

1 
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and therefore 

l_de 
p~ ds' 

a result that can be inferred immediately from the geometry of the circle of 
curvature in the osculating plane. 

Two consecutive principal normals do not meet: but their inclination 
may be noted. If di be the inclination of two consecutive radii of plane 
curvature, we have 

sin® = S {Im — Vm)^, 

where 

I, m, n, k =px\ py\ pz\ pv'\ 

V, m\ n, k'=px'-\-^(px')ds, py"-^^(py')ds, pz” + ^(pz')ds, pv' + ^(pv'')ds. 
Thus 

Im! - Vm = p® (/c'V" - y'V") ds, 
and so for the other terms in sin® dt ; consequently 

sin® di = p* (S (xY' - y'xy} d^, 

and therefore 

Q"=p*Mxy"-y'x'y 

= P* {( 2 ®"*)( 2 * "*) - ( 25 ;"®"')'} 



on reduction. 

The quantity ^ is called the curvature of screw, and the angle di is 

sometimes called the angle of screw. The curvature thus named has no 
centre, has no line for its radius, and is merely a magnitude ; as will be seen 
later, it is merely a combination of two essential curvatures of the curve, and 
has no independent geometrical significance beyond that already stated. 


Equations of the circle of curvature, 
132. The equations of the osculating plane are 


x — x, 

y-y, z-z, v-v \ 

, 

y , . »' 1 

. 

y" , . v" 1 


Any direction in that plane is given by direction -cosines 

-I- 7jx\ fy' + fu' + 7iv'\ 
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and therefore any direction in the osculating plane has direction-cosines 
— X sin 9 + px" cos 8, — y sin 6 -H py' cos 9, 

— z sin 9 + pz' cos 9, — v sin 9 -|- pv" cos 9^ 


where ^ is a parametric quantity. 

Any point in the osculating plane has coordinates 
x + tx npx\ y + \ 

z +tz + npz'\ V + tv npv\ 

where i is a length measured from P along the 
tangent PT, and n is a length measured from P 
along the principal normal towards C. 

When such a point W lies on the circle of plane 
curvature, we have 



S [a ; tx -I- npx” — (a; -I- p^x')Y = 
and therefore 

t^ + {n- pY = p\ 

so that this may be taken as an equation of the ^ 
circle of (plane) curvature in the osculating plane. 
We must have 


while 


0 ^ ^ 2p, 


t = {2pn - h2)*. 

In the accompanying figure, the preceding direction is that of WC^ where 9 
is the angle PCW. 


Torsion: angle of torsion. 

133. We require the small angle between two consecutive osculating planes, 
as at the points P and P'. Because these tAvo planes intersect in a line and 
not in a point only (their intersection being the tangent at P'), we can, by § 89, 
adopt the method of three-dimensional geometry and draw lines in the 
respective planes perpendicular to the common intersection; the angle 
between the perpendicular lines thus drawn is the inclination of the planes. 

The common line, to which these perpendiculars in the respective 
osculating planes are to be drawn, is the tangent P'T' of which the direction- 
cosines are 


X* -h x'^ds, y -h y*ds, z + z'ds, v -h v'ds. 
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up to the first order of small quantities. Any direction in the osculating 
plane at P has direction-cosines 

ax'-\-l3px\ ay a/-\-0pz\ av + I3pv\ 

where a* -h /Q® * 1. If this direction, lying in the osculating plane at P, is 
perpendicular to P T\ the condition 

2 (x -I- x'ds) (ax -h Ppx*') = 0 
must be satisfied : that is, 

a + - ds = 0. 

P 


As a® + = 1, and as we are retaining only the lowest power of ds, these 

ds 

equations give 13 = 1 and a = . Conset][uently the line, with direction- 

cosines 


px — X 


,ds 


// / ds 

py -y 


If I ds 
pz - ^ , 

P 


pv —V 


, ds 


is the perpendicular in the osculating plane at P to the tangent P'T'. 

The perpendicular in the osculating plane at P' to the tangent PT' is 
the principal normal at P\ and it has dircction-cosines 

px" + (px"' + p'x") ds, py" + (py'" -h p'y") ds, 
pz" -I- (pz"' -I- p'z") ds, pv" -I- (pv'" + pv") ds. 

Now the angle between two lines with dife^tioii-cosines I, m, n, k, and 
I', m', n', k', is given by the relation (§ 19) 

sin® x — ^ “ I'mY, 


where the summation is taken over the six terms, arising from the six com- 
binations of cosines in pairs. In the present instance, 


I = px" — a ^ U = px" + (px"' -1- px") ds, 
ds 

in = py" -y~» = py' + (py” + py”) 

and therefore 


Ini — Vin = p® (x'y" — y"x") ds — (x'y" — y'x") ds 
= [x' (phj'" + y')^y' (p^x'" +x)]ds. 

Hence 

= 2 {x {phj" + y') - y" + *'))* 

= (2®"*) {2 {p*x" + xf] - {2®" i^x'" + x')]^ 

= (p«2*"'* + 2/3*2®'*'" + l)-p* ^ 

_ 1 
“cr®' 

on reduction, and using the symbols of § 127. 
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If, then, the angle between two consecutive osculating planes be denoted by 
di 7 , we have 

di7 _ 1 
ds a ' 

This quantity ^ may be called the torsion of the curve at the point; it 

represents the arc-rate of turning of the osculating plane round the tangent. 
But there is no point which can be called the centre of torsion ; and there is 
no line, the direction of which can be called the radius of torsion. Often a is 
called the radius of torsion : but, in that use, it is only a magnitude and not 
a vector. 

The angle drt is sometimes called the angle of torsion. 


Orthogonal •plane : hinornial : trinormal. 

134. The equations of the osculating plane, taken in a form to shew that 
it passes through the centre of plane curvature, are 

I ,c — X — p^x\ y — y — p^y\ z — z — p^z\ v — v — p^v' , = 0. 

I X , y , / , \ 

t! // f# tt II 

X , y y z , V r 

The equations of the plane, orthogonal to the osculating plane at the centre 
of plane curvature, arc 

(x — x — p^x')x +(y — y — pV)y -\-{2 — z — p^z')z +(v-v-p^v")v =0] 

{x — x — p'^x") x" + ( // — y - p“y'') y" + (i - ^ ') /' + (u — u — p®i^") v" = 0 J 

When any direction, given by direction -cosines \, p, v, k, lies in this 
plane, the relations 

\x' -I- p.y -I- vz + KV = 0, 

\x' -I- p.y" + vz" -I- Kv" = 0, 

must be satisfied. When two distinct sets of values of X, p, v, k, are obtained, 
the etpiations of the plane can be exhibited by means of these directions as 
guiding lines. Two distinct sets of values, satisfying both relations and per- 
pendicular to one another, are as follows, suggested by later investigations 
connected with the curve. One such set is given by 

\ = ax' + ffpx" -H yp^x” 

P- = ay' + /9py" + 7P V" _ 

V = az' + /3pz'' + yp^z" 

K = av -I- /Spy" + yp^v” 
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provided a, 13, y, satisfy the relations 

aSa?'® + =0, 


a^xx" + I3pl.x"^ + 7p*2® V" = 0. 


The former relation gives 
the latter relation gives 


a-7=0; 

^ - 7P' = 0 ; 


and therefore, dropping the factor y as unnecessary for the immediate 
purpose though its value will be necessary later, one direction in the plane 
through C, which is orthogonal to the osculating plane, is given by direction- 
cosines proportional to 

X + ppW' + y^ppy-^p^y\ z' + pp'z" + p^z"\ v' + ppv' + pH'". 

Next, a direction L, M, N, K, lying in this orthogonal plane, and per- 
pendicular to p,, V, K, in the plane as well as perpendicular to the tangent 
and the radius of prime curvature that lie out of the plane, satisfies the 
relations 

Lx* + My* + Nz + Kv* = 0. 

Lx* + My** + Nz* + Kv* = 0, 

L\ -f Mp -f- Nv + Ktc = 0. 

On account of the values of p, v, te, and having regard to the first two 
equations, we can substitute an ec^uation 


Lx**' + My*** -h Nz** -h Kv*** = 0 


to be associated with the first two equations, in place of the third. Let 


II 

y ^ 

^ , 

r 

V 

1 

11 

z' 


X* 




V*' 


Z , 

V * , 

x" 


trr 

y > 


v"' 


z’\ 

v'", 

• n 

X 


V* , 


y' 

> 

II 

1 

I t 

X , 

y . 

Z* 


V** , 


y" 


*"■ 

y > 

It 

z 


r. 


r 


x". 

nt 

y ^ 

y" 


then we can take 


where 

the value of 0 being unnecessary for the moment. Thus another direction in 
the plane through G orthogonal to the osculating plane is given by direction- 
cosines proportional to 

*Lxt Jyt Jv 

Consequently, when p, v, k \ and L, M, N, K\ are taken as guiding 
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directions, the equations of the plane through the centre of plane curvature 
orthogonal to the osculating plane arc 


, y-y-p^y' . z-z-p^z" , 
X + ppx* + p^x'\ y + ppy' + p^y*'\ 2 + ppz' + p^z'\ 

Jx I Jy i » 


V — V — p^v 
V + ppv' + p^v" 

Jv 


= 0 . 


The direction through the point P on the curve, parallel to the line whose 
direct! on -cosines arc //., i/, ic, determined earlier, is called the hinormal to 
the curve at the point P ; it is the line PB in the figure on p. 211. A direction 
through P, parallel to the line whose direction-cosines are proportional to 
Jxj Jyj Jz 3 Jv 3 is called the trinormal to the curve at the point P; it is the 
line PP in the same figure. If therefore a plane be drawn through P, con- 
taining the binomial at P and the trinormal at P, its equations are 


x^x , y-y 

x+ppx +p^x , y+ppy \9^y , 

Jx 3 Jy f 


z-z 

Z + ppz' + P^z”, 
Jz 


v — v 

V+ppv' + pW" 

J. 


!I = 0 . 


!i 

il 


This plane is called the orthogonal plane at P : and it is orthogonal at P to 
the osculating plane of the curve at P, being of course parallel to the plane 
through C orthogonal to the osculating plane. It is the plane BPF in the 
figure on p. 211. 


Orthogonal frame at any point. 

136. It is to be noted that, with the point P as vertex, we now have a 
quadruply orthogonal frame, constituted by the four directions 

(i) the tangent, PP, 

(il) the radius of plane curvature, PC, 

(iii) the binomial, PP, 

(iv) the trinormal, PP, 

these four directions being perpendicular in pairs. The first two directions 
lie in the osculating plane ; the last two directions lie in the orthogonal 
plane. 


Osculating flat. 

136. The osculating plane has been defined as a plane through two 
consecutive tangents; and an equivalent property is that it is the limiting 
position of a plane through three consecutive points. 

It is a fundamental property of a flat that it can be made uniquely 
definite by the assignment of three guiding directions which do not, all 
of them, lie in one plane. By an equivalent property it can be made 
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uniquely definite through the assignment of four points which do not, all 
of them, lie in one plane Again, it has been proved that, if two planes 
intersect in a line, they lie in one fiat. 

Now consider the osculating plane at P; it contains the tangent at P, 
and the tangent at a consecutive point P'. Consider the osculating plane 
at P' ; it contains the tangent at P\ and the tangent at a consecutive 
point P", Thus the osculating plane at P and the osculating plane at P' 
intersect in the tangent at P ' : hence there is one fiat in which they both 
lie. As this fiat contains the osculating plane at P, it contains the tangent 
at P' as well as the tangent at P and as it contains the osculating plane 
at P\ it contains the tangent at P'' as well as the tangent at P^ Con- 
sequently the fiat contains the tangent at P, the tangent at P\ the tangent 
at P", three directions which do not, all of them, lie in one plane : it is 
determined by those three directions. Further, the tangent at P passes 
through the consecutive point P' \ the tangent at P* passes through the 
consecutive point P” \ the tangent at P'" passes through the consecutive 
point P "^ : that is, the fiat passes through four consecutive points P, P', 
P", P'", on the curve, while these four points do not, all of them, lie in one 
plane : the fiat is determinable by those four consecutive points on the curve. 

Any fiat through the point x, y, z, v, is represented by the equation 
A - a?) + P (y - y) + C (i — j) (v - v) = 0 ; 

the existence of a direction X, /i, v, k, in the fiat requires that the condition 

Ax + BfjL -|- Gv “h Pk ™ 0 

shall be satisfied. Now the tangent at P is given by the direction 

y\ ; 

and therefore a relation 

A® -f- Py + Cz^ Dv = 0 

is satisfied. The tangent at the consecutive point P' is given by the direction 
X + x'ds -I- ^x”ds^ + . . . , y H- y”ds -h \y"ds^ + . . . , 
z + z'ds -I- \z'”ds^ + . . . , V v'ds + \v''ds^ + . . . ; 
and therefore a relation 

2 A (x' -I- x^ds + \x”^ds^ + ...) — 0 

is satisfied. When account is taken of the former relation, we can modify 
this equation into 

2 A® ' + i (XAx'^) ds + i (SAa^O ds* -I- . . . = 0. 

The tangent at the next consecutive point P", given by a further increment 
of arc da along the curve, is given by the direction 

of + x^' (ds + da) + Ja;'" (ds -|- da^ + . . . ; 
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and therefore a relation 

XA [x + X* {ds + da) + \x** {ds + da)^ +...]= 0 

is satisfied. When account is taken of the relation first established, this 
equation can be modified to the form 

'LAx" + ^ (Silaj"') (ds + da) + (ds + do-)* + . . . = 0 ; 

and when account is taken of the second relation, this equation can be 
modified to 

i ^Ax’' + J 'ZAx^'' (do- + 2ds) + ■^XAx’ (do-* + 3do-ds + 3ds*) + . . . = 0. 

But a fourth consecutive tangent cannot lie in the fiat, and therefore no 
further condition is to be imposed upon the constants in the equation of the flat. 

We now pass to the limit by making the arcs ds and do- decrease inde- 
pendently towards the length zero. The first condition 

Ax By' -I- Cz -I- Dv = 0 
is unchanged ; the second condition becomes 

Ax" -I- By* -I- Cz' + Dv* = 0 ; 
and the third condition becomes 

Ax"' + By"* + Cz" + Dv"* = 0. 

Consequently the equation of the flat is 

X — X, y — y, z — z, V — v , = 0. 

X , y* , z* , V* 

99 J9 ff 9f 

X , 3/ , Z , V 

rii in III III 1 

X , y , z , V I 

As the flat contains three consecutive tangents, the greatest possible number 
of non-complanar directions through which a flat can pass, it has the closest 
possible association at P which can be obtained by any flat through P: 
accordingly, it is called the osculating fiat at the point P of the curve. 

137. The same result follows by requiring the flat 

A (x — x) + B {y — y) + C {z — z) + D {y ^ v) = 0, 

which already passes through the point P, to pass through three points 
consecutive to P. For any point on the curve near P, the coordinates are 

x^x + xds -h \x''ds^ \x"*d^ -I- -I- . . . , 

y = y-\- y'ds -I- ^y"d^ - 1 - iy'W H- -^y^^d^ -I- . . . , 
z = z zds + iz*ds^ -¥■ iz"*ds^ + ^z^^ds^ H- . . . , 

V = V -h vds -H \v"d^ -I- J v "ds* -I- -^v^^ds^ + .... 
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When these values are substituted, the requirement as to passing through 
three consecutive points is satisfied by making the coefEcients of the first 
three powers of ds, viz. the powers ds, ds\ ds®, vanish, and by excluding the 
necessary evanescence of higher powers of ds : thus we have 
Ax +By +C/ +Dd =0, 

Ax" +£y" +Cz" +J)v" =0. 

Ax'" + By'" + C/"+l)v"'=0, 

while 

Aa^^ + By^^ + 

does not vanish. 

The three conditions lead to the same equation as before for the oSculating 
Eat. 

The exclusion of the magnitude ^Aid'^ from evanescence implies that the 
quantity Xl (of § 127) does not vanish. As will be seen later (§ 146), the 
vanishing of XI at the point P would mean that P is a point of zero tilt; 
the vanishing of XI everywhere on the curve would mean that the curve is 
a three-dimensional curve, existing (that is to say) wholly in one flat. 

138. Finally, as regards the construction of the equation of the flat, the 
same result follows from determining the flat in which the osculating plane 
at P and the osculating plane at the consecutive point P' lie. The equations 
of the osculating plane at P, which of course <|ontains the consecutive point 
P\ can be taken 


X — X — x'ds, 2 / “ 2 / “ ^ ‘ 

I y 


’ — z'dSf V —v — vds 
z* , v' 


= 0 , 


II . f . , t;" II 

BO that every point in the plane is given by expressions 
x — x = xds -h \x' -h fix"^ 
y-y = y'ds-|-Xy'-|-/iy" 

Z — Z = Z'ds +\z' + 
v — v = vds \v + fiv", 

The osculating plane at P', containing the tangents at P' and at P", has 
equations 


X — X — x'ds, 

y-y-y'ds. 

1 

1 

v — v — v'ds 

= 0 , 

X - 1 - x” ds , 

y' + y" ds , 

z ds , 

v' +v"ds 


x" + x'ds , 

y"+y"'cfa , 

z" + «'"(fe , 

v"j^v'"ds 



so that every point in this plane is given by expressions 

X — x = x'ds + €{x' + x"ds) + 17 (x" + x'" ds)' 
y-y = y'ds + e (y + y"ds) -I- 7f {y" + y"' ds) 
z-z = zds + e{z +z"ds) -|- 77 {z" + ds) 
V — V = v'ds + e(v' -f- v"ds) + 17 (v" -I- v'" ds). 
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In the first double infinitude of points, \ and /a are parameters; in the 
second double infinitude of points, e and rj are parameters. 

Both double infinitudes are included in the aggregate 

X — X- otx* + &x** + 7 a;'"' 

y-y = o^y' + Py" + 

£ — z — az ■¥ Pz" + yz'"' 

V — V = av + I3v" + yv"' 


where a, /3, 7 , are parameters. The first infinitude arises for the values 
a = X. + cis, P = tz, 7 = 0; 
the second infinitude arises for the values 

a=€ + ds, /3=ri+€ds, y=r)d8. 

Hence all points in both the planes, that is, both the planes themselves, lie 
in a fiat 


« - a;, y-y, 

. y , 

a;" , y' , 

•zj'" . y"' , 


? — V — V 

z' , u' 

z” , v" 

z '" . v'’' 


= 0 , 


which accordingly is the osculating fiat at the point P of the curve. 


2'he osculating flat contains the tangent, the principal normal, 
and the hinormal. 


139. Moreover, the last set of equations, expressing x, y, z, v, in terms of 
the three parameters a, /9, 7 , give the coordinates of any point within the 
fiat. 

Further, any direction I, m, n, k, lying in the fiat, is given by the 
equations 

I = \x + fLX* + vx"* 
in = \y' + fLi/' + vy"' 

« =X/ +pz" -\-vz"'y 
k = \v' + pv*' + 


where y., v, are parameters; and as Z* + m*+ a® + A;®= 1 , these parameters 
are subject to the relation 


that is, 


2(Xa;' + /£a;" + i/0* = l. 

V + i (,*• - 2X.) - 2 i i J ^ - 1 . 


F. a. 


15 
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When the equation of the flat is taken in the form 

L{x — x)-\-M{y — y)-\-N{z — z) + K{v — v) = 0, 
the direction-cosines of the normal to the flat are proportional to L, M,N,K\ 
or they actually are Z, M, N, K, when the relation 


holds. As in § 134, we define 


II 

II 

1 

z’ . 


/ 

X 

y", «" 

z". 


•! 

X 

y‘", z", V" 

z'". 


x" 

II 

II 

1 


y' 

z' 

y" 


y" 


v". r 

x", 

y" 

2 "' 

and then, if 




L=>ej^. M=0Jy, j\r= 

0Jz. 

K 

II 

the value of B is given by 




^=J.* + Jy* + J^* + J,^ = 

Sill 

Sill 

5i3 


Sui 

Sill 

^23 


*13^ 

S|1| 

A 33 

1 

1 ’ 



o 

pH 

II 





p 



0 ^ , 

9 




9^ 



1 p' 1 

1 

p'® 


?' P*’ 

+ -4 + 

p* 



1 


We may take the positive root ap^ as the value of 0 ; and then the direction- 
cosines of the normal to the flat are 

<rp^Jx3 o-p^Jy3 o-p^Jz, irp^Jj,. 

This line is the trinormal (§§ 134, 141). 

In the equation of the flat as given, three guiding lines are indicated. 
One of these has direction-cosines x\ y, /, v ; it is the tangent PT at P to 
the curve. The second has direction-cosines px'\ py\ pz\ pv” ; it is the 
principal normal PC at P to the curve, lying in its osculating plane. The 
third has direction-cosines proportional to z'\ v". But while the first 

two directions are perpendicular to one another, the third direction is not 
perpendicular to either of the first two ; and it is convenient, sometimes to 
substitute for this third direction, and usually to associate with the first two 
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direcbions, a new third direction lying in the Rat and perpendicular to the 
first two. Let this third direction be given by the direction-cosines wi, ??, 
as on p. 225. We are to have 

lx + my' H- nz' + ki/ = 0 , 
lx" + my" + nz" + kv" = 0 . 

From the former, we have 
and from the latter, we have 

Accordingly, we substitute these values of \ and y, in the relation connecting 
y, I/, expressing the property that -h + ii® -f- = 1 ; and we find 

v^ = a^p^. 

When the positive square root is taken as the value of u, the direction-cosines 
of the new direction in the osculating Rat, perpendicular to the tangent and 
the principal normal, are 



” {X' + ppx' + p^zf"l - (/ + ppY + ), 

P P 

^ {/ + ppV' + p^z'"), ^ («' + pp’v" + P* v'"). 

If it is desired to shew this direction in the equation of the Rat, the 
equation is 


X — (t 

x' 

x" 


y-y 

y 

y" 


Z'- Z 

f 

z 

z" 


V — u 
v' 
v" 


x-\-pp'x" + p^x"\ y'+ppY' + p’-y'", z'-^ppz" + p^z"\ v'-hppV'-i-p**;" 


= 0 ; 


and, now, the three guiding lines of the Rat, as indicated in this equation, are 
perpendicular to one another. The third guiding line in the equation is the 
binormal, as already (§ 134) defined. 


Normal plane. 

140. The equation of the normal Rat at P, that is, the Rat perpendicular 
to the tangent at P, is 

(,'E — x) X -H (Ij — y) y' + (z— z) z' + (v — v) v' = 0. 

Any point in the osculating Rat at P is given by 

X ^ X = ax + fix' + ^x"\ 
y-y = oy + fiy' + 71 /"', 
z — z = az' + fiz" -H 
V - V = av' + fiu" 4 - 711'". 

15—2 
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When such a point lies in the normal fiat, a, /S, 7, satisfy the relation 

= 0 , 

that is, 

o — 7^ = 0. 


Consequently the intersection, of the normal flat at P and the osculating 
fiat at P, is the aggregate of points given by 


a: — a; = a (£c' + = a{x' + + P^^") + — opp) 

y-y = a(y y'") + ffy* = a (y + ppY + />“ /') + 
z ^ z = a{z + + I3z" = a (/ + ppz" + p®/") + (/S - app) a\ 

V — i;=a(«'+ p^v**‘) + fiv)' = a (w' + ppv" + p® w'") + O - app' ) v" ; 


that is, the specified intersection is the plane 

® — a; , y^y I i — 2? , v — v 

, y" . 

a;' + ppV' + pV", y+ppY + p^y", z + pp'z" + p^z"\ v' + ppv"+p^v' 


= 0 . 


This plane passes through the line whose dircction-cosines arc proportional to 


a;' + ppV + p®a;'", y + ppy"' + p'^y", z' + pp p^z'", v' + ppV'+p®v" 


and this last line, the binormal, is perpendicular to every line in the osculating 
plane. The plane, passing through the line, therefore either is perpendicular 
or 18 orthogonal to the osculating plane. It cannot be orthogonal to that plane, 
because both planes contain the line PC, the radius of circular curvature , it 
therefore is perpendicular to the osculating plane at P. We call it the normal 
plane at P. 

Again, the binormal lies in the orthogonal plane at P, so that the ortho- 
gonal plane at P and the normal plane at P intersect in this line. The 
binormal thus lies in the normal plane, and it is perpendicular to every 
direction in the osculating plane : but it is, of course, only one of the infinitude 
of directions (all lying in the orthogonal plane) which are perpendicular to 
every direction in the osculating plane. 


The trinormal : it is perpendicular to the osculating flat 
141 . The normal to the osculating fiat has 

o-pV*, trp^Jy, trp^Jg, trp^J^, 

for its direction -cosines. It lies in the orthogonal plane at P, It is perpen- 
dicular to the tangent, it is perpendicular to the principal normal, and it is 
perpendicular to the binormal ; accordingly, it is called the trinormal, as well 
as the normal to the osculating flat. 
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In the figure 12 in § 128, the tangent at P is PT ; the principal normal 
at P is PC ; the binormal at P is PB \ and the trinormal at P is PF. We 
have seen that these four lines PT, PC, PB, PF, constitute a quadruply 
orthogonal frame at P. The plane through PT and PC is the osculating 
plane at P \ the plane through PC and PB is the normal plane at P ; and 
the plane through PB and PF is the orthogonal plane at P. The flat 
PTCB is the osculating flat at P; and PF is the normal at P to this 
flat, being the trinormal. 


Centre of second {sphei'ical) curvature, within the osculating flat. 

142. The intersection of the norm.al flat at P and the normal flat at the 
consecutive point P' is a plane through C, the centre of circular curvature : 
this plane is orthogonal to the osculating plane. Next, the intersection of 
the normal flat at P' and the normal flat at the consecutive point P*' is 
another plane, orthogonal at C to the osculating plane at P\ where C is the 
centre of plane curvature at P'. The two planes, orthogonal to the two 
osculating planes at P and P\ intersect in a line , for they lie, both of them, 
in the normal flat at P', the middle one of the three consecutive points: and 
manifestly this new line is the intersection of the three consecutive normal 
flats. 

Now the equations of the plane, which is the intersection of the normal 
flat at P and the normal flat at P', are (§ 129) 

S (r — ic) a;' = 0, 2(.i; — a?) a;" = 1. 

The equations of the plane, which is the intersection of the normal flat at P ' 
and the normal flat at the next consecutive point P", the arc P'P" being cZe, 
are 

2 (.f — x) x' + (2 (r — x) x" — 2j;'* ] do- = 0, 

2 (.r - x) x" + (2 - x) a;'" - ^xx'\ do- = 1 ; 

and therefore the intersection of the two planes, which meet in a line because 
they lie in one flat — or, what is the same thing, the intersection of the three 
consecutive normal flats — is, in the limit, given by the three equations 

2 (S — .t) a;' = 0, 2 (.7 — ic)®" = 1, 2 — a;) a;"' = 0. 

The intersection of the osculating plane (through two consecutive tan- 
gents) by the plane, which itself is the intersection of two consecutive normal 
flats, gave the centre of circular curvature in the osculating plane. The 
intersection of the osculating flat (through three consecutive tangents) by 
the foregoing line, which itself is the intersection of three consecutive normal 
flats, gives a centre of curvature in the osculating flat. It could be called the 
centre of flat curvature, or the centre of second curvature: manifestly it 
is distinct from the centre of plane curvature (or prime curvature). Let it be 
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the point S : the coordinates of S are determinable as the intersection of the 
flat 

1 = 0 


■t-x, 

y-y^ 

z-z. 

u — 1; 

^ . 

y » 

Z , 

u' 

. 

y". 

. 



y . 


v'" 


by the line, whose equations arc 

= 0 , 'St(x — x)x"=l, ^ (x — x) x'^' = 0 . 

To find these coordinates, we take a current point in the fiat 

x — x = ax+ ffx' + yx"\ 

y-y = ay + 0 y' + yy"\ 

z —z = az* + Pz' + yz**\ 

V —v = a.v + + 71;'", 

and make the parameters a, 7, of these coordinates satisfy the three equa- 
tions of the line. Thus, from the first equation, 

olIx^ + PXxx" + y^x'x'" = 0. 

that is, 

«- 7 i = 0-, 

from the second equation, • 

a2icV' + /92a;"* + ytx^x''' = 1, 

that is, 

/ 9 -.- 7 ^ 1 = 1 ; 

and from the third equation, 

a2a;V" + /92a;' V" + 72 a;'''* = 0 , 

that is, 


Hence 


P 

a = o-*^, )9 = p* + = E*, 7=cr*pp'; 


and therefore the coordinates ^2, ’72, ?2, <^2, o/ 9 , the centre of second curvature. 


^2 = ic + O'® ^ ® + (p* + o^p'*) a:" + a^ppx'" 
i;, = 2/ + <r* ^ y' + (p* + tr*p'*) y" + a’^ppf 

f, - « + ^ + (p» + <r*p'*) + <T*ppV" 

f 

vt = v + a*^v +(p* + ff*p'^)v" + <T*p 


are 
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The equations of the line which, by its intersection with the osculating 
flat, determines the centre of second curvature, can now be expressed in a 
clearer form. They have been given as 

S(^-a;)ic' = 0, = t(x-x)x"' = 0. 

The point S, being fj, 1721 fai ^ 2 * li®a on this line, so that 

= X (^2 - x) x'" = 0, 

and therefore the equations of the line can be taken 

S(5-fa)®' = 0, S(S-fa)®' = 0. X (x - x'" = 0. 

These are three eijuations, homogeneous and linear in the four quantities 
^ ~~ ^2* y ~ V 2 i ?ai ^ — ^2 9 when they are resolved, they give 

X— ^2 _y ^2 _ Z-K2 _V-V2 

j. Jy “ Jz ~ J\ ’ 

which accordingly can be taken as the equations of the line which is the limit 
of the intersection of three consecutive normal flats. The line is manifestly 
parallel to the trinormal at P (or what is the same thing) it is parallel to the 
normal at P to the osculating flat. It passes through the point S\ it is the 
line /S^Cr, parallel to the line PF^ in the figure on p. 211. 


Spherical curvature : its centre and radiiis. 

143. The coordinates of C, the centre of prime curvature, are 

fi = a:+p®a:", i;i = y + pV'. = * + vi=w + p®w"; 

consequently 

f, - f 1 = <r» ^ {x + ppx" + p*x"'), 

,.-,i = <r*^'(y'+ppy' + pY"), 

{r.-ri = «r«^(z'+ppV' + pV"). 

vt-vi~ (»' + pp'v" + p'v'"). 

P 

Hence the line SC, joining the centre of prime curvature to the centre of 
second curvature and measured from C towards S, is parallel to the binormal 
to the curve at P. Also we have seen (§139) that the four quantities of the type 

^(a'+pp‘x" + p*x"') 
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are actually direction-cosines of a line (of the binormal, and therefore of any 
parallel direction); hence the length of CS is a-p\ Now 

PG = p, CS = ap\ PGS = \ir, 

for GS is parallel to the binormal ; consequently, 

Pfifa = PC® -I- GS^ = p® + = R\ 

Thus the quantity denoted hy R is the radius of second curvature ; and it is 
given hy the relation 

where 

-2 = 2 ®"*. 

Also, it will bo convenient to retain the relation 


and it is easy to verify, directly, that 

(f* - + (172 - yy + (?2 - «)* + (‘'2 - v)* = K*. 

The directiwi-cosines of the radius of second curvature are 

I2 -5 ^ 

R * R ’ R * R ^ 

directed from the ^xunt P of the curve towards the centre S of second curva- 
ture ; and these direction-cosines are proportional to 

a^~x R^x' + (Pppx" 

P 

a^-y + B^y" + o^pp'y"' 

' r 

<T*^z' + E‘z" + a^ppz" 

p 

a^^D' + ieV' + <rWw"' 

p / 

But the point S does not lie in the osculating plane at P ; it is at a perpen- 
dicular distance a-p from that plane. 

The significance of the point S can be otherwise established, as follows. 
The point C, the centre of plane curvature at P, is equidistant from three 
consecutive points P, P\ P", lying in the osculating plane at P; and there- 
fore any point in any line through C, perpendicular to the osculating plane 
at P, is equidistant from P, P', P" : that is, any point, in any line through 0 
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lying in the plane which, at C, is orthogonal to the osculating plane at P, is 
equidistant from P, P', P". This plane is the intersection of the normal flat 
at P and the normal flat at P'. 

Let C' be the centre of plane curvature at P\ so that C" is the intersection 
of the osculating plane at P' with an orthogonal plane, itself the intersection 
of the normal flat at P' and the normal flat at P". (It may be noted, in 
passing, that CC' and PP' are therefore perpendicular to one another.) Thus 
G' IS equidistant from three consecutive points P\ P", P"\ lying in the 
osculating plane at P\ and therefore any point in any line through C\ per- 
pendicular to the osculating plane at P\ is equidistant from P', P'\ P"': 
that is, any point, in any line through C' lying in the plane which, at G\ 
is orthogonal to the osculating plane at P', is equidistant from P\ P ' , P"'. 
This plane is the intersection of the normal flat at P' wuth the normal flat at P". 

Now there is a line common to the three normal flats at P, at P', at P' , 
respectively , it is the line SG. As the line CS lies in the plane which is the 
intersection of the normal flat at P and the normal flat at P', the line GS is 
perpen«licular to eveiy line in the osculating plane at P, and the point S is 
equidistant from the three points P, P\ P", so that SP = SP' = SP". As 
the line G'S lies in the plane which is the intersection of the normal flat at 
P' and the normal flat at P", the line G'S is perpendicular to every line in 
the osculating jilane at P\ and the point S is equidistant from the three 
points P', P ', P \ so that ;S'P' = *S’P'' = 

Thus SP = SP' = SP ' =SP" ', and all the points P, P\ P ", P ", S,\ie in 
the osculating flat at P. All the four points P, P\ P'\ P ”, cannot lie in 
one plane. We therefore can draw, lying in the osculating flat at P, a three- 
dimensional sphere, with centre passing through the four consecutive points 
P, P', P", i*'", lying on the curve. Also, four is the greatest number of 
points through which a three-dimensional sjiliencal surface can be drawn. 
The foregoing siihere is therefore the sphere >\hich has the closest contact, 
possible for a sphere, with the curve at the point P. We therefore call the 
sphere, thus constructed in the hoiiialoidal triple space constituted by the 
osculating flat, the sphere of curvature at the point P: the point S, the 
centre of second curvature, is alho called the centre of spherical curvature', 
and the magnitude P, the radius of second curvature, is also called the radius 
of spherical ciuDature. 

The ecpiations of the sphere of curvature at P^ passing (that is) through 
four consecutive points of the curve at P, arc 



y . 


z — z, V - V 



r 

v" 

v" 



z 
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being the osculating flat in which the sphere lies, and 
or, what is its equivalent, 

representing a globular region of which the section by the osculating flat is 
the surface of the sphere of curvature of the curve. 

The line SO^ which is the intersection of the plane, orthogonal at C to the 
osculating plane at P, and the plane orthogonal at C* to the osculating 
plane at P\ is normal to the osculating flat at P. Now this normal to the 
flat at S is perpendicular to every direction in the flat, and therefore is per- 
pendicular to SP, to SP\ to jSP", to SP"'. It follows that, because 

SP = SP‘ = SP" = SP"\ 

every point on the line SG is equidistant from the four consecutive points 
P, P\ P'\ P' 


Equation of the sphere of curvature in the osculatimj flat 

144. The equation of the sphere of curvature, referred to suitable axes 
in the osculating flat, can be obtained simply fjom the foregoing form, which 
represents the sphere by the two equations respectively representing a flat 
and a globe. 

Any point in the osculating flat is given by coordinates 
S — a? = ax -h fix** + 'yx”\ 

y-y = ^y Py" 

z — z =saz ^z" + 7 ^'"', 
y — y =Z av + Pv" 7t»'", 

where a, 7 , are parameters. If this point lies on the sphere of curvature, 
its coordinates must satisfy the eejuation 

S - xf = 2S ((.^ - x) (£2 - x)]- 

Now 

X(x — xy = 'l (ax -I- 0x' + 


and 




2 1(5 - a;) (f, - *)} - 2 + yx'") |a» ^ a:' + (p* + <r»p») x" + «t V®'"}] 

= / 8 , 
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on reduction. Hence a, 7, must satisfy the relation 

In order to clarify the significance of this relation, let the variable point 
be obtained by taking 

(i) a distance t along the tangent, with direction-cosines x\ y\ z\v \ 

(ii) a distance n along the principal normal, with direction-cosines 
px \ py\ pz*\ pv" , and 

(iii) a distance b along the binormal, with direction-cosines 

- (x + pp V' -h pV''). - (y + ppy” + p^y"h 

p p 


^ (z -I- ppz' -I- p^z"), - (v -h ppv' + p®v’"). 

P P 

When the sphere is referred to these three lines, as perpendicular axes in the 
(three-dimensional) osculating flat, so that t, w, 5 , are the projections of PQ 
upon the axes, Q being the current point on the spherical surface, the co- 
ordinates of Q are 

7 — x = xt + px'n - (x' ppx” -h pV") 6, 

P 


!i-y= y't + py"n + J (y' + pp'y" + pV") 

z — z = z't + pz"n + “ (■ 2 '’ + pp'^ " + 


V —V vt-\- pv”n + ” + PP^” + P^^' ') 

Comparing the two sets of expressions for the coonlinates of Q, we'find 


a = « + - 6, 

P 

^ = pn-\- apb, 
7 = apb. 

Thus the relation connecting a, /S, 7, becomes 


-I- 7i® -I- 6* = 2 (p?i -h <rp'6), 

that is, 

-I- (a - p)* -H (6 - o-p')* = p“ + o-®p * = 

In this form, the relation is simply the equation of the sphere, referred to the 
selected axes in the osculating flat, all in three-dimensional (homaloidal) 
space : t, n, 6, arc the coonlinates of a current point on the sphere ; 0, p, ap, 
are the coordinates of its centre S, because S lies in the plane £ = 0 in that 
space, while PC = p, GS= ap ; and R is the radius of the sphere. 
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Angle of tilt : curvature of tilt, 

146. Expressions have been obtained for the angles between some con- 
secutive configurations: in §131, for the angle de between two consecutive 
tangents, and for the angle dt between two consecutive principal normals : 
in § 133, for the angle dif between two consecutive osculating planes. We 
now proceed to obtain an expression for the angle da between two consecutive 
trinormals as the trinormal is the direction uniquely normal to the osculating 
fiat, da also denotes the angle between two consecutive osculating flats, and 
it will be called the angle of tilt of the osculating flat, or, simply, the angle 
of tilt. 


The direction-cosines of the normal to the osculating flat at P are I, m, n,k, 
and those of the normal to the osculating flat at the consecutive point P' are 
V, , n\ k\ where 

I = «rp V* , I' (<rp^J^) ds. 

in = (rp^Jyf , m = (rp^Jy -h ^ (ap^Jy) ds, 

n = ap^Jz, n = ap^Jz + ^ ds, 

« 

k = (rp^Jy , k' = ap^Jy + ^ {a-p^Jy) ds. 

The angle of tilt da is given by 

sin* da = S {Ini — l'm)\ 


where the summation is taken for the six combinations of the direction-cosines 
in pairs. Now 

Im' -l'm = aY {j. - Jy ds. 

and so for the others ; hence 

/I dw\* _ V r d^ j dJx\^ 

ds) ■ 


y' . 

Z 1 

V 

II 

y . 

Z , V 

2/". 

99 

z , 

v" 


99 99 

Z , V 

9ii 

y . 

9 99 

e , 



y'\ 



*' . 

, 

X 

dJy _ 

' ds~ 

Z , 

V , 

X 


v". 

X* 

z\ 

n 

V 1 

or 


v"\ 

x" 


Z^\ 

a:" 


Now 
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and therefore 

Y y Y 


= - 

y . 

p 

v* 


. 

X 

+ 

. 

9 

V , 

X* 

y. 

Z . 

v' 


y". 

11 

Z . 

v" 



x” 


z\ 

u" , 

x' 

y 

^"p 

y" 


y". 

1 

Iff 




1 

z\ 

v", 

a!” 

y". 


y'" 


The whole coefficient of on the right-hand side is 


the whole coefficient of y'"’ is 


the whole coefficient of is 


y . 

z , 

y 

y". 

. 

v" 

y'". 

iti 

Z , 

m 

V 

. 

w' , 

x' 



x” 



.r'" 


(«V'-.t'w") y' , 

z . 

y' 

-(y y -yy ) 

z 

V , 

X 

y" . 

99 

Z p 

y" 


II 

z p 

y". 

x' 

m 

y p 


y'" 




X 


which is equal to 


- {zv'* - vz") V , X , y ; 

H •> ’t 

V , X , y 


and the whole coefficient of w”' is 
{zx-j-z") y , z , 

y " . « " . 

-i/" 

y I ^ » 

which is equal to 

{zv'-v 

Hence* 

r r 

where 


y . 

^ p 

1 

V 

./ 1 II 1 l’\ I 

+{yz - zy ) z , 

1 

V , 

1 

X 

y'l 

•1 n 

z , y 

99 

z , 

/ 

V , 

x' 

y". 

z". 

v"' 

z'\ 

y'", 

III 

X 


/ I »f t H\ I t t 

{zv -vz ) X , y , z 

X , y , z 

in III Iff 

^ » y I ^ 

f y Y X / ' " > tf\ o 


^ , 

y . 

* 1 

y 


y 1 

*" . 

y" 

9 99 

^ , 

y"i 


y" 


y‘\ 


y‘^ 


* The result can be derived at once from the property that -Jyi are the 

minors of x‘*, y‘% i'", y"', in U. 
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Similarly for the other terms in the summation 2 {Im — Vvif. 
We define the curvature of tilt to be according to the relation 


do) _ 1 
ds T ’ 


so that T is a linear magnitude. There is no centre of tilt; and there is no 
line whose direction can be regarded as a radius of tilt, though the expression 
radius of tilt is used to describe the magnitude t. With this definition, 
we have 







and therefore, with a choice of the angle dta as positive according to the 
convention of § 112, and an assumption of a sign for t, we have 


p^a^rfl = — 1 . 


Significance of zero curvature^ or zero torsion^ or zero tilt. 

146. As a skew curve in four-dimensional space usually has plane 
curvature, usually has spherical curvature distinct from plane curvature so 
that there is torsion, and usually has curvature of tilt, the quantities p, a, r, 
usually are not infinite. The determinant 11, accordingly, is usually different 
from zero. 

For such curves as allow this determinant 12 to be zero everywhere, 
we can have p, or <r, or t, or any two of them, or all three of them, infinite. 

When p is infinite everywhere, so that there is no plane curvature along 
the curve, the curve is a straight line. 

When cr is infinite everywhere, so that there is no torsion, the osculating 
plane of curvature is one and the same all along the curve, the curve is 
a plane curve. 

When T is infinite everywhere, so that there is no tilt, the curve is 
a three-dimensional curve ; for then the osculating flat is one and the same 
all along the curve. 

An analytical proof of these statements is simple 

I. When the plane curvature is zero, we have 
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SO that X = 0 , y' = 0 , z " = 0 , v” = 0 , the curve being real. Then 
a; = ais + 6 i, = + + v = ai8-\-h^\ 

and the curve is 

x — bi y — z — h^ v — b^ 

ai Ug Us ’ 

manifestly a straight line. 

II. When the plane curvature is not zero, the curve is nob a straight 
line ; and then, as 

j^ = 'S.{xy" -yx"f, 

not all the six quantities of the type xy” — y x*' are zero. We assume that 
x\J* — yx* docs not vanish. Now 


2 

3 /' . 1 

V 

*=| tx‘* , 

'Ix'w'' , 

Ix'x" 


tt II 

y . z , 

// 

V 

1 Ix'x" , 

2*"* , 

lx"x"' 


2/ i z'\ 

v" 

1 l.xx". 

V* n 'tf 
2,x X , 

lx'"* 


When there is no torsion, - is zero ; and then 


y . 

Z , 

• 

V 

: = 0. 

1 • 

v' , 

X* =0, 

y". 

. 

v" 

1 

I 

1 

u" » 

x" 

f f f 

y . 


HI 

V 

1 

1 z'". 


x" 

V , 


1 

y 

( = 0, 

1 

1 a?' , 

y * 

2 ' =0, 

n 

V , 

X , 

y' 


1 99 

. ^ . 

y" * 

z" 

•II 

V , 

999 

X , 

y" 


' nr 

X , 

nr 

y * 

z"' 


really equivalent to two relations. Taking the third and the fourth as the 
two independent relations, we have quantities a and /3, 7 and 5, such that 

z' = ax + / 9 y' w' = + hy 

z* = ax" + Py” ■ p v" = •yx" + 

2 '" = aaf'' + ^y"' v' = ^x" + by" , 

Now, from 2 ' = ou;' + we have 

2 " = ax" + %" + aV + /3y. 

that IS, 

aV + i9y = 0 ; 

and from z" = ax" + /9y", we have 

2 " = a®" + /3y" + aV'+)9y\ 

that is, 

aV' + /9y' = 0 . 

Hence as xy" — yx' is not zero, we have 

a=0. /3' = 0, 
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that is, a and /9 are constants ; and now / = am;' + /By leads to 

2 = aa: + fiy +/, 

where / is a constant. 

Similarly, we prove 7 and fi to be constants, and derive the equation 

v = yx-\-hy + g, 

where ^ is a constant. 

Thus the coordinates of every point on the curve satisfy the two equations 

= or + +/ I 

V = yx-^ By + g ) 

where a, / 9 , 7, S,/, g, are constants. The curve is a plane curve. 


III. When the plane curvature is not zero, and when there is torsion, so 
that the curve is not a plane curve, we have 


/ 

y 1 

Z , 

\} 

X , 

y\ 

z". 



y"\ 

z". 

v" 



z'\ 

ylV 


As the torsion is not zero, not all the quantities J®, Jy, Jz, vanish : 

we can suppose that does not vanish, that is, the determinant 


does not vanish. 


^ , y 
aj'", y' 


If there is no tilt, the four-rowed determinant is zero ; and thus there are 
quantities a, / 9 , 7, such that 

v' = ax' + Py + yz' , 
v" = ax" + fiy" + yz" , 
v" ^ ax" ^-^y" ^-yz'", 

^ax^^ +Py^^ +7z'V 

Differentiating the first of these, and using the second, we have 

0 = tt V + P’lj -I - yz \ 

differentiating the second and using the third, we have 

O^ax' + P'y' + yz"- 

and differentiating the third and using the fourth, we have 

0 = aV"-f^y" + 7V". 


Consequently 


a' = 0, / 3 ' = 0, 7' = 0, 
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that is, a, / 3 , 7, are constants : and then the equation v = fix + + 7^' leads 

to a relation 

V = ALB + + 72 r + /i, 

(where h is a. constant), which is satisfied by the coordinates of every point 
on the curve. The curve therefore lies in a flat : it is a three-dimensional 
curve. 


Globular {tJdrd) curvature ■ its centre and radius. 

147. The tangent, the osculating plane, and the osculating flat, of one 
dimension, two dimensions, and three dimensions, respectively, constitute 
the aggregate of hoinaloidal amplitudes which, each in its own kind, have 
the closest relations of contact with the curve ; they pass through two 
consecutive points, three consecutive points, and four consecutive points, 
respectively. The only remaining type of homaloidal amplitude is the full 
space of four dimensions, in which of course the curve exists. 

Now, in a space of four dimensions, a globe (defined as a region each 
point of which is at the same distance from a centre as every other point) can 
be made to pass through five points which do not, all of them, he in one flat 
A globe is thus made determinate, for there arc five disposable constants, 
the radius of the globe and the four coordinates of the centre, and these can 
be determined from the five conditions that the globe passes through the 
five points But as there arc only five disposable constants, a globe cannot 
be made to pass through six arbitrarily assigned points. We therefore take 
five consecutive points on the curve P, P', P"', P*^ : they do not all lie 

in one flat, for a flat can contain only four arbitrarily assigned points, and we 
have seen that the flat which contains the tangents PP', P'P", that 

is, contains the four con.seciitive points P, P\ P'\ P'", does not contain 
a fifth consecutive point P'\ Accordingly, we proceed to determine the globe 
which passes through these five consecutive points : as five is the greatest 
number of arbitrarily assigned points through which a globe can be made to 
pass, this determinate globe wdl have closer contact with the curve at P 
than any other globe passing through P. The globe is called the globe of 
curuature , its centre is called the centre of {third, or) globular curvature , 
and its radius is called the radius of {third, or) globular curvature. 

Let fa, ? 73 , fa, 03 , be the coordinates of the centre of globular curvature G, 
and let F be the radius of globular curvature, at the point P of the curve; 
then the equation of the globe is 

(^ - + {y - + (i- fa)* + (D - ua)* = 

or, with the usual notation, 

S(.T-f3)*=r2 

The quantities fa. ’? 3 , fa, ua, F, are to be determined from the conditions 

16 


F.G. 
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that the globe shall pass through the five consecutive points P, P\ 

P”\ P*\ on the curve. 

In order that the globe may pass through P, the point sc, y, z, v, the relation 

must be satisfied. In order that it may also pass through P\ the additional 
relation 

2 (a? — fa) Jj' = 0 

must be satisfied. In oider that it may further pass through P”, an 
additional relation 

2((a;-f3)a;"+®'»}=0. 
that is, the additional relation 

2(a; — fa)®"*-! 

must be satisfied. In order that it may now pass through P”\ an additional 
relation 

2((a:-?3)*"' + ®V')=0, 

that is, the additional relation 

2(®-fa)a;"' = 0 

must be satisfied. Finally, in order that it maytpass through P*\ the last of 
the five consecutive points, one additional relation 

2 {(® — fa) + ®V") = 0, 

that is, the additional relation 

must be satisfied. 

Thus there are five relations for the determination of the five quantities 
fa. Vb. fa. 1^31 F- Of these, T occurs in the first alone and will be determinable 
when the other four are known. These four quantities, the coordinates of the 
centre 0 of globular curvature, satisfy the four linear equations 

+(-^-f3)^' +(v-i/3)w' = 0 

(flj-fa)®' +(y-V3)y" +(V-V 3 )v'' =-l 

(sc - fa) ® " + (y - ^a) y'" + (^ - fa) + (v- i^a) v'' = 0 

(®-fa)a:*'' +(y-V3)y''' H-C^-fa)^*’" +(i;-U3)w*^ = i 

The determinant of the coefficients of x—^^, y — Va. ^ — fa, w-va, on the 
left-hand sides is the determinant fl of § 127, which helps to measure the 
tilt of the curve ; and this determinant 12 does not vanish (§ 146) when the 
curve is not pent within a homaloidal space of fewer than four dimensions. 
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Centre of globular (third) curvature as the intersection of four normal flats. 

148 . One important property arises at once from these equations. The 
coordinates ^21 ^21 £21 1^21 of the centre S of spherical curvature satisfy the 
equations (§ 142) 

2 (f* -x)x 2 (fa -x)x'^=\, 2 (fa - x) x'' = 0. 

When these are combined, by respective addition, with the first three of the 
set of four equations determining fa, 173 , fa, i^a, we find 

(fa - fa) X + (173 - 77a) y + (fa “ fa) ^ + (^a - Va) v = 0 . 

(fa — fa) ® ' + (^3 — y* + (fa “ fa) ^ ' + (»^3 - i^a) = 0, 

(fa “ fa) + (^3 “ ^2) y” + (fa “ fa) ^ ^ + (1^3 — i^a) — 0 ; 

and therefore 

fa — fa _ ^3 ” “^2 _ fa - fa _ 1^3 ~ t'a 
»/x J y z 

The equations of the line, through the centre S of spherical curvature normal 
to the osculating fiat, are 

^ - fa ^ y -^a ^ 2 - fa ^ v - Pa . 

and therefore the centre G of globular curvature lies on the normal to the 
osculating flat through the centre S of spherical curvature. 

But we have seen that this axial line is the intersection of the three 
normal flats at the consecutive points P, P\ P’\ and that any point on it is 
equidistant from the four points P^ P\ P'\ P"\ Now take the osculating 
flat at P', the centre S' of spherical curvature at P', and the axial line 
through S' which is the intersection of the three normal flats at the con- 
secutive points P', P", P'" ; any point on this line through S' is equidistant 
from P', P'\ P'", P*\ The intersection of the axial line through S with the 
normal flat through P'" is the one point common to the four normal flats 
through P, P', P", P'" , and the intersection of the axial line through S' 
with the normal flat through P is that same single point common to those 
four normal flats. Thus the axial line through S, the centre of spherical 
curvature at P, meets the axial line through S', the centre of spherical 
curvature at the consecutive point P'. The points P, P\ P", P'", are equi- 
distant from this point, because it lies on the axial line through S\ the 
points P', P", P", P^^ are equidistant from that same point, because it lies 
on the axiiil line through S'. Thus the particular point, the intersection of 
the axial lines through S and S', is such that its distances from the five 
consecutive points P, P', P", P'", P*\ are equal to one another. The point 
therefore is G, the centre of globular curvature ; and therefore the centre of 
globular curvature is the intersection of the normal flats at four consecutive 
points of the curve. 


16—2 
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This result can be established by an apparently more analytical process 
to which, however, the foregoing argument is merely equivalent. The normal 
flat at P is 

2 (x — ar) aj' = 0. 


The plane, which is the intersection of this normal flat by the normal flat at 
the consecutive point P\ is given by the association, with this equation, of 
the additional equation 


that is, of the additional equation 




The line, which is the intersection of this plane by the normal flat at the next 
consecutive point P'\ that is, which is the line of intersection of the normal 
flats at P, P\ P'\ is given by the association, with these two equations, of 
the additional equation 

that is, of the additional equation 


2(S-®)a;'"=0. 


The point, which is the intersection of this line with the normal flat at the 
fourth consecutive point P'", that is, which is the point of intersection of the 
normal flats at P, P\ P", P'", is given by the aesociotion, with the preceding 
three equations, of the additional equation 


2 ((.'u — x) — X x”'] = 0, 


that IS, of the additional equation 

2 — «) x^"' = — -\ ■ 

pa 

But these four equations, linear in y, z, w, are precisely the four linear 
equations determining fs, 773, ^3, 1/3 ; and therefore we infer, as before, that 
the centre G of globular curvature is the point of intersection of the normal 
flats at the four consecutive points P, P', P’\ P'", of the curve. 


149. In order to resolve the equations in § 147, which give the co- 
ordinates of the centre of globular curvature, we introduce four quantities 
o, 7, defined by the relations 


}^^ — x = xa-\- px'P ■\‘-{x-\- ppx" -I- p^x") 7 -I- ap^J^g, 

>73 - y = y'« + py"P + ^ (y + pp'y" + p*y"') 7 + <^p^Jy9, 


^3 - z = z'a pn!'^ (z + pp'z" + p^nf") 7 + Of? Jig, 
V) - V = w'a + p«"/3 + ^ (« + PP'o" + 7 + <rp*J,g. 
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The form of these relations is dictated by the consideration of passing from P 
to 0 along a course, made up of a length a along PT (so that a may be expected 
to be zero), of a length /9 along PC to C (so that 0 may be expected to 
bo e(pial to p), of a length 7 along C8 to 8 (so that 7 may be expected to be 
equal to o-p \ and of a length g along SG to G (so that the value of g will 
give the length 8G). 

The determination of the four quantities a, /9, 7, g, is effected by actual 
substitution in the equations to be resolved. Substituting in the equation 

S(f3-a;)aj' = 0, 

we find 

a = 0. 


as expected. Substituting in the equation 

S(f3-aj)«" = l, 

we find 

0 = 

as expected. Substituting in the equation 

S(f3-^)^"' = 0, 


have 


0 + (Sx'x"- + pp' lx"x"' + p^'S.x"'*), 


which, on substitution for a and /3, and after reduction, gives 


7 = (rp, 


:us expected. Substituting in the remaining equation 


we have 

d%xx^^ + + 7 ^ (Saj'a;*^ + pp + p^'%x”x^"‘) + perp^Sa;*'^/® = — . 

P P 

We insert the values of the various sums from the 

results in § 127 , also, we have 

2a;*V*=-n, 

where ft is the determinant of § 127 ; and we find 


^o-p^ft — P^^ + + ppM -h p^N). 


Now 
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and therefore 


Sr o-p* n = - - J (p + a*/)" + irpa). 
pa 

But 

and therefore 

RR = pp + p (cr®p" + apa) ; 

hence 

2 PI 1 ^ dR 

The determinant 12 is connected with the curvature of tilt by the relation 
a 145) 

p»cr*Tn = -l; 

and therefore Ave have 

a dp ap 

Consequently, the values of the quantities a, P, 7, g, in the expressions for 
fa, V3i ?a, va, are 

/\ Q > "r Tj dRi 

a = 0, ^ = p. 7=o-p, g = -R-^; 

and thus the coordinates of t^e centre of globular curvature are given by the 
equations 

fa - ® = pV' + <r* ^ (a' + pp’x" + p^x*') + p*tR^J^' 

p ap 

m-y = pV + <^^(y' + ppY + P*y"') + f^rR^jy 

fa - « = P*/' + <T* {z + pp'z' + p*z") + P* tE ^ J, 

«a - « = p*»" + (T* ^ («' + ppV' + p*«"') + p*tR J, ^ 

The radius of globular curvature T is given by 

2(f3-^r)« = n. 

Now 

Sa;"(a;'+ppV' + p2a;-) = 0, 

2 /^ {x + ppx' + p^sd") = 0 , 

because the three directions PC, CS, SG, are perpendicular to one another in 
pairs; hence 

r* = p« tx"» + t («' + pp'x" + p*x"y + (j^rR 
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thus determining a relation between the globular curvature and the curvature 
of tiltj similar bo the relation between the spherical curvature and the 
curvature of torsion. 


Alternative expressions for the coordinates of the centre 
of globular curvature. 

160. The resolution of the four equations for fa, -i/a, fa, i/a, may be 
attained in another (of course, an equivalent) form. 

Let four new variables 9, yfr, x* introduced with the definitions 
— x = dx* + (fix' + ‘^{x ppx" + p^x'") + 

^3 - 2/ = %' + W + (y + ppy' + p^y") + 

fa - + <fiz' + -ifr (/ + ppz' + ") + x^"' . 

V = dv + (fiv' + (u + ppv" + p® u" ) + x‘^^'' f 
and let these values be substituted in the equations. 

From the equation S (fa — a;' = 0, we have 

^ = 0 , 

using the symbols of § 127. From the equation ^(fa — a;)a;" = 1, we have 
From the equation S (fa — a?) x" = 0, we have 


p* '^*p3+^2 + X^-0- 

which, on substitution for 9 and for 0, leads to the relation 




From the ccpiation S (fa — x) ^ , we have 

9L H-0Af + ‘^(Z/ + pp ^ + P^^} + ^ » 

which, on substitution for 9 and for 0, leads to the relation 


J iif + ^,) + X (7) - 1 / - p*j/«) = - 1 - pw. 

Eliminating between the last two relations, we find 
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Now 

p p* p*<r*V p aj’ 
and thus the coefficient of on the left-hand side 

= />*n* 

by the relation obtained in § 127 ; while the right-hand side 

"iij w + 1" + 


Also p^a^rOi = — 1 ; consequently 


which gives the value of x- 
We now have 


2 

x = -r^pR-ap’ 


0 = -Lx = -^^,X', 

*• 

p pp\ p a-/ 

from the third relation; and thus the expression for fa — ic becomes 
fa — X = p^x’ + ^ + PP^' + P^^'”) 

+ {«;>' - 3 ^3 (2 {X' + pp'x" -h x- 

The coefficient of x on the right-hand side can be changed to the form 




if"' 


p‘\<r Pj 

and thus we have 

fa - a; — p^x' — <r® — {x^ -1- pp'x" + p^x'") 




There are corresponding expressions for 773 — y, fa-^^i vz — v \ and thus we 
have an alternative set of expressions for the coordinates of the centre of 
globular curvature. 
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Equations of the fourth order satisfied hy the coordinates of any 
point on the curve. 

161. A comparison of the two sets of expressions, which have been 
obtained for fg — x, 773 — y, fg — z, ifg — v, yields the relations 


R dR\ 


fnp , ^ 

tPp dpj 

x"- 

\ p a 

R dR\ 


faP . ^ 

tpp dp j 

y" - 

2 + 

\ p a, 

R dR\ 


fnP ^ 

(T^p dp) 

\z' - 

(2^^ + - 
\ p a , 

R dRy 


(ctP . 

<Fp dp) 

1" - 

2- -r — 
\ p a-. 


From these values, by squaring both sides and adding, we obtain an 
expression for that is, for 2), which is found to agree with the former 

expression (§ 127) by using the relations already obtained. 

These values of the fourth derivatives can also be used in another con- 
nection. The equations of the orthogonal plane through F, being the plane 
BPF which is orthogonal to the osculating plane 


X — X, y — y, z — z, v — v 
X , y , 2' , V 

n ff n tf 

X , y , z , V 


= 0 , 


{x — x) X + (y — y) y' + (-^ - z) z + (y — v) v =0 
(x - X) a;" -I- (y - y) y" + (i _ ^) 2' + {v-v) v" = 0 

This orthogonal plane will contain a direction with direction-cosines 
\ = ax -h Ppx' + ’yp^x" -h fij’" \ 

^ = «y + Ppf' + ip^y” + 

V =az' + Bpz" -I- yp^z" + Sc” j 
K=av Bpv" -I- yf^v" -h Su'' J 

provided the four quantities a, 7, S, are chosen to satisfy the two equations 

^\x' = 0, '^Xx' = 0. 

From the former, we have 

a-7-1- §514 = 0; 

from the latter, we have 

^ - 7P' + = 0 ; 
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and therefore 

X = 7 (j;' + + p^x") + B — x's^ “ P*® ^^24)) 

H> = y(y+ ppy + ") + ^ iy'"' - y'^i* - pys^), 

V =y(z + ppz* + p^z"^ + S — zsu - P^^'s2a\ 

ic = 7 (i;' + pp'v' + p^v'") + S (y'' — vsu - p*u"sm). 

But the orthogonal plane contains the two lines PB and PF, which can 
be taken as guiding lines for the expression of its equations in the form 


x-x , y-y 

x' + pp^x' + p^x''\ y+ppY + py\ 

J. . ' Jy 


z-\-pp'z" + p^z''\ 
Jr 


v — v 

V ppv + p^v 

J. 



Manifestly one direction in the plane is provided by taking 7 = 0 and 8 
different from zero ; and so there must be quantities a and /O', such that 


.'c''' — x'su — p^x*8ii = aJx + (x + pp'a?" + p^x'"\ 

y" - y'su-p*y"su = a'Jv +ff(y’+ ppy" + p*y"'), 

- /«,4 - P*/'S ,4 = « + /S' («' + pp'z" + p*z"), 

if’ — o'«i4 - p*v"su = a'Jv + (w' + ppv" + p^v'"). 

Multiplying by Jx.Jy, Jz, Jv, and adding, we have 

ILx^’Jx = 

that is, 

-n = a' 

(T*p* 

and therefore 

When we multiply by x\ y\ z , v\ and add, an identity ensues; similarly, when 
we multiply by x \ 2/", z \ v \ and add, another identity ensues. When wo 
multiply by x\ y*'\ z'\ u ", and add, then 


that is, 




Hence the first equation becomes 


d’-alL- p'x'M = J (2 ^ (*' + PPo=" + P* «•■"') ^ . 


with three other relations, and these relations have already been established. 
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Consequently! any direction in the orthogonal plane at P has direction- 


coBines Sj 3 ,^^ 


x". 

«'» ; 

), 

l/. 

y'* 

r. 

y.v 


x'. 


n’". 



v' , 

v". 





with appropriately determined values of a, 0, 7 , B. 

162. The magnitude of the radius, P, of globular curvature can also be 
derived from the equations of § 150, viz. 

fa — (a;' + pp'x' + p^x”) + 

m-y = 0y + (y' + ppY + p^y") + 

fa — ^ + 0^" + i/r (z + pp'z" + p® z”) H- 

V 2 — v = 0v + <l)v' H- + pp*v' + p^v”) + 
with the help of the equations 

2 (f 3 -a:)x' = 0. l(^,-x)x" = l, ^(^,-x)x" = 0, 

in their original form (§ 14V). Multiply the four eijuations by f j— x, rjj—y, f,— r, 
v» — V, respectively, and add : then 

r* = (fa - + (na - + (fa - ^)* + (V3 - v)* 

= 61 {V (f, _ x) x'] + 4 , {2 (fa - x) x"! + X (2 (f, - x) :r''] 

+ 1 [(S (fa - x) x'l + pp {2 (f, - x) x"] + p* (2 (fa - x) x'"]] 


= <fi + -<frpp' -x^ 


= p* (1 - X M ) + jo* p'» + (2 ^ ^ ) x| - X -’a . 

on substituting the values of <f} and ifr. Thus 

=ie*+— j^x 

po-* dp ^ 

in agreement with the former value (§ 149). 


163. An illustration of the curvatures is provided by a globular loxodrome. 
E.V. Consider a curve in a globular region 

defined by the property that it is to bo inclined at constant angles to two perpendicular 
diameters of the globe. (Such a curve seems the natural extension, to quadruple space, of 
the three-dimensional loxodrome : as will be seen, it actually is that type of loxodrome.) 

Let the two jierpendicular diameters lie taken as the axes of z and of v ; and, on the 
definition of the curve, lot 

^ = cos a sin j9, v' = cos a cos j9. 
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Thus 


zcos3-vsin j9 = c, 


where c is a constant, determinable from the values of any point on the curve Thus the 
curve lies in a flat, usually not through the centre of the globe; hence (4j 145) the tilt is 
zero. Also (§ 103) the curve lies on a sphere. 

Let the axes be changed by a planar rotation through an angle jS round the plane of 
Xf y \ new variables are 

z cos j3 — V sin /a = r, zsinjS + vcos/S — Z. 

The globe becomes 


the flat, containing the curve, becomes K=c‘, and thciefore the curve lies in the three- 
dimensional spherical surface 

a^+9f-k-Z'^ = \-c^=a^. 

We now have 

dV ^ dZ . ^ 

-^ = 0, ^ = z sm/a-l-i; cos j9 = coso; 

and therefore 

y^-|-y-=.sm^ a, 

the curve being a (spherical) loxodrome. 

We take 

ir=asmd, j;=a cos^eoH 0, y=acosdsin0 

Then 


and, as 
wc have 


cos a 

iiB = - ~ ; 

cos 6 

aa(d'^-|-coaa^.0'3) = l, 

f 


With these values, we have 

r"-0, ir"=0; 

and so the circular curvature is given by 


_ 1 sin* a 
~ sill’ a -SI n^ 6 ’ 

on substitution and reduction. 


Further, as the curve lies entirely on a sphere of radius t/, its radius of .sphe 
curvature is a \ thus 

and thus 

(r=p tana =c/ (sin* a— sin* B)^ hoc a. 


The tilt has already been proved to be zero. Thus the three curvatures of the curve 
are known. 


The circular curvature and the torsion can be expressed in the foi ms 
p sin a = (r* — a* cos* a)^, a- cos a=(r* - a* cos* a)^, 
where r is the distance of the current point of the curve from the plane of Z \\ that is, 
from the plane of the two diameters with which the curve makes constant angles. 

As the tilt IS zero, and R is constant, the formal expression for the globular curvature 
ceases to have a determinate value. Though each of the loxodromcs (for difierent value.s of 
a and of fi) is three-dimensional, and globular curvature thus ceases to be siguiflcant, wc can 
take r = l, because all the curves he in the initial unit globe. 
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The moving orthogonal frame of a curve. 

164. At this stage, it is convenient to summarise the conformation of the 
curve in relation to the quadruply orthogonal frame at any point, as illustrated 
by the diagram of § 128. In the diagram, this frame at the point P of the 
curve is constituted by the tangent PT, the radius of plane curvature PC, 
the binormal PB, and the trinorrnal PF. The diagram can be constructed, 
gradually, as follows. 

I. The points P, P\ P'\ ... arc successive points on the curve. The lines 
P2\ P’T\ P"T" , ... are the tangents at these points. The plane TP'T is the 
pre-limit position of CPT, the osculating plane of the curve at P containing 
two successive tangents PP'T and P'T\ 

The normal Hat at P and the normal flat at P' intersect in a plane, to 
every direction in which PP’ is perpendicular; this plane is orthogonal to 
the osculating plane TPG, which it meets in the single point (7, the centre 
of plane curvature at P. This orthogonal plane is SCf in the diagram : 
the line CS is parallel to the binormal PB at P, and the line Cf\s parallel to 
the trinomial PF at P, but the construction of these lines is not yet given. 

The plane X''P''T' is the pre-limit position of C'P'T', the osculating 
plane of the curve at P' containing two successive tangents P'P"T' and 
F'T". The normal flat at P' and the normal flat at the next consecutive 
point P'' intersect in a plane ; this plane is orthogonal to the osculating 
plane T' P'G\ which it meets at the single point G\ the centre of plane curva- 
ture at P’ ; and this orthogonal pl.ine is S'G f\ where C'B* is parallel to 
the binormal PB' at P' and Gf is parallel to the trinormal P F' at P'. 

Similarly G” is the centre of plane curvature at P" : the osculating plane 
at P" is C"P”T" ; and the orthogonal plane through C" is S"C"f". 

II. As a flat and a plane intersect in a line, the normal flat at P intersects 
the osculating plane at P in a line ; the direction of this line is PC. 

The osculating flat at P contains three consecutive tangents PT, P'T', 
P'*T" ; that is, it contains the osculating plane at P determined by the tan- 
gents PT and P'T\ and the osculating plane at P' determined by the 
tangents P'T' and P"T". The normal flat at P intersects the osculating 
flat at P in a plane : the line PT is perpendicular to that plane, because it 
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is perpendicular to every direction in the normal flat: the line PC lies in 
that plane. Within that plane, draw PB perpendicular to PG\ and it is per- 
pendicular to PT. We thus have a set of three perpendicular directions 
PT, PC, PB, in the osculating flat at P ; the direction PB is the binormal 
at P. 

Similarly, there are the three perpendicular directions P'T', P'G\ P'B\ 
in the osculating flat at P' ; the line P'C* is the direction of the radius of 
plane curvature at P' ; and the line P'B\ drawn perpendicular to P'C' in 
the plane which is the intersection of the normal flat atP' and the osculating 
flat at P\ is the binormal at P\ The three lines P'T\ P'G\ P'B\ are 
guiding lines for the osculating flat at P\ 

Similarly for the osculating flat at P'* \ and so on, for successive points. 

But the successive directions PG, P'G\ P"C", ... do not meet: thus the 
locus of the centre of plane curvature is not an evolute of the curve. 

III. The normal flat at P and the normal flat at P' intersect in a plane 
CSf ] the normal flat at P' and the normal flat at P” intersect in a plane 
C'S'f' ; and these two planes GSf and C'S'f', both lying in the same flat 
(viz the normal flat at P'), meet in a line. The line is the intersection of the 
normal flats at the three successive points P, P', P". Its limiting position 
is a line through 8, the point where theses three normal flats meet the oscu- 
lating plane at P ; and it is the line in thc^direction 8G, which is normal to 
the osculating flat at P. The point 8 is the centre of spherical curvature at P; 
the line G8, in the plane through G orthogonal to the osculating plane IPG, 
is perpendicular to PC. 

Similarly for 8\ the centre of spherical curvature at P', for 8'\ the centre 
of spherical curvature at P” ; and for successive points on the curve. But the 
lines G8, C'8', C”8'\ ... do not meet. 

The line PF is drawn through P parallel to 8G , it is the trinormal at P. 

IV. The normal flats at the four successive points P, P', P", P"\ meet in 
a point G ; and this is the point where the normal flat at P”' is met by the 
line 8G, which is the line of intersection of the normal flats at P, P', P". 

The point G is the centre of globular curvature. The line 8G is perpen- 
dicular at 8, to the osculating flat at P ; and thus SG perpendicular to all 
directions in the flat, and therefore perpendicular to PT, PG, PB. The 
trinormal PF is perpendicular to the same three lines, for it is parallel to 8G. 
We thus have the quadruply orthogonal frame at P. 

Similarly for the frame at P', and for the frames at successive points. 

As 8G is the intersection of the three normal flats at P, P\ P", and as 
8'G' is the intersection of the three normal flats at P\ P", P'", both SG and 
8'G' lie in the plane which is the intersection of the normal flats at P' and P'\ 
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Consequently the two lines SG and S'G\ lying in one plane, must meet ; the 
limiting position of their point of meeting is G, the centre of globular curva- 
ture at P. 

As regards these centres of the three curvatures C, S, G, we note that O 
is the intersection of four consecutive normal flats at P, P\ P'\ P'" : that S 
is the intersection of three consecutive normal flats at P, P\ P", and the 
osculating flat at P: that C is the intersection of two consecutive normal 
flats at P, P\ and two consecutive osculating flats at P, P'. The point P 
itself can be regarded as the intersection of the normal flat at P and three 
consecutive osculating flats at P, P', P": it can also be regarded as the 
intersection of four consecutive osculating flats at P, P\ P", P'". 

Finally, the osculating flat at P is PTCB, with TP, CP, BP, as guiding 
lines ; and the normal flat at P is PCBF, with CP, BP, FP, as guiding lines. 
The osculating flat at P' is P'T'G'B', and the normal flat at P' is P'C'B'F ' ; 
and so for successive points on the curve. 


Direction-cosines of a consecutive tangent, relative to Hie frame. 

166. Later, we shall re(|iiire the direction-cosines of P'T' with respect 
to the principal lines of the oithogonal frame at P. Because P'T' lies in the 
oscillating plane at P, it is perpendicular to PB and to PP. Also, P'T' 
makes an angle de with PT measured positively from PT to PC; it therefore 
makes an angle Jtt — de with PC. Hence, if \i, /ii, vi, «i, denote the 
direction-cosines of P'T' with respect to the principal lines at P, we have 

Xi = l, 

/ii = cos (Jtt — de) = de, 

vi = 0 , 

Ki = 0 . 

These results can at once be verified analytically. For the direction- 
cosines of P'T' with respect to the general axes OX, OY, OZ, OV, arc 

.t' -I- x'ds. y + y'ds, z H- z'ds, v -I- v'ds ; 

consequently 

\i = '^x {x + x"ds) = 1, 

= 'Zpx' (x -I- x'ds) = - ds = de, 

P 

n = 2 («' + ppa;" + {x + x"ds) = 0, 

Ki = %iTp^Jx{jV -I- X"ds) = 0. 
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Locus of the centre of circular curvature. 

166. The locus of (7, the centre of plane curvature of the given curve, 
is another curve; but it is not an evolute of the given curve, because the 
successive radii of plane curvature PGy P'C\ P''C'\ ... do not meet one 
another in succession. 

The coordinates of C are 

= Vi = y-^P^y\ fi = -^ + pV', vi = v + p^v'. 

Hence 

^J‘ = *' + 2ppV' + pV", 


^‘ = y'+2ppy' + pV". 
g = ^'+2/,;,V'+pV". 

‘^ = «'+2p(oV'+p*«"'; 


and therefore, if ds^ denote the arc of the locus of C corresponding to the arc 
ds (=PP') of the given curve, 


/ dsA * ' 1 n / 2 "'\2 


Consetjuently the direction-cosines of CC, being ^ ^ , are 


Now 


^(x' + 2pp'x" + p*x"'), 

J(z'+2ppV'+p*0, 


J(y' + 2ppy' + y3,"'), 

^(«'+2ppV'+p*0. 


^X 


dsi 


= 0 , 


so that CC' is perpendicular to PT\ and 




so that CC' is perpendicular to PF. Consequently CC' is perpendicular 
to the plane TPF', and therefore it lies in the plane which is orthogonal to 
the plane TPF, that is, it lies in the normal plane CPB through the principal 
normal and the binormal. 

Further, we have 


dsi^ = -\-^ds^ = dp^ + p^d7i\ 
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for iTd7j = ds The line CP' is perpendicular to PP' in 
plane TPG^ and the line CP' is perpen- 
dicular to the same line in the osculating 
plane T'P'C \ hence the angle CP'C is 
equal to drj. When we project CP' on 
CP, the point P' projects on P] if N be 
the projection of C, we have 

C'N = pdv, CN=dp, 
these two portions giving the value 
p^dif dp^ for CG'^. Also, if 0 denote 
the inclination of CC to PG, and there- 
fore Jtt — ^ its inclination to PB, we have 
- CN dp ap 


the osculating 


sin 6 = 


NC_^ P 

GC'~^dsi~ R' 



But ill the diagraiii, SCP is a right angle; SP = R, PG = p, CS = ap'] and 
therefore when, in the normal plane GPB, a circle is described on PS as 
diameter, the tangent at C to the locus of C is a tangent to this circle. 

Also from the diagram, we have SG’ P' = = SCP' \ thus a circle can 
bo drawn through SC'CP' : the angle CSC' = the angle CP'C = dr}] and 
thus we verify that 

GSdrj = CN = dp = p'ds, 

so that GS = ap'. 


Direction -cosines of a consecutive pi'incipal normal, relative to the frame. 

167. We shall recpiiro the direction-cosines of CP' with reference to 
the lines of the orthogonal frame at P. The arc CC lies in the normal 
plane BPC: and the whole configuration in the figure on p. 211 lies in the 
osculating flat at P. Also C'P' is perpendicular to T'P', while de is the 
angle TP'T' \ and in the plane SCCP', the angle between P'C and CiSf is 
^TT — dr]. Hence i/j, k%, he the direction-cosines of P'C' with respect 

to the principal lines of the orthogonal frame at P, we have (up to the first 
order of small quantities) 

\2 = cos ( J TT + de) = — de, 

I'2 = cos (Jtt — dr]) = dr], 

ir, = 0. 


p a. 


17 
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These results can easily be verified analytically. The direction-cosines of 
P'G' with reference to the external axes OX, OY, OZ, OV, are 

ip^x" + pa;"') ds, py" + (pV ' -H py ") ds, 
pz' -h (pz' + pz") ds, pv' -I- (pv' + pv") ds ; 

hence 

X, - tx {px" + ip'x" + px'") ds\ = -^^- = - de, 

P 

Pa = Spa;" (pa;" + (px' -I- px") dsj = 1, 

1/2 = 2 ^ (a;' -h ppx' + p“a;'") (pa;" + (px" -I- pa;"') dsj = — = drj, 

P 

K 2 = Xa-p^Jx (pa;" -I- (p'a;" -|- pa;"') ds} = 0. 


158 . 


Hence 


Locus of the centre of spherical curvature. 

The centre S of spherical curvature is given by the coordinates 

f 2 = a; -H <r® ^ a;' H- R^x" + a^ppx", 

V2 = y + o*^-y + R^y" + o^pp'y", 

f, = z ^ + ii*/' + tr^pp'z", 

/ 

Vz = v + a^~v+ R^v" -H a^ppv". 


^ (<r®pp')| x" o-^ppV''. 

On substituting the value of a;'^ as obtained (§ 151) in terms of x, x\ x" 
and J*, viz. 







2 ^- 1 - 
p <r> 


the coefficient of x' in the modified expression 


ds 


the coefficient of a;" is 

+ -Jiff; 
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and the coefficient of x” is 


250 




Thus 


and similarly 


ds pp 


“Sa / / , in. 9 »//\ , 9 r 

"X"” ,r„'“ ® 


s ■ V <*' + + ?■ 

ds =-riv +ppy + ) + -^ >rp^Jv. 

The form of these expressions for , which are proportional 

to the direction-cosines of the line SS\ shews that they lie in a plane with 
guiding lines whose direction-cosines arc proportional to 

x' -h ppx" + p^x''\ y -h pp'y" -I- z + pp'z' -h p^z'\ v -I- ppv” + ", 

and 

«/», *fy, Jzs 

respectively . that is, whose guiding lines are parallel to PB and PF. Thus 
^S' lies in a plane parallel to the orthogonal plane BPF. 

This result also follows from the properties 


t!C^ = Q, 2a:" J^* = 0, 
a^' ds 


shewing that SS' is perpendicular to PT and to PC7, that is, is perpendicular 
to the osculating plane at P, and therefore lies in a plane parallel to the 
orthogonal plane at P. 

Again, let ds^ denote the arc <SW'; then 


17—2 
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In the configuration of the normal flat at P, viz. the flat in the diagram 
on p. 211 with PC, PP, PP, as guiding 
lines, the significance of this arc SS' 
appears. The arc CC' lies in the normal 
plane BPC ; the arc SS* lies in a plane 
parallel to the orthogonal plane BPF. 

When C\ S', G\ are the centres of the 
three curvatuies at the consecutive point 
P\ we know that S'G' and SG intersect; 
and as SG and S'G' are normal to the 
consecutive osculating flats, the angle 
SGS' is equal to dta. Thus, if S'M is 
the perpendicular from S' on SG, we have ' 

S'M=GS'.diD 


I 


I 


T pdiZ , 

= — XL-, CLfD, 


Fig. 15. 


to small quantities of the first order : that is, 

S'M =— rdf. 

ap 

This value can also be obtained otherwise,from the figure ; for 

S'M=S'C'-SO’ 

= S'G' -{SG-G'N) 

= {S'G' - SG) + G’N 


^^{<Tp')dn + pdij 


as before. 

Again SG, perpendicular to the plane BPC, is perpendicular to C'S; 
and S'G' is perpendicular to O S' hence the points C'SS'G lie on a circle 
and therefore the angle SC'S' is equal to SGS', that is, is equal to day. 
Consequently 

SM=SCdiD 


= a-p'dio = dis. 


We at once have 


ds,* = SS'^ = S'M* + SM^ = |(® J)* + ds\ 


in agreement with the former result. 
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Direction-cosines of a consecutive hinormal, relative to the frame. 


169. We shall require the direction-coaines of the binorinal P'B* at the 


consecutive point P\ this consecutive 
binormal being parallel to G'B’ . In 
the normal flat, take a spherical 
triangle in which G, B, G\ B\ 
represent the directions PF, PG, PB, 
P'G\ P'B\ respectively: let FG^ 
and BG meet in n, and FB' and GB 
meet in m. 

Then 

Bm =nG = drj, 
vlB' = FF' = d(Df 

and the whole of this conflguration 
lies in the normal flat, that is, every 
direction in the configuration is per- 
pendicular to PT. 


m 



Fig. 16. 


Let X 3 , ^ 3 , j/ 3 , 1 C 3 , be the direction-cosines of P*B' with respect to the 
principal lines of the orthogonal frame at P. Then 

X3 = 0, 


/13 = cos GB' = cos (i TT -I- df]) = — d? 7 , 


1/3 = cos BB' = 1 , 


#C 3 = cos FB' = cos ( J TT — rfw) = C?{W. 


These results can be verified analytically. The direction-cosine of PB 
with reference to OX is 

o- . , ,, 

- a; a-p x -h ap.v ; 

and therefore the direction-cosine of P' B' with reference to OX is 


^ , / // 
— X <Tp X 

P 


■ >! 
-I- apx 




-I- <Tpx'' 


ds. 


In this expression, substitute for x'^ the value obtained in § 151 and 
quoted above (p. 258). 'When the resulting expression is reduced so as to 
be expressible linearly in terms of x'y x'\ x'", and J*, we find that the expres- 
sion in square brackets becomes 

a/' + 
a T 
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Similarly for the inclinations to OF, OZ, OF. Hence the direction-cosines 
P'B* with respect to the external frame OX, OF, OZ, OF, are 

^ (a;' + pp'af’ + p'x"') + ^ <Tp^J^ ds, 

+ PPY + pY') + {-ly'' + l ^P'Jy) 

- (z' + pp'z" + />»/") + (-P 2" + I ap»J,) ds, 

? (v + ppv" + p*v'") +(-^v'' +^- irp^J^ ds. 

Consequently 

\3 = Sa;' (a:' + pp’x" + p^x") + (" ^ ^ ds| = 0 , 

P 3 = S/oa;" {x’ + pp'x" + p*al") + (-P^x" + ^ trp^J^ = -^-d8 = -dr,. 

P3 = t^ix+ pp’x" + p^x"') (a;' + pp'x" + p*x‘") + (_ J *" + i ap^jjj daj ■ 

Ka = X<rp‘Jx (x' + pp'x" + p^x'") + ^ ® ^ rf*| = ^ rf* = rfo>, 

thus completing the verification as statcdi 


Locus of the centre of globular curvature. 

160. The coordinates of G, the centre of globular curvature, are 

fa = ^ ■ + p*®" + trp ~ {x' H- ppx' + pV") + ^ ^ <^P^Jx> 

■ns=y + p'y" + <rp' ^ (y'+ pp'y"+ pV ") + " “’P^-A/ . 

fa = « + pV' + <rp - (£ + pp'z' + + '" ap*J„ 

p O’ ap 


Hence 


va = w + p^v' + <rp - (?/ -h ppv” + pV") + ^ R ^ ap^Jy. 

p c ap 

= a:’ + 2pp'x'’+ p^x"'+{x + pp'x' + pV") ^ 

{(1 -I- pp" -I- p'*) a;" -I- 3ppV" + p V} 


dp 

with similar expressions for . 
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We proceed bo modify the expression for by substituting, for its 
value (§151) 

and by evaluating the quantity ^ For the latter, we first take 

dJ^_ d y , z , // 

~d8~ds y" 

/// nt m 

y , ^ « 

= y , z\ V 
y\ z\ xl' 

i/\ Z^\ ir 


y . 

Z , V 


y y 

T 

1 

v' 

y' y 

z , \i' 

T 

y” y 

i , 

v' 

m 

y . 

l/" 



Jz, 

J, 


Now the determinant of the direction-cosines of the four lines PT, PC 
PB, PF, which constitute an orthogonal frame, is equal to 1. It is easy t( 
verify, immediately, that 


<rpyJz 


a-p^J, 

, ap^Jy 


y 

Z 

, u' 

n 

px , 

py" 

n 

pz 

f/ 

+ppx -\-p^x ), 

^(2/'+ppy'+/»V"). 

-^{z-k-ppz ^pH ) 

1, ^ {v -\-ppv’ -\-ph)" 

P 


and therefore, by the properties of the rows of this determinant which repre 
sent orthogonal directions taken in pairs, 


^ , in, 2 

— -(x-\-ppx -k-p^x ) = 


ffp^Jy, 

<rp^Jzi 

<rp*Jv 

y . 

£ , 

v' 

// 

py y 

P^' y 

pv" 


Consequently 




with corresponding expressions for . 


When this value of and the value of are inserted in the expressioi 
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for t and the resulting quantity is arranged as a linear combination of 
x\ x'\ and we find that the coefficient of x is 

1 i ('"* p ) + (- M ■ p )} ■ ^ ^ ^ 

which vanishes ; that the coefficient of a;" is 

^pp' + pp j, p ) + *"* p + pp " + " ‘^pp (p* + ^ S) 


*r dl^ n 1 ^ r 

a dp p^ar p 

which vanishes : that the coefficient of x'" is 




which vanishes ; and that the coefficient Jx in 


Consequently we have 


and, similarly, 


which is equal to 
Consequently we have 
and, similarly, 

We therefore infer, without further calculation, that the arc dsa, being the 
distance GG* between two consecutive centres of globular curvature, is given by 
ds^ __ d /t j^dR\ (Tp 
ds dsKa dp / ^ T ' 

We also infer that the normal to the osculating flat, drawn through the 
centre of spherical curvature, is the tangent at G to the locus of the centre of 
globular curvature : that is, the tangent to the locus of G is parallel to the 
trinormal. 

These results can also be inferred from the geometry of the configuration, 
as depicted in the figure on p. 211. When regard is paid to the normal S'G' 
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ab £1' to the consecutive osculating flat, it is clear that GG' is in the line SG 
which thus, in the limit, is the tangent at G to the locus of G. Also 

GG' = S'G' - S'G = S'G'- (.W - SM) 

= (S^G'-SG) + SM; 


but 




and therefore 


in aecordance with the foregoing result. 

Note. A geometrical construction, connected with the magnitude SG, 
may be noted in passing We have 


(T 

= R 


,dR 

(T ^ dp 

,tR 
' <^P ■ 

Now in the normal plane PCS, 

CS=^ap\ SP=R’, 

and therefore 

tR\SP = CS.SG. 

Along SC from S, measure a distance SG equal to 
SG, and from G draw the perpendicular GP upon 
SP Then P, C, G, P, lie on a circle in the normal plane ; and therefore 

SP . SP = SC.SG = SC.SG, 

that is, _ 

tR^ = SP. 



Fig 17. 


Direction-cosines of a consecutive ti'inormal, relative to the frame. 

161. We shall require the direction-cosines of P'F', the trinorinal at the 
consecutive point P\ this line being parallel to S'G'. 

In the diagram (p. 261) connected with the direction-cosines of the con- 
secutive binormal, the point F' represents the direction P'F\ Now P'F' is 
perpendicular to the tangent I^T, while PT itself is perpendicular to the normal 
Hat at P containing the whole configuration in that diagram ; also, P'F' is per- 
pendicular to the principal normal PC, for the line S'G' (to which P'F' is 
parallel) is perpendicular to that principal normal. The inclination of P'F' 
to PB is measured by the arc BF' which is ^ir + FF', that is, ^7r-\-da)] and 
the inclination of P'F' to PF is measured by the arc FF', that is, day. 
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Let \4, denote the direction-cosines of P'F' with respect to 

the principal lines of the orthogonal frame at P. Then 

X4=0, 

/X4 = 0, 

1/4 = cos (^TT -I- did) = — dfij, 

#C4 = cos did = 1. 


These results also can be verified analytically. The direction-cosine of 
PF with reference to OX is 

and therefore the direction-cosine of P'F' with reference to OX is 


Now it has been proved that 

S - K' + :>•- j 


and therefore 




Consequently, the direction -cosine of P'F^ with respect to OX is 
<Tp^Jx “ ~ ^ + pp^' + p^^'”) ds ; 

and similarly its direction -cosines with respect to OF, OZ, OF, are 

®'p*>A/ “ ^ ^ + ppy" + pV") 

^ + pp'>" + pV") ds, 

<>■/>*./« — ^-('0' + pp'v" + jsV") ds. 

Hence 

\4 = 2a;' |<rpVa. “ ^ + PP^ ' + P^^") = 0, 
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1/4 = s ^ {x + ppx' + pV') |<rp®t/a. — ^ p 



/r* = SapV, jirpV, “ J “ (^' + PP^" + /t>V") dsj = 1, 

in accordance with the preceding results. 


Note. The four sets of direction-cosines /x,, i;,., Kf, for r = 1, 2, 3, 4, 
have been obtained directly from the configuration, account being taken of 
small quantities up to the first order only. It is easy to verify that they 
satisfy the necessary conditions of orthogonality for the new frame which their 
directions constitute. 


Curvature of twist 

162. In § 131, the angle between consecutive principal normals was 
investigated ; it led to a nominal curvature, the curvature of screw, which has 
neither centre, nor any line for radius, in the diagram. Similarly, the angle 
between consecutive binormals can be investigated ; it likewise leads to a 
nominal curvature, which may be called the curvature of twist, and which 
also has neither centre, nor any line for radius, in the diagram. 

Let be the angle betw^een consecutive binormals, that is, between PB 
and P'B* ; it is represented by the arc BB^ in the diagram on p. 261. Thus 
(£0* = BB'^ = Bm^ + B'm^ = drf' + dw* 

and therefore 

1 

\d~s) cr*“*"T** 

the measure of the curvature of twist, as defined. 

This result can be verified analytically. As £3, U3, ^'3, are the direction- 

cosines of PB, the direction-cosines of P'B' are (§ 159) 

£3 + ^ <rp^Jx — ^ ds = £3 + U'ds, 

m3 + a-p^Jy - ^ ds = m3 + VI3 ds, 

/J3 + (Tp^Jz — ^ ds = /I3 + n^ds, 

k3 -1- — ^v'^ds = ^'3 +k3ds\ 

and then 

(S)* = " <^'***'>* = = 7* + i - 

in accordance with the above measure. 
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Equation of the globe of curvature, 

163. It remains to find the equation of the globe of curvature, whether in 
a form more explicit than 

- ft)* + ( 2 / - 173)* + (z- fa)* + (v- vsY = r*, 
or in a form connected more closely with the principal lines of the orthogonal 
frame. 

By taking - ft = S — a; — (ft — a?), and by noting the relation 

2(ft-a;)* = r* 

the former equation becomes 

S (a- - £c)® = 2 2 (i — a;) (ft — x). 

We substitute on the right-hand side the values of ft — x\ — y, ft = 2 , V 3 — v, 
as given in § 149 , and then the equation of the globe of curvature becomes 

S (ic — xY = 2p 2 (x — x) px' -h lap 2 (ic — «) 

+ 2 - ap^Jx, 

<r dp 

which is another explicit form. 

To refer the globe to the principal lines in the orthogonal frame, we can 
represent any point x, y, i, v, in the quadruple space referred to those lines 
as axes, by taking 

(i) a distance t along the tangent, 

(ii) a distance n along the principal normal, 

(iii) a distance h along the binormal, 
and (iv) a distance T along the trinormal. 

In these coordinates, any point in space is given by 

X — x= tx' + npx*' 4- 6 — (® + ppot)” -I- p^x"*) + tap^Jx 

P 

y-y^ty + npy" + b^(y' + pp'y" + p^y") + 

_ r 

z — z=t2f -h npz' + ft ” {z + ppz'* -I- p^z") -h tap^Jz 

v — v=tv'-\- npv" + ^ ~ "*■ ' + P^‘^”') + Terp^J^ 

and the coordinates of the centre of the globe, referred to FT, PC, PB, PF, as 
tR' 


{x' -h ppx' 4- 
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Because the coefficients of n, 6, ~t, in the expressions for x — x,y — y, 
z — z, V — v, are the direction-cosines of the four orthogonal principal lines 
referred to OA', OF, OZ, OF, as axes, we have 

— x'f + (^ — 2/)® + (^ — zT + (u — v)® = + n* + 

Also 

S (S — a;) ' = ?i, 


S (aJ — a;) - (a;' + pp'a;" -1- p^x'") = 6, 

P 


S(a;-a;) Gp^J^ = t \ 
and therefore the equation becomes 


that IS, 


-I- P = 2)ip + 260-^' -I- 'ItR - , , 
ap 


fl + (n- pf + (5 - «rp')* + (<■--« 


= p® -I- o-®p' 




=ij*+ 

= r*, 


V 0-p 


ie'\® 


the equation of the globe of curvature at F, the form to be expected when 
the globe is referred to the four principal lines of the orthogonal frame at P 
as axes. 


From this form of the equation of the globe of curvature, two inferences 
can be drawu. 

In the first place, the sphere of curvature is the intersection of the globe 
of curvature by the osculating flat ; for that flat is given by the equation 

7=0, 

and the intersection of the globe in that flat is 

i® + (n — p)® -I- (6 — a-p'y = p® + a®p'® = E®, 
which is the sphere of curvature in the osculating flat. 

In the second place, the circle of plane curvature is the section of the 
globe of curvature by the osculating plane : or, otherwise stated, the circle of 
plane curvature is the section of the sphere of curvature by the osculating 
plane. For the osculating plane is given by the equations 

6 = 0, 7=0; 

and the intersection of the globe by that plane, being the intersection of the 
sphere of curvature in the osculating flat made by the osculating plane in 
that flat, is 

i* + (n-p)® = p®, 

which is the circle of plane curvature in the osculating plane. 
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Frenet formulcd in quadruple space. 

164 . In the preceding discussion of the curve, most of the investigations 
have been concerned with the various amplitudes associated with the curve 
at, or in the immediate vicinity of, a point P. Special attention has been 
devoted to the orthogonal frame, particularly to its four chief lines (the 
tangent, the principal normal, the binormal, and the trinormal), to three of 
its chief planes (the osculating plane, the normal plane, and the orthogonal 
plane), and to two of its chief flats (the osculating flat and the normal flat). 
Throughout, the direction-cosines of the chief lines have been of significant 
importance. We now proceed to exhibit the relation of these direction-cosines 
of successive sets of chief lines by means of equations, which are a manifest 
extension of the Serret-Frenet formulae for twisted curves in triple space. 

For convenience of notation, we denote the direction-cosines of the tangent 
by Zi, mi, ni, Ai, these being respectively equal to y, z\ v ; the direction- 
cosines of the principal normal by ^2i ^21 ^2* these being respectively equal 

to px\ py\ pz \ pv” \ the direction-cosines of the binomial by 7/13, 713, Aca, 
these being respectively equal to 

? (*' + pp'x- + pKx"), ? (y' + ppY + pY'). 

^ (z + pp'z" + fS^z'"), + pp'v" + pH ’") ; 

and the direction-cosines of the trinormal by ^4, m4, 714, ^4, these being respec- 
tively equal to trpVx, a-p^Jy, trp^Jz, a-p^Jy. Also, it will be found convenient 
to denote any one of a set of direction-cosines i, m, n. A;, by c ; thus Ci, C2, 03,04, 
can stand indifferently for ^i, ^3, ^3, or for mi, mg, m3, 71*4; or for 
111, wg, 713, 714; or for A;i, A'g, A:3, 

The direction-cosines of the principal lines at a point P of a curve are 
shewn in the tableau 

( ^ 1 , fci ). 

^2 , 771 2 • Tig, A/g 

^3, W3, k3 

^4, 7114, 714, ki 

When the principal lines at a point P\ consecutive to P on the curve, 
are referred to the principal lines at P, they have direction-cosines 

vx, Kxt= 1 , de , 0,0, for the tangent (§ 155), 

^2, /^2i — 1 , d-q , 0 , for the principal normal (§ 157), 

^3, P'2, V3, k3,= 0 , — cA?;, 1 , da), for the binormal (§ 159), 

^1 pi, 1^4, = 0 j 0 i — da), 1 , for the trinormal (§ 161). 
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Then for the four direction -cosines Ci + dcj, C 2 + dc 2 i Ca + dcs, C 4 + dc 4 , for the 
four lines at Q, corresponding to the four direction-cosines Ci, C 2 , C 3 , C 4 , for 
the four lines at P, the transformation-law of coordinates gives 


Cl -l-dci — (ci, Ca, C 3 , C 4 ][ 1 , de , 0 , 0)= Ci -I- Cjde, 

Ca -I- dca = (ci, C 2 , Cj, C 4 J— de, 1 , di; , 0 ) = — Cide + + c^dri, 


C 3 -I- dc 3 = (Ci, C 2 , C 3 , C 45 0 , — diy, 1 , da) = — Cadiy + C 3 c^da), 

C4-l-dc4 = (ci, Ca, Cj, C45 0 , 0 , - da, 1 )= —c^da + c^. 


(The four points x, y, z, v, in the diagram on p. 197 may be taken to represent 
the principal lines at P ; and the four points x\ y , z, v , in that diagram repre- 
sent the principal lines at P' after the most general displacement in space. 
The equations, giving the relations for the actual displacement of the frame 
of the curve under consideration, are the sums of the expressions of the pro- 
jections of the coordinates along the respective principal lines at P' upon 
the axes OX, OT, OZ, OV.) Now 


de 

ds 


drj 

ds 


da 

ds 


1 . 

T ’ 


hence the foregoing relations become 

dci __ 
ds 

dcz Cl 


ds 

ds 

dc4 

ds 


<r 


O' 


C 4 


C 3 

T 


which arc the extension, to quadruple space, of the Serret-Frenet formulae 
for triple space*. 

We shall call these relations the Frcnet formuliE. 


Centres, and radii, of circular curvature, sphei'ical curvature, 
globular curvature. 

165. The Frenet formulae can be used, in connection with the explana- 
tions already given, to obtain the coordinates of the various centres, and the 
various radii, of the circular, the spherical, and the globular curvatures. 

The various centres arise in connection with the intersection of successive 
normal flats at consecutive points on the curve. 

* Serret, LiouiiIU^a Journal, t. xvi (1851), p. 193; Frenet, ib., t. xvii (1852), p. 437. 
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The normal flat at the point 0 is given by the equation 

S — ip) ® = 0, 

that is, by 

2 (x — x') lx =• 0. 

The intersection of this flat by the consecutive normal flat is the plane, 
the two equations of which can be taken 

2 Zi = 0 , 2 (^ — x) lx — Xx'lx = 0 . 

The latter equation, by the use of Frenet’s equations, is 

X(x — x)l2 = p%xlx = = p ; 

or the two equations of the plane are, together, 

2 — ic) = 0, 2 — x) I 2 = p. 

The intersection of this plane by another consecutive normal flat — that 
is, the intersection of three consecutive normal flats — is the line, the three 
equations of which arc obtained by associating, with the two preceding 
equations, the further equation 

2 (x — x) I 2 — ^xl 2 = p'. 

Now - 

2»/2 = 2Zif2-0, 

and 

2 — a;) ^2' = “ - 2 (^ — «) + - 2 (ir — £c) ^3, 

p <r 

and, in the equations of the line, we have "Zix — x)lx = 0. Hence the third 
equation is 

2 (5 — a?) ^3 = o-p' ; 

and therefore the three equations of the line, that is, the intersection of three 
consecutive normal flats, are 

2 (ic — a?) = 0, 2 (« — x) Iz — p, 2 (a: —x)l 3 = ap. 

The intersection of this line by a fourth consecutive normal flat, being 
the centre of globular curvature arising as the point of intersection of four 
consecutive normal flats, is given by associating, with the three equations of 
the line, the further equation 

I 3 ' - S-e'J, = ~ (<7(9'). 

Now 

2a7 ^3 = 2^1 ^3 — 0 j 

S (» - ®) (9' = - - S (® - *) i* + - S - a:) if , 

<r T 


and 
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and, for these intersections of consecutive flats, 2 (^ — ®) = p 5 hence the 

fourth equation becomes 

But, because = p® + o-®p'®, we have 

RR = pp +ap 

and therefore the point of intersection of four consecutive normal flats is 
given by the four equations 

tR' 

2 0 , ic) ^2 P» ^3 “ ^P > ^ / ■ 

The various centres of curvature, as regards their position, can be 
described as follows. 

The centre of circular curvature is the intersection of two consecutive 
normal flats with the osculating plane of the curve, which is given by the 
equations 

i-a;, //-y, ^ - z, v-v , 

X , / , z , V 

, y" , . y" 

or by the equivalent equations 


J' — X, 

V-y^ 


U — l» 

k . 

mj , 

ni , 

^■1 

k . 

m 2 , 

»2 » 

Icz 


Any point in this plane is given by equations 

X — X = li Ai -i" ^2 A 2 , 


with three like equations, where Ai and A 2 are parameters of the plane; 
and the particular point, which is the centre of curvature, is obtained by 
choosing Ai and A 2 to satisfy the equations of the two consecutive normal 
flats 


Thus 
that is. 


2 — a;) = 0, 2 — x) I 2 = p. 

2^1 (^lAi + ^2 A 2 ) = 0, 2^2 (^lAi + ^2 A 2 ) = p, 

Ai = 0, Aa = p; 


and therefore the coordinates of the centre of circular curvature are given by 
S — fl; = p?2» y~y — pf^z» z — z = pn2j v — v^pkz. 


F. G. 


18 
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The radius of circular curvature is 

= {S (»-*)*)* = /», 

as IS to be expected. 

The centre of spherical curvature is the point where the line, which is 
the intersection of three consecutive normal flats, meets the osculating flat. 
The equation of this flat is 


or, I 


x — x, y — y, z — z, v — v 
X , y' , z , v' 

X , y' , , v" 

X ^ y i ^ i V 


P 


= 0 , 


with like expressions for 7Ua, the equation of the osculating flat can 

be written 


X — X, 

u-y^ 

z-z. 

v — v 

k . 

, 

ni . 

ki 

k . 

wia , 

nm. 

h 

h 1 

wa , 

wa r 

k^ 


The coordinates of any point in this flat can be taken in the form 

X — .QJ = ^ ^2^2 ^ ^3 ^3f 

with like expressions for y ^y, z — z/v — v\ and the centre of spherical 
curvature is the point among this aggregate the coordinates of which satisfy 
the three equations 

2 (® — a;) /i = 0, 2 (® - x) 1 ^ = p, 2 — x) I 3 = ap. 

Hence we have 

2^1 (^lAi + ^2 A2 + ^3 A3) = 0, 

2^2 (^1 Aj H- ^2A2 + ^sAa) = p, 

2^3 (/i Ai + ^2 Aa + ^3 A3) = o'p\ 

that is, 

Ai * 0, Aa = p, Aa = <rp', 

and therefore the coordinates of the centre of spherical curvature are given by 
x-x = pl^ + <j-p73, y — y — pwa + crp'wa, 
i - 2: = pua + ffp'wa, v — v=pkt + apk^. 
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Tho radius of spherical curvaturej R, is such that 

= 2 {ph + apl^f 
= + 

The centre of globular curvature has been proved to be the point of inter- 
section of four consecutive normal flats 

Iff 

2 (S — a;) = 0, 2 (S — m) = p, 2 (S — x) = {rp\ 2 (5 — a?) ^4 = iZ — ^ . 

ap 

Now any point in space^ referred to the orthogonal frame of the curve, can 
be represented by expressions 

X — X — + ^2 A2 "h Z3 A3 “H ^4 A4, 


with like expressions for y — y, 2 — 2 , v — v. Hence, for the centre of globular 
curvature, we have 


that IS, 


2 /i(^i Ai + ^2*^2 + ^aAa + Z4 A4) = 0 , 

2/2 (^1 Ai -l- ^2 A2 + ZaAa H- ^4A4) = Pf 
2^3 (^1 Ai -f ^2-^2 "1" ^3 A3 + ^4A4) = trp , 

2/4 («1 A, + A, + A3 + i4A4) = R—,: 

ap 

tR' 

Ai = 0, Aa = p, A^=ap\ Ai= R — 

ap 


Thus the coordinates of the centre of globular curvature are given by 

- tun I 

X — X = P &2 + O'p (3 + Xt 7 64 , 

ap 

with like expressions for y — y, 2 — 2 , v — v. 

The radius of globular curvature, F, is such that 
r® = 2 (t — a;)® 

= l.(plt + ap% + R'^U^* 

in accordance with the result already (§147) obtained. 


18—2 
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Infinitesimal displacement of the orthogonal frame. 

166. The preceding equations for the variations of sets of direction- 
cosines, each set being constituted by the inclination-cosines for the four 
principal lines of the curve referred to one and the same external axis of 
reference (to OX for c = Z, to OF for c = m, to OZ for c = ?i, and to OF for 
c = k), can be taken in the form 

a;'= X -\-yde 

y'= — xd€-\-y +zdTj 

z' — —ydr\-\-z ■\-vdto 

w' = — zdta H- V 


Thus an infinitesimal transformation (§ 123) is constituted. We know (§ 125) 
that this transformation can be effected by a small rotation a! round the piano 

y cos + w sin ^' = 01 
— a; sin -\-z cos ^8 = 0 J 


and an independent small rotation a round the plane 

X cos ^ +z sm )8 = 0 ) 

— y sin /0' + v cos /S' = 0 j * 

where 


. rt/n 2dedri 




2a' = (de* + drf -I- dta® -|- 2^6 dw)^ -h (de* -f- drf -h dw* — 2ded(o)^ 1 
2o = (dt* + drf -I- dtu* + 2dedai)^ — (de* + dif -h dal^ — Sdedoj)^ J 

It should be noted that, when d&> = 0, so that there is no tilt and the 
curve therefore is a three-dimensional curve (§ 146), we have 

tan /8 = , 0 = 0, a = 0. 

dij p 

We can take i; = 0 as the flat in which the curve lies: and then the infini- 
tesimal transforma bion is effected in that flat by a rotation round the line z = x~ 

P 

in the plane y = 0, that is, is effected round the rectifying line of the skew 
three-dimensional curve. 


Fourth-order derivatives of point-coordinates. 

167. It is to be noted that, as the values of (for r = 1, 2, 3, 4) 

were obtained directly from the geometry of the moving orthogonal frame, 
they can be regarded as having been established independently of the 
analysis; and thus they can be used to obtain the analytical expressions 
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for If, m , , Hr, kr, (for ?* = 1, 2, 3, 4). For example, take c to denote I ; then 

C\ = li = X ; 

hence 

, dci 

-px , 


I /ttC2 ^ ' I f \ 2 

£3 = 03 = 0-^^^ H-— j = -(a; +ppa; +p®a; ). 

Also, we have 

C4 = ^4 = ; 

and thus the fourth equation gives 

(TpV.) = - ; ^ (^' + /»/» V' + p»x'"). 
l^hc third equation gives 

-I_ 

T O' rf.s- 

leading to the equation 

together with the corresponding expressions for i/‘', j*'', 

All these relations are in accordance with results already (§151) established. 


Fifth-order demvatives of point-coordinatesm 

168 . The last expression, giving the fourth derivative of a coordinate in 
terms of the first three derivatives and of the intrinsic magnitudes of the 
curve which are invariantive for all axes of reference, will now be modified 
so as to make that fourth derivative linearly expressible in terms of the 
direction-cosines of the chief lines at the point. The Frenet formulie can 
then be used to express all higher derivatives of the variables, which are the 
point-coordinates referred to the initial general system of axes in quadruple 
space 

In the preceding expression for we use the relation 

x" = — {x -h ppV' + p^x”) — ap'x" — - a'l 

p^Lp P J 
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to remove the term in a!" \ and we easily find 

aJv = J_ + 38^ a!' + (-^ + 2 ^-\- x’ ' 

ptrr ^ \ p p* p* 

— f 2 — + — ) - (a;' + ppx" + p^x") 
pa-\ p ajp^ 

= -^4 -- U^ + -\h +Mph +3^Ji 

pCT P<t\ p fTj ^ p® 

and, similarly, 

y.v ^ J . _ i. ^2 ^ + 3 

z^'* = — 714 — -i- f 2 ^ ^ ^ W 3 + Mpn^ + 3 ^ «i 

po-T p<t\ p aj ^ p® 

«- = — ^4 + +Mpk^ +3^34;i 

p< 7 T p<r\ p aJ p® 


In these expressions, the value of M is given by 

p* p* p* p*tT* 

it can also be expressed in the subscquentty^useiul form 

11/ __ 9 P_* . P ^ J ^ 

^ ^^p^^p^a- p* *rV"dp‘ 


When obtaining a measure of the closeness of contact of the curve with 
its globe of curvature at any point, we shall require values of x'’, y', z"', v''. 
These can be derived at once from the preceding result ; and, as the con- 
venient form is that which expresses them linearly in terms of the direction- 
cosines of the chief lines, the Frenet formulae are used for the construction of 
this form. We have 

j d / 1 \ 1 dl^ 

® = ^4 ;?“ ( ) + — -v- 

as \p<TTj par as 

as [pa-\ p a-/) per \ p ajds 

+ ‘-eW+"->S 



When the values of ^ ^ given by the Frenet equations (on 
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taking c = l) are substituted, and the coefficients of W.W.h.h, are collected, 
we have, in all, 

= -\-Ulx 

= Am4 + TTma + + Urrii 

— Aw 4 + Wn^ + F712 + t/Vii 

v'* = + Wks + Vk2 + Uki 


where 


‘=- ' ( 
P<tt\ 


3^+2-+ 


W^M^- 


par 


a 

d(l 

ds [pa 


v=s\ + 

p 


2«- + ' 


l{ 


i)} 


1-(2- + 


P- ^ 

P ^ 

d 


These are the required values of x"", z'', v'. 

The derivatives of successive orders can be obtained in the same way, 
each expressed linearly in terms of the direction-cosines of the principal lines. 


A curve is determinate^ save as to orientation and position, 
by assigned curvatures. 


169. By means of the Freiiet formula;, we establish the theorem that a 
curve in quadruple space is determinate^ save as to orientation and position, 
by the assignment of its circular curvature, its curvature of torsion {or its 
spherical curvature), and its curvature of tilt {or its globular curvature). 

As data, the spherical curvature is equivalent to the torsion and the 
globular curvature to the tilt, through the relations 

e*=p» + <tV*, 


From the Frenet equations, we have 


Iz 



, d^l\ f dl\ <r , 


ds 


I [d^Hx (^p a\d^li\ , {p a d ,f\dlx d fa\ , 

f. -/■- {s? + (2 ^ + 7) a («C )} a* +' S y ■ 


Then lx satisfies an ordinary linear differential equation of the fourth order 
with variable coefficients, ubtained by substituting these values of U a^nd U in 
the fourth Frenet equation 


ds T ' 
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The primitive of this linear differential equation, of order four, is of the form 

lx = 0-1 + CL2^2 "i" O3X3 + (£4X4, 

where ai, a2, Osi a4. are arbitrary constants. The values of these constants 
arc uniquely determinable, and so the primitive is made particular to Zi, by 

the assignment of values of Zi, for any initial value of s : that is, 


by the assignment of values of Zi, Z2, Z3, Z4, for that initial value of s and 
therefore at an initial point 0 . The current values of Z21 Z3, Z4, arc then 
derived from this current value of lx by means of the Frenet equations. 


The same linear equation of the fourth order is satisfied by mi, 9ii, kx. 
By corresponding assignments of initial values in each instance, the current 
values of mi, wi, A?i, are determined, and the values of the quantities itir, Ur, A;,, 
for r = 2 , 3 , 4 , arc similarly derived. It is, of course, necessary that the whole 
set of assigned values at 0 should there conform to the conditions of ortho- 
gonality. 

We must prove that these current values of Z,., m,, representing 

initially an orthogonal system, and satisfying the Frenet equations, continue 
to represent an orthogonal system. Let a and represent any two of the 
quantities Z, m, n, k. Then 







ds 


dcii dcii daa t 


in both instances, by substitution from the Frenet equations. Hcnc(' 

2a,* = constant = 1, 2a,. /S,. = constant = 0, 

the respective constant values being the initial values at 0 . Hence the 
current system of values constitutes an orthogonal system. 

If now we define coordinates x, y, z, v, by the relations 

dx = Ixds, dy = mids, dz = 7 \xds, dv = kxds^ 

so that dx^ + cZy* + dz^ + cZw* = ds\ the variable s of the Frenet equations 
becomes an arc in the quadruple space. We thus have 

X ~ Xq ”1 lx ds ^ 2 df f X,. dSf 

where Xq is the value of x at the initial point. We have similar values for 
1 / — 2Zoi ^“^oi ^”^01 these quantities being expressed as functions of an 
arc s. Consequently, one curve certainly exists, determined by the assigned 
curvatures. 
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170J 

Next consider two curves, thus determined, but having different orienta- 
tions and positions in the quadruple space. On the second curve, let an initial 
point 0 be selected corresponding to the initial point 0 on the first curve ; and 
let the two curves be brought together bo that (i) the point 0 coincides with 
the point 0 and (ii) the orthogonal frame of the second curve at 0 coincides 
with the orthogonal frame of the first curve at 0 Let /i, I2, h, h, be the 
four quantities for the second curve, corresponding to 2 i, ^ 3 , ^4, for the 

first curve. Then as the magnitudes p, o-, t, are the same for the two curves, 
the equation of the fourth order satisfied by is formally the same as that 
satisfied by \ and therefore its primitive is 

l\ = CfciXi + CK2X2 + ^3X3 -|- (Z> 4 X. 4 , 

Avhere ai, a 2 , aa, are arbitrary constants so far as that linear differential 
equation is concerned. The values of these constants are uniquely determin- 
able, and so this primitive is made particular to ii, by the assignment of 
values of /i, I2, ^ 3 , Z4, at the initial point 0 which coincides with 0 . But at 
that initial point, the orthogonal frames of the two curves coincide, so that 
= ^2 = ^2. ^3 = ^3, h — hi at 0 ; consequently cti = ai, a 2 = , a 3 = as, ^4 = 04, 

and therefore _ 

/i = Z| , 

throughout the range. Similarly, we have 

wii = nii, ni = »i,, h = h, 

throughout the range. 

If then X, y, i, v, be the coordinates of a point P on the second curve at 
the same arc-distance as a point P, x, y, v, on the first curve, we have 

dx __ dx dy _ dy dz _dz dw _ du 
ds ds' ds~ds* ds ds' ds ds' 

Hence x — x, y — y, z — z, v — v, are constants along the two curves. But 0 and 
0 have been made to coincide, owing to the displacement of the second curve; 
and, in that coincident position, each of these constants is zero Hence 
x = x, y = y, z = z, v = v, 

everywhere along the two curves. Thus the second curve coincides with the 
first when it has been suitably displaced, in position and in orientation ; and 
therefore, in its undisplaced position, it is the same as the first curve. 

Hence the two curves are the same, except as to position and orientation ; 
and the theorem is established. 


Curves having their curvature, torsion, and tilt, constant. 

170. It is known that every plane curve of constant curvature is a circle; 
and that every curve in homaloidal three-dimensional space, having its 
circular curvature and its torsion each constant, is a cylindrical helix. We 
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proceed to obtain the curve in homaloidal quadruple space which has its 
circular curvature, its torsion, and its tilt, each constant. Such a curve is 
uniquely determinate except as to position and orientation. 

For the present purpose, the quantities p, a, r, in the Frenet equations 
for the direction-cosines of a curve 


dci_ 1 
ds~p^' 



Ca, 


dcs 

ds 


1 

Ca+ - C4, 

<T T 


dcA 1 

^=__Ca 

T 


(c s I, m, n, k, in turn) are constant ; and therefore each of the quantities c 
satisfies the equation 

^ /I 1 _l__n 

+ p2T.2 - 

Then 

Ci= A cos /iis + B sin /Ltis -h C cos p.^s + D sin fi^s , 
where /ij, — /ii, /^ai — M21 the (necessarily real) roots of the equation 




and at the moment A, B, (7, Z), are arbitrary constants in the primitive of 
the equation, which have to be determined by assigned conditions. 

We shall take Cx — lu that is, =x\ y\ z\ v' \ in turn. The 

constants will be determined by the initial values of Ci, ^ , at any 

initial place on the curve ; the arc s wilF J)e supposed measured from the 
initial place. Also, the axes of reference will be taken to bo the four principal 
lines of the curve at that place ; so we must have, when 5 = 0, 
lx, mi. 111, kx, =1, 0, 0, 0, 
hf m 2 , 712, k^, = 0, 1, 0, 0 ; 
k, m3, 713, h, =0, 0, 1, 0; 
ht m4, 114, k^j =0, 0, 0, 1. 

Now 


dcx _ 1 
ds~ p'^^' 


d^Cx 

ds^ 



d^cx_ I /I 1 

ds^ p \p® (TV ^ par 


C4; 


and therefore we have, when s = 0, 



dlx 

= 0. 

(Plx 

1 

. I 

ds 

ds^ ' 

p*’ 


mi = Q, 

dvix 

ds 

_i 

~p’ 

d^mx 

ds^ 

0 , 

d»7ni Wl 1\ 

ds* 

Tlx = 0 , 

drix 

ds 

=0, 

II 

1 

p<r ’ 

ds* 

ki = 0 , 

dkx 

ds 

=0, 

II 

0 , 

d*A,_ 1 

ds^ par 
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- /Ii“) cos fliS- cos flzS 


/ 2 ax / 2 1 iNsin^iS / 1 iNsin^s 

(/ij* — /ti®) /li = — (cos HiS — cos flis) 
pa 

p<TT\ fli fl2 J 

and therefore, noting that the origin and the axes of reference are taken 
where 5 = 0, 

1 \ sin^Aa^ 


po- V /Ai /Aa / 

. , „v 1 /I — cosiA,5 1— cos/AasN 
(ms* - Ml*) « = — ) 

p<TT \ /Ai* /Aa® / 

Now by combining a; and z, and by combining y and v, these equations can be 
expressed in the simpler form 

/ 1\ sinpis ] 

.-pa[p,--^)z = — - I 


/ - 1 IN 1 — cos/AasI 


sin/Aa5 
1 — COS/AjS 


P/^i 


PM2 

As the radii p, o-, t, are constant, we take three equivalent constants a, a, /9, 
such that 


2 cot a . 2 cot a . 2 1 , . 

= sin (2a - 20), - = — sin 2^, = - {sin (2o — 20) - sin 20]. 

pa T a <r ^ ^ 

(It will be noticed that when 0 = 0, we have 

1 _ cos®a 1_ sin a cos a l_n 
p a a a r 
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which are characteristic of the cylindrical helix in homaloidal three-dimen- 
sional space.) With these values, we find 


cot a 

/*!= ^ Bin(a-^)coa/3, 
pa- = tan (a - /9), 

(/ii* ~ 1^2 “ = tan A 

COS /3 


cot a . • a 

fi 2 = - cos (a - p) sin ft 

tt 

(^* ” p*) p'^=~ ~ 

sinff 

sin (o — i8) ■ 


We now change the axes from the principal lines of the curve at the place 
s = 0 to another set of orthogonal axes, and we change the origin, according 
to the relations 


X cos (a — p) — z sin (a — /d) = X, 

X sin (a — /9) + ^ cos (a — j9) = Z , 

Q Q cos (a - ff) „ 

2 / cos /9 - 1 ; sin p = - — — 1 , 

Ml 

1 / sin -I- 1 ; cos ^ = 7, 

transformations which, merely changing tfta position and the orientation of 
the curve, do not affect its character: and then the equations of the curve 
become 


« tan a 

X = a - siufiis 

tan (a — /9) cos /9 

tan a 

Y=a-- - - *cos^iS 

tan (a — p) cos /9 


„ tan a tan (a — 8) . 

' Z = a 1 'si 


sin/9 


sin fi 2 ^ 


,, tan atan (o — /9) . 

V=a '"-^(l-cospgs) 

Sin p 

the values of /xi and /ig being given above, in terms of a, a, /Q. 


Accordingly these are the equations of the curve which has constant circular 
(or plane) curvature^ constant torsion, and constant tilt. Hereafter (§ 219) it 
will be seen that such a curve is a geodesic on a cylindro-cylindric surface 
represented by the two equations 

/t-a + 2 /* = 6®, z^-\-v^ = c®. 

The values of p, a, t, in terms of a, a, /S, have already been stated ; 



170] 


CURVES WITH CURVATURES IN CONSTANT RATIOS 


285 


conversely, the values of a, a, in terms of p, cr, t, are expressible by 
the relations 


f/l , 1 1\* 4 1*_1 1 

+ W +^*4 p r’ 


1.11 

— cot a = , 

tTT P 


2 *00 1 1 1 

- cot 2/9 = 

fTT <T^ T* 


Note 1. When there is no tilt, the equations of the curve become 
JT = a sin cos , F = a cos cos 5 sin a, F = 0 : 

they represent a cylindrical helix in the flat F= 0. 

Note 2. The four-dimensional curve of constant curvatures p, <r, t, is a 
closed curve, when tan ^3 cot (a — )3) is a commensurable quantity different 
from zero. When the constant tilt is flnite but not zero, the curve remains 
within a finite range. 

Corollary. The preceding analysis can be used to investigate the curves 
the ratios of whose circular curvature, torsion, and tilt, are constants. 

Let these constants be a and h, where 


1 1 

= tt-, 

a- p 


T p 


Instead of using s as the independent variable in Frenet’s equations, let the 
angle of contingeuce e be used, where 


The Frenet equations now are 
dl^ 
de 


1 _ de 
p ds" 


= l2. ^ = -li + al,. 


de 


dl^ 

de 


fl^2 + ^ = “ hl^. 


The preceding analysis for the determination of li, wii, Ui, k^, can be adapted 
to the present case by changing 

if into e, p into 1, - into a, - into h ; 

<T T 


dx 1, „ dz 


dx 

ds 


1 / , ,.dz 




ds ah ' ds 


sin 


and therefore 



286 


DEVIATIONS OF A CURVE FROM 


[CH. IX 


where + fi-i and + are the roots of the equation 

/!»* — //.* (1 + a* + 6*) + 6® = 0. 

To specify a curve completely, the value of p must be assigned: if it 
he p = f (s), the relation between s and e is 




which can be used to determine 5 as a function of e. The integration of the 
preceding equations is then merely a matter of quadrature. 

Hereafter (§ 302, Ex. 2), it will be seen that such curves can be taken as 
geodesics in a sphero-cylindrical region, such as is represented by the equation 

aP 


Deviations of a curve from its tangent ^ its osculating plane, and its 
osculating fiat 

171. Various configurations have been introduced, usually defined in 
association with some degree of contact with the curve. Among these, arc 
the tangent line, the osculating plane, the osculating fiat, all homaloidal ; 
and the circle of curvature, the sphere of curvature, and the globe of 
curvature. It is desirable to have an estimate of the closeness of contact of 
each such amplitude with the curve: and such an estimate is provided by 
the smallness of the order in magnitude of the deviation of a consecutive 
point of the curve from each of the amplitudes in question. 


Let u denote the arc-distance of a point Q on the curve from the point P , 
and let y, i, v, be the coordinates of that point Q. Then 

y = y + + 21 y " + r: 3^" + ^ ! y " + ?! y ' + - . 






V = v-huv'-h ^ -h v' 


, Vr . Vt 

4 ! 5 ! 


We proceed to find the perpendicular from Q upon the three homaloidal 
tangential amplitudes at P : also to find the distance of Q from the boundary 
circumference of the circle of plane curvature at P, the boundary surface 
of the sphere of curvature at P, and the boundary region of the globe of 
curvature at P. 


We shall require the projection w of the arc PQ upon the tangent at P. 
As the direction-cosines of the tangent are x\ y\ z , v , this projection is equal 
to 2 — x) x\ thus 


w — '^{x — x) X* = u 
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I. The projection of PQ upon the principal normal at P is equal to the 
distance of Q from the tangent at P, and thus measures the deviation of the 
curve from that tangent. As the direction -cosines of the principal normal at 
P are pa/\ pz'\ pv'\ this projection, i/, is equal to 

i; = S (S — a;) px* 

2p 6 p* 24 \ p® p* p® pay 


"2p“ ep*"" ■^24r p= p* p=» paV* " ■■■■ 

By direct substitution, we find the length c of the straight chord PQ ; the 
result is 

« ^ , 1 uV 1 P . . 


It is easy to verify that the relation c^ = iu^ + is satisfied. 

Manifestly, in the expression for i/, the deviation from the tangent, the 

. 11 * 

important term in the immediate vicinity of P is the customary quantity 

II. The projection of PQ upon the binormal at P is equal to the distance 
of Q from the osculating plane at P, and thus measures the deviation of the 
curve from that osculating plane. As the direction-cosines of the binormal 

arc ^ (pc -h ppV' + p^x"\ with the three similar quantities, the projection of 

PQ on the binurinal is 


= 2 (.T - a;) - (ap' + ppx' -h p®®'") 
oper l^pa\ p aj 


Qpa 24p<rV p aJ 

III. The projection of PQ upon the trinormal at P is equal to the distance 
of Q from the osculating flat at P, and thus measures the deviation of the 
curve from that osculating fiat. As the direction-cosines of the trinormal are 
ap^Jxt a-p^Jyt <rp^Jzy <rp^Jj,, the projection of PQ on the trinormal is 

= 2 — a;) crp®J, 


= o-p®2(a'-a;)| y' 


y' » 


v’ 

y". 

t 9 

z , 

v" 



l/" 

y' » 


V 

y" ^ 

z\ 

v" 

y'"i 

z"'. 

v" 


+ higher powers of u 


= — 2 ^o-p®it*n -I- higher powers of u 
" 2i p^ powers of u. 
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It is an immediate corollary that, if the curve be referred to its principal 
lines at P as axes, so that t, n, b, % are the coordinates parallel to the tangent, 
the principal normal, the binormal, and the trinonnal, respectively, the co- 
ordinates of a point Q at a distance u along the curve from P, are 




2p 6 p* 24 \ p* p* p® po-®/ * 

b = ^ (2^ u* + 

6p<r 2%p(r\ p aj 


1 - i 

24 pffT ^ 


Deviations of a curve from its circle of curvature, its spJiere of curvature, 
and its globe of curvature. 


172. We proceed to estimate the distance of Q from the respective curved 
amplitudes of contact at P, each with its own measure of curvature and with 
its own degree of contact, iind thus to estimate the deviations of the curve 
from those amplitudes in the immediate vicinity of P. 


IV. 
at P. 


We first find the distance of Q frem the circle of plane curvature 
Let Q be the projection of Q on the osculating plane at P, so that 


(§ 171 ) 



Let Q'G intersect the circle of curvature in U, where C is the centre of that 
circle. Then GUQQ is a plane, which lies in the osculating flat and is 
perpendicular to the osculating plane at P; and the tangent to the circle 
at U is perpendicular to this plane GUQ'Q, being perpendicular to GU sind 
to Q(f. Hence QU is perpendicular to that tangent and therefore, being 
normal to the circle, is the shortest distance of Q from the circle. Obviously 


QU^=Q(P + qU\ 


Further, the coordinates of G are fi, 171 , 5i,ui, = x + p‘a/', y + pY'. z + p^z", 
v + p*v"-, hence 

QC'* = X - f,)* = 2 (fi - a;)* - 2S (fx - *) + Z (5 - 


Now 




X (® — a;) (fi — *) = p*X (lE — x) *" 

= p2|J_„2_ie:„.+lf_ el' 2 p1*_i_J_U.+ 1. 
^ t2p* 6p* ^24\ p* «r*pV 
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and therefore, with the foregoing value of S (a; — xy on p. 287, we have 

SO that 

But Q'G^ = QG^ — QQ'\ and QQ' is of the third order in u; hence, certainly up 
to the fifth order inclusive, Q;G is equal to QG, and we have 

Q'C=p + \^^v?+..., 


SO that 


QU=Q'G-GU=QfG-p = lP.u»+ .... 


Consequently, up to the third order. 




which accordingly measures the deviation of the curve from its circle of 
curvature at P. 

V. In a similar way, we obtain the distance of Q from the sphere of 
curvature at P. Let Q" be the projection of Q on the osculating flat at P, so 
that (§171) 

= -+.... 

24po'T 

Let intersect the sphere of curvature in K, where S is the centre of the 
sphere. Then Q"S is perpendicular to the tangent plane at V to the sphere; 
Q 'Qf normal to the flat, also is perpendicular to that tangent plane; hence 
the plane QQ"V£f is orthogonal to the tangent plane. Thus QK is perpen- 
dicular to the tangent plane at V and therefore is the shortest distance of Q 
from the sphere. Obviously 

QF» = Q0"* + Q"F* 

Further, the coordinates of S arc fa, t/z, fz, ozi given in §142; and 
therefore 

Q^» = 2(S-fa)* = 2(f,-a;)*-22(S-:r)(fz-^) + S(S-®)®. 

Now S(f 2 — ic)® = jSP* = P®; and 

2 (S - ffi) (f, - a;) = 2 (X - ») jo-* ^ X + 2JV' + o-Vp'®" j 

1 . 1/1 1\ , 


1 , 1/1 „dR 1\ 

=2“ +-■- 


2“ 24VffV PV "■■■ 

and therefore, with the foregoing value of 2 {x — x)*, we have 

QS^ = P* -h w* -I- higher powers of u. 


P. G. 


19 
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But = — and QQ* is of the fourth order in u\ hence, certainly 

up to the seventh order inclusive, Q"S is equal to QS, and we have, certainl 3 
up to the fourth order. 


Consequently 


Q'V=Q[' 8 -SV~QS-R = ^l—,u*+.... 




which accordingly measures, to the fourth order, the deviation of the curve 
from its sphere of curvature at P. 

VI. Finally, the distance of Q from the globe of curvature at P is 
manifestly equal to QG — PG, where G is the centre of globular curvature 
atP; for QG is normal to the globe. The coordinates of G are fa, 173 , fa, V 3 
as given in § 149 ; and therefore 

QO*=2(®-fa)“ = 2(f3-rr)2-22{(^-a;)(f3-a;))+S(®-®)“ 

= r* + M* - f2 ^ ^ K® - *) (f, - «)), 

up to the fifth power of u inclusive. 

It is necessary to evaluate the quantity 2 ((S — a?) (fa — ®)), up to the fifth 
power of u inclusive. Now 


x — x = x'u + x”'v^ + ® 'V + a?*'' 14 ^ + ~ w® + . . . , 

2 1 d ! 4 ! 5 ! 

and 

f, - * = p . ox" + 0-p' - (»' + ppV' + p*®'") + - iJ apV* 
p fT ap 


= ph + ,rp%+-R^h-, 

O’ ap 


with corresponding expressions for y — y, 773 - y ; z — z, ^ 3 - and v-v,v 3 — v 
Hence, in the quantity 2 {(® — coefficient of u is 


= -x) = (pi, + ap'i, + ^ -R ^4) = 0 . 

the coefficient of is 

= lx" (pi, + <rp'i, + ^ -B h) 

and the coefficient of is 

= 2 ®'" (pi, + <rp'i, + ^ -R || ^4) 
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by using the relations 1, = for /t = 1, 2, 3, 4, and i/ = 1, 2, 3, 4, 

with 1/ nob equal to fi. For the coefficient of u\ we use the formula of p. 278, viz. 

— + -)h+ + 

par p<r\ p aj ^ p® 

and therefore the coefficient of ^ it* in 2 ((® — x) (fs — a;)} is 


= 2 ®"'^ ^pU + o-p'l^ ^ ^ ^ 

p \ p <r/ po-* dp f 


For the coefficient of u®, we use the formula of p, 279, viz. 

x^ = AZ4 + + VI2 + Ul\ \ 

and therefore the coefficient of 2 {(® — x) (^3 — x)] is 


Hence 


= tx'’[ph + <rp% + '^R^l^ 


= pV + <jp'W+^R^^^ = %. 


1 1 ^ 

= r* - ^3 + higher powers 

= r® + ^ (5-3 — 0^ + higher powers. 

The deviation of Q from the globe of curvature 
= QG-PG 

^ ^ ■*■ 1201’* (® ~ ®) higher powers of m| - T 

and it is necessary to obtain an equivalent expression for the quantity 5^—0. 
On substituting for F, TP", A, in 0, we have 

@- 6 ?' 5 P +pV+ap'W-^-R^ 

p® p^ a dp 

(3 '’-+2'"' + ^-). 

a dp par \ p cr t / 


19—2 
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= _2V|K(2P' + "')- 

ds(p\ p aj a^p dp p^) 
ds (p \ p aj (T^p dp) 


ds (p \ p aJ (T^p d 
on using the value for Mp^ given on p. 27 S ; also 


Hence 


- (2 # (2 ■ 

\ p <rj\a^ p* pa J p ds\ p a) 

® “ a (■ .H> '4) + (^ J + ^ ) U (p) + ? + p- + '4] 

pT* o-*p dp \ p a tJ 

ds\pj cr* p^ per cr*p dp 
and therefore * ^ 

® ” ® p» ” ds (“ <rV ) “ <tV ^ dp (p ■*■ <r 7) “ pT* 

=- Vt(^?)+ 1 ^d^(---)-4 

er'p as \ dpi a^p dp \a tJ pr* 
ihe radius F of globular curvature is given by 


o-*p ds \ dp / a^p dp V c 

Now the radius F of globular curvature is given by 

rm . /T r.dR\^ 


and therefore 


Consequently 


rr'=iziz'+ — , RR' R^\, 

ap ds \a dpj 

dp) 

= 1 + . (iz ^) + ii ^ JI, (r: _ . 

<r*p ds\ dp/ dp ap \a a^ J 

s-sS^—P rr' 

^ ^ _3 “ 2 D D/ ■ 


Hence at Q, distant u along the curve from P, the deviation of the curve from 
the globe of curvature at P 

1 pT' 5 
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Descriptive relation of a curve to its amplitudes of contact. 

173. Thus the three deviations at Q from the curved amplitudes of 
different dimensions which have closest contact with the curve at P are: 


from the circle of plane curvature, — 7 : — it® ; 

p bpa 

r 1 

from the sphere of curvature, ^ : 

^ R 24po’T 

(T ^ 1 

from the globe of curvature, F' - a®. 

® tR l20Rp(TT 

The three deviations at Q from the homaloidal amplitudes of different 
dimensions which have closest contact with the curve at P are : 



These results can be summarised, qualitatively, in a more descriptive 
form : the description being an interpretation of the fact that an even power 
of u is unchanged in sign and an odd power of u is changed in sign when the 
sign of u is changed. In each instance of the relation between the curve and 
the tangential amplitude, we are dealing solely with the near vicinity of a 
point P. Also, it is assumed throughout that P is not a singularity of any 
kind upon the curve : thus p~^ is taken to be different from zero, so that P is 
not a position of instantaneous linearity on the curve : <r~^ is taken to be 
different from zero, so that P is not a position of instantaneous planarity 
on the curve : is taken to be different from zero, so that P is not a 

position of instantaneous flatness on the curve. Then the preceding results 
shew that the curve, in passing through P, continues on only one side of its 
tangent and on only one side of its osculating fiat and crosses its osculating 
plane \ and that the curve, in passing through P, continues on one side of its 
sphere of curvature (that is, either remains without the spherical surface or 
remains within the spherical surface) and that it crosses from the inside to the 
outside both of its circle of plane curvature and of its globe of curvature. 



CHAPTER X. 


Curves : Associated Regions : Developable Regions. 

Envelopes of associated flats. 

174. Among the homaloidal amplitudes associated with a curve, and 
passing through a point on the curve, there are three types. The first of 
these types consists of the chief lines of the curve at the point, which are the 
tangent, the principal normal, the biiiormal, and the trinormal. The third of 
the types consists of the four chief flats of the curve at the point, each of the 
flats having three of the chief lines for guiding directions ; and, of the four 
flats, the two of more immediate importance are the osculating flat and the 
normal flat. The second of the types consists of the six chief planes of the 
curve at the point, each of the planes having two of the chief lines for guiding 
directions ; and of the six planes, the three of more immediate importance 
are the osculating plane, the normal plane, and the orthogonal plane. But 
the osculating plane can be regarded as generated in two ways : as the plane 
through the point containing two consecutive tangent directions, and as the 
intersection of two consecutive osculating flats : and it has been discussed 
almost entirely through the former generation The normal plane is the inter- 
section of two distinct (and non-consccutivc) flats, the osculating flat and the 
normal flat at the point. The orthogonal plane is the plane through the 
point of the curve parallel to the intersection of two consecutive normal flats. 

Thus two of the chief planes of the curve are determined by the inter- 
section of two consecutive flats : in the one instance, of the osculating flats : 
in the other instance, of the normal flats. In each instance, the equation of 
the flat involves only a single parameter, and the association of any such 
equation with the equation of the consecutive flat is, in cflect, an essential 
stage in determining the region which is the envelope of the flat in question. 

The two instances will be discussed in succession. 


Envelope of osculating flat. 

17B. When we deal with the osculating flat, and its intersection with 
consecutive osculating flats, we shall, first of all, take its equation in the form 

(a; - a;) ^4 + (y - y) + (^ - 2 r) 7»4 -H (u - v) A;4 = S (® - a; ) ^4 = 0 

in order to exhibit its association with the curve, partly in connection with 
the Frenet formuliE (§ 164). 
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Its intersection by a consecutive osculating flat is the osculating plane ; 
and the equations of the osculating plane arise by combining the equation 

with the foregoing equation. Now x =li, and so = — and 

— hence, unless the tilt is zero (and we shall assume it not to be 
zero), the equations of the osculating plane arise in the form 
2 (5; — a;) Z4 = 0, 2 — x) Z3 = 0. 


To express the equations in a form more suggestive of the earlier property 
that the osculating plane contains the tangent and the principal normal to 
the curve, we note that 


2/1/4 = 01 2/2/4 = 01 

2/1/3=01’ 2/2/3= or 


so that the two directions /i, mi, iii, A^i; and /a, nHi ^'2 3 he in the oscu- 
lating plane. Its equations can therefore be taken in the (more customary) 
form 


x — x. 


z-z. 

u — i; 

h , 

mi , 


h 

h I 

ma , 


k. 


The intersection of three consecutive osculating flats is a line, it is the 
tangent to the curve. Its equations are obtained by associating with the two 
preceding equations — which, combined, are the equivalent of the original flat 
and the first consecutive flat — the equation of the next consecutive flat. 
These e(|uations arc 

2 (ir — a?) /4 = 0 , 


2 (x -x)U+l |(i - x ) - a:'/*! ds = 0, 


which, combined with the first, leads to 


and 


2 (ic — x) /s = 0 ; 

2(5 - j:) «< + 2 |(5 -®)^- ®74| ds 


Xx"U = -Zlth=0, 
p 


Now, because 
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and 

d 1 1 ? 

hence the third equation can, by the use of the first two equations with 
which it coexists for a common intersection, be transformed to 

2 (^ — a?) ^2 = 0. 

Thus the intersection of the three flats is given by the equations 
2 (5; — a) Z4 = 0, 2 (® — x ) ^3 = 0, 2 (.7? — a;) ^2 = 0. 

Now lx, mx, «i. ^1; ^21 wia. ^21 ^2; h* ^3, ^-3; and WI4, »4, ^4; are a 
quadruply orthogonal system such that 


and therefore 


h. 

mi, 

Wl, 

h 

h. 

ma, 

W21 

h 

h. 

m3. 

W3, 

h 

^ 4 i 

m 4 , 

W4, 

k, 


ma. 

M 21 

k^ 

m 3 . 

Wa, 

ki 

m4 , 

714, 

h 


with corresponding values for mi, Wi, kx\ hence the foregoing three equations 
are equivalent to » 

x—x^y—y^z^z_v—v 

lx mi nx kx ’ 

which are the equations of the tangent. 

The intersection of four consecutive osculating hats is the initial point P 
of the curve. This result can be obtained by associating, with the equations 
of the first three flats which are equivalent to 

2 (^ — a;) ^4 = 0, 2 (5; — x) h = 0 , 2 (a; — x) I2 = 0, 
the equation of the next consecutive flat, which is easily scon to be reducible, 
in combination with these three equations, to the additional equation 

2 (a; — a;) Zi = 0. 

These are four equations linear and homogeneous in x — x,y — y,z — z,v — v; 
the determinant of their coefficients does not vanish — actually, it is equal 
to 1 ; hence the only solution of the equations is 

x = x, y = y, z = z, v = v, 
being the point P of the curve. 

The preceding analysis, with a different interpretation, gives the tangent 
as the intersection of two consecutive osculating planes. The osculating 
plane can be taken as represented by the equations 

2 {x — a;) ^4 = 0, 2 (® — a?) ^3 = 0 ; 
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the consecutive osculating plane is then given by the equati9ns 


S (a; — £c) ^4 + S 
2 (a; — a?) ^3 + 2 


|(a; “ ^ 

|(® — x) — j;73 | ds = 0. 


For the purpose of intersection, the last two equations can be combined with 
the first two ; hence, for them, we can substitute the equations 

2 (ic — a;) ^3 = 0, 2 (al — a;) ^2 = 0 : 

that is, there are three equations, and they provide the tangent. 

Similarly, the intersection of three consecutive osculating planes gives 
the point on the curve. 

Finally, the point on the curve can be obtained as the intersection of two 
consecutive tangents. For, when the first tangent is given by the equations 


2 (a; — a;) Z4 = 0, 2 (a; — x) ^3 = 0, 2 (a: — x) I2 = 0, 


the consecutive tangent is given by the equations 

2 (x - «) + Z |(S - a:) - as't*! di = 0, 

2 (x — x) + Z |(x “ ®) ~ “'^^1 

2 (x - x) ia + 2 |(j - x) - x 7 ,| da = 0 ; 

and now the intersection of the tangents is given by associating, with the 
three equations of the former tangent, the additional equation 

2 (x — a;) = 0. 

As before, the four equations determine the point on the curve. 


Developable region. 

176 . An entirely different interpretation can be given to these equations 
The equation of the osculating flat 

2 ( S - a;)/4 = 0 

contains a single parameter s. In order to obtain the envelope of the .flat, we 
associate, with this equation, the derived equation 

^(2(x-x)Z4} = 0. 

that is, the equation 

2 (a; — ^3 = 0. 

Between the two equations, we could eliminate the parameter and obtain 
an equation 


■F(®. y, h w)-o, 
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which accordiDgly is the (non-homaloidal) region enveloped by the flat. But 
the equation ^ = 0 is satisfled by virtue of the two equations — a;) ^4 = 0, 
2 (a; — a;) Za = 0, which are those of the osculating plane for a particular value 
of 5 ; and these equations, for the succession of parametric values, represent 
the family of osculating planes. Thus the region F=0 contains all the oscu- 
lating planes of the curve : it can be regarded as a region generated by the 
moving osculating plane : we can describe it as a planar region^ in the sense 
that it contains a continuous family of planes. The osculating flat of the 
curve is a flat which is tangential to the region : and a plane, through any 
point of the region and lying entirely within the region, is the intersection of 
the flat tangential to the region at that point, by the flat through p. consecutive 
point and also tangential to the region. 

Now consider the succession of these planes, as they are contained in the 
region. Take any such plane, which is the intersection of two consecutive 
flats tangential to the region ; and round this plane effect the infinitesimal 
rotation cZm (of § 145) which, while leaving the plane unaltered, brings the 
two flats into coincidence. The result of this rotation is to move the elementary 
portion common to the region and the first flat, so that it lies in the second 
flat: this second flat now contains two elementary portions of the region. 
Effect the same process by an infinitesimal rotation round the next osculating 
plane, which is the intersection of the second flat with a third flat, choosing 
the rotation so that these two flats are brdi^ght into coincidence: the result 
is that the two former elementary portions of the region are brought into the 
third flat which itself contains an elementary portion of the region : that is, 
the third flat now contains three elementary portions of the region. Proceeding 
in this way by successive infinitesimal rotations round successive osculating 
planes, we bring at each stage all the earlier portions of the region into the 
latest flat considered, which itself contains a further elementary portion of 
the region. The result of the whole completed process is to bring the 
whole of the region into one flat : that is, without extension and without 
rupture, the region has been deformed into a flat. It thus follows that the 
region is of a special type : we have seen that it contains a family of planes : 
and it can be developed into a flat by rotation round these planes. On the 
analogy of the corresponding phenomenon in three dimensions, it will be 
called a developable region. 

Osculating developable surface. 

177. Again, the equations of the osculating plane are 
2 (S — a;) Z 4 = 0, 2 — «) /a = 0 ; 

and they contain a single parameter. In order to obtain the envelope of the 
plane, we associate the equations 

— { 2 (S-a:)« 4 }= 0 . ^{ 2 (i-a!)isl = 0 , 
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with these equations : that is, there are, in all, the three equations 
2 (i — a;) Z4 = 0, 2 (® — a;) Za = 0, 2 — a;) Z2 = 0, 

or their equivalent 

x—x_y—y_z—z_v—v 

Zl TWi Til ki ' 

representing the tangent as they stand. When we eliminate the parameter 8 
between these three equations, the eliminant is constituted by two equations 
which accordingly constitute a surface ; and the two equations can be expressed 
in a variety of equivalent forms. Whatever be the foim adopted, the two 
equations of the surface are satisfied in virtue of these three equations : in 
other words, a parametric form of equations for the surface is 

x = x-\- lir, y = y-\- mi?’, i = ^ + i) = y + I'l?-, 

where s and r are the two parameters. The tangent to the curve thus lies 
wholly in the surface, which therefore is a ruled surface. On this surface, each 
generating line (being a tangent) meets the consecutive generating line (being 
the consecutive tangent) : the surface is a developable surface. 

On this developable surface, the intersection of consecutive generators 
(that is, the intersection of consecutive tangents to the curve) is the edge of 
regression : that is, the original curve is a knife-edge — the edge of regression — 
of this surface. 


Deformation of the developable region and surface to a flat and a plane. 

178. In the deformation of the developable region which is the envelope 
of the osculating fiat, the successive osculating fiats (which are tangential to 
that region) are brought into coincidence, each with the next, by rotation 
about the osculating plane common to the two flats as an instantaneous 
plane. Thus the successive osculating planes arc brought into coincidence, each 
with the next, by rotation round the line which is common, alike to the first 
fiat that was moved into coincidence with the second flat, to the second flat 
that is to be moved into coincidence with the third fiat, and to this third flat. 
But this minor operation, as regards the planes, which is seen to be involved 
in the major operation as regards the flats, is the deformation of the develop- 
able surface which envelopes the osculating planes. 

Thus we have, connected with the curve, the osculating flat and its 
envelope, a developable region : and the osculating plane and its envelope, 
a developable surface. The deformation of the developable region into a flat 
causes, simultaneously, the deformation of the developable surface into a plane; 
and as the developable ruled surface is contained in the developable region, 
so the plane which is the ultimate deformed shape of the developable surface 
is contained in the flat which is the ultimate deformed shape of the develop- 
able region. 
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The curvatures of the osculating developable region. 

179. The osculating developable region, being the envelope of the oscu- 
lating flat, has for its equation the eliininant of the two equations 


x — x. 

y-y* 

Z-Z, 

v — v 

h . 

mi , 

ni , 

ki 

12 1 

m 2 , 

«2 , 

^2 


which are the equations of the osculating plane : for that plane at once is the 
intersection of two consecutive osculating flats and is the amplitude determined 
by two consecutive tangents as guiding lines. The region thus contains the 
osculating plane at all points of the curve ; and therefore the coordinates of 
any point in the region can be expressed by reference, first to its position in 
the proper osculating plane, and next to the point upon the curve at which 
it is osculated by the plane. Accordingly, if we take the point P on the curve 
determined by the variable 5 , and in the osculating plane to the curve at P 
measure a distance t along the tangent and a distance u along the principal 
normal to the curve, where t and u are arbitrary independent quantities, the 
coordinates of a general point Q in the osculating developable region are 
given by the equations 

ic — x -t- til -I- ul2 " 
g = g -h tmi -h umg 
£ = z + tni -I- u?i2 

V = V + tki H- uk2 , 


where a;, y, z, v\ twi, Wi, ki \ ^21 ^ 2 . ^ 2 > are functions of s. These equations 

may be taken as equivalent to the single equation of the region; in them, s, Uj 
are the current parameters of the region. The tangent flat of the region is 
the osculating flat of the curve 

(S — £c) ^4 + (y — y) w/4 + {£ — z) ?i4 -I- (v — v) = 0 . 

In order to have an independent verification that the region thus defined 
IS planar, we shall anticipate the later discussion (Chapter xvi) of the pro- 
perties of regions so far as to use the results there established concerning the 
principal curvatures at a point of a region. 

For this purpose, the primary magnitudes and the secondary magnitudes 
connected with a region are required. We have 


Js 



(T 


9® I dx , 



179] 


OSCULATING DEVELOPABLE REGION 


301 


with corresponding values for the first derivatives of y, i, v ; and therefore 
the primary magnitudes for the region are 

Again, using the Frenet equations, 


_ I2 d^x _ l\ 

3s0^ p ' dsdu p (T* 


d^x _ /V _ d^x _ d^x 

“ai®" 


with corresponding values for the second derivatives of i). Also 1114 , 
are the direction-cosines of the normal to the region, because they arc the 
direction-cosines of the normal to the flat which, osculating the curve, is 
tangential to the region. Hence the secondary magnitudes for the region are 


, 0*1; u 

L = 2,L^ :s 2 “ — * 

0S* ATT 




Now the principal radii of curvature of any region at a point are (§ 281) the 
roots of the cubic equation 

^-L. f-Jlf, ®-iC -O’ 

l-M. l-H. 

— -K ^ -I --J 

O -^1 D 


and therefore, in the present instance, these principal radii are the roots of 
the equation 

R* 

Hence two of the values of i , being the principal curvatures of the region 

at a point, are zero everywhere : that is, the region contains planes, the pro- 
perty to be verified. For the non -vanishing curvature, we have 

R='^u. 

a 
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Again, the direction ab a point in the region at which one of the principal 
radii is a root of the foregoing general equation is determined (§ 283) by any 
two of the three equations 

Hence for the directions of the principal zero curvatures, the equations require 

ds = 0, 

and then are satisfied for any values of dt and du : again verifying the planar 
character of the surface. For the non-zero curvature of the surface, given as 

above by ^ du, the second and the third equations become 
IIds-\-dt = 0, Gds+du = {): 
or the direction is given by the equations 

dt du j 



P P 


A flat, the equation of which involves only one parameter, as the 
fundamental element of a curve. 

180. The investigation in § 175, whereby the reverse passage was made 
from the osculating flab of the given curve back to the curve itself, manifestly 
suggests that a flat may initially be taken as the fundamental element for the 
creation of the whole configuration. There must, of course, always be a proviso 
that it belongs to a singly-infinite family of flats : and the proviso can be 
satisfied by the analytical property that the equation of the typical flat of the 
family contains only a single pdraraeber. We accordingly take a flat of this 
type/ represented by an equation 

lx -H my -\-nz + k^ = P, 

in which I, m, n, k, P, are functions of a single parameter t ; and we proceed 
to take three flats next consecutive to this flat and to find their point of 
intersection. This point, so determined, is a point on the edge of regression 
of the region which envelopes the flat : that is, it is a point on a curve which 
can be regarded as thus generated. 

Ab each stage, when a consecutive flat is introduced and is retained, the 
quantities x, y, z, v, are current coordinates : initially, in the first flat : 
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secondly, also in the second flat (and thus in the osculating plane) : thirdly, 
also in the third Hat (and thus on the tangent): and fourthly, also in the 
fourth flat (thus becoming the representative point on the curve). In all these 
stages, these current coordinate variables y, v, are nob affected by the 
variations of which enable us to secure each successive flab. 

To simplify the form of the analysis, we take a quantity 6 , where 


ds being now an element of arc of the edge of regression : obviously ds is as 
yet unknown, and ^ is a magnitude to be determined. The introduction of 
this quantity 6 enables us to compare each stage with the corresponding 
stage in the previous discussion (§ 175) of the osculating flat. 

In the first place*, we take /a such that 

+ 1 )1^ + n® + = /A*, 

so that IB known, we write 


l = fiU, = k = /j,k^, P = fip. 

The equation of the flat now is 


u lx + ym^ + - Pi 

where now ^ 4 * + + + 1 ; thus I 4 , k^, are direction -cosines. 

They can be taken as the direction-cosines of the trinormal ; and they, as 
well as p, are known functions of t. 

The association of the given flat with the consecutive flat can be effected 
by combining, with the given equation, the derived equation 


Let 


.dh 
' dt 


+ y 


dm^ _ diiA _ dl’i dp 

“1" ^ Ja “I" U I. “j " ■ 


dt 


dt 


dt dt 



so that a is a known function of t] and introduce another magnitude t, 
expressible in terms of 0 by the relation 

e 

- = a. 

T 

We now write 


so that 


dU 

dt 


Uq dm^ ?i»3^ dnx ?»3- dk^ k^ n 
dt~ dt~ dt^ 

y + WI3® -I- 1*3® + k^ = 1 ; 


* It might happen that we can dispense with this fiist stage ; it has already been attained' 
if, in the given equation of the flat, f, m, ?i, k, satisfy the condition f^+m^ + n‘ + A;-=l, so that 
they actually are direction-cosmos. 
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and, since 

^4* + ^4* + ^4* + kif = 1, 

so that 

I dm^ dn^ , dk^ 

d( =®’ 

we have 

^3^4 + ?»3m4 -I- ns n4 -h k^k^ = 0. 

Because 

d< “ •’ rfi “ *■ dt ~ **’ 

and because ^ , are known functions of t, as well as a, we can 

Cut Cut Cut Cut ^ 

regard ^3, ms, 713, A;3, as known functions of L Thus the second equation can be 
taken in the form 

iJols + ynii + i?i3 + ^ “Pa- 

The quantities Zs, nig, 713, k^, are the direction-cosines of the binormal; and 

1 01 

when 6 comes to be kiiown, the curvature of tilt is known, being “ » = Also, 
we have established the equations 

= 2^3 ^4 = 0. 

The association of these two flats with the next consecutive flat can be 
effected by combining, with the two preceefing equations linear in x, y,J;, ii, 
the further derived equation 


we have 


Because 


_ dl^ dtfi^ _ dji^ _ dk^ du^ 

^ dt ^ dt ^ dt ^ dt ~ dt ' 


Now, as 2^324 = 0, we have 

and therefore we take quantities I2, TiZg, ng, k^, P, such that 

d^3 nj , 1 d^Tlg — d7Zg _ dk% , 

Tr = -P«a + «^ 4 , -7^ = - pw* -H aw 4 , -77 = - /Sn* + aa* , -^^-Pk^ + ak^. 


In the first place, we have 


2^4^" = -^2^3^4 + a, 

and therefore 

2^4 = 0. 

Again, we take + wig® + Wg® -|- fcg® = 1, and then 
(dU\^ . /dwigX® /dwgX* . /riAra\® 





FUNDAMENTAL ELEMENT OF A CURVE 


or, since the left-hand side is a known function of t, as also is we can regard 
^ as a known function of t. Further, because Stf = 1 , we have 


and therefore 
that is, 


— = 0 , 

thh = 0. 


Thus the third equation can be taken in the form 

xlt + y»»2 + in^ + vki = ^ = Pi- 

The quantities /21 the direction-cosines of the principal normal ; 

and when 6 comes to be known, the curvature of torsion is known, being 
1 3 

, = -0' Also, we have established the equations 

= 2 / 2^3 = 0 . 

The association of these three flats with the next (and only remaining) 
consecutive flat can be effected by combining, with the three preceding 
e(|uations which together represent the first three flats, the further derived 
equation 

_ dU , _ dnu , _ rf/j2 . _ dk^ dpz 


Now iis S/a ^3 = we have 


‘ d/a I V/ Q ■ 

' .u ^3 = - -fa , 


and therefore we take quantities li, wii, iij, ^■l, 7, such that 

d/a ai I dm2 ^ d/ia « dk^ , 

In the first place, we have 


S /3^* = /9-7 S / a /3, 


and therefore 


S / 1/3 = 0 . 

Again, we take /j- -h -I- -h k^ = 1 , and then 

(dlt\} (dn^ (dk^^ ^ 

+l-drj +Ui =^+'y ■ 

or, since the left-hand side is a known function of t, as also is we can regard 
7 as a known function of L Further, because 2/3“ = 1 , we have 


F.O. 


-10 
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SO that 
and therefore 




2^1 /a = 0. 

Further, because 2/a^4 = 0, we have 




that is, 
and therefore 


— aX^a^a "h = 0 j 

2/1^4 = 0. 

The fourth equation can thus be taken in the form 

Ml + yin, + in, + vi'i = ^ =pi. 

The quantities li, mi, ni, ki, are the direction-cosines of the tangent to 
the edge of regression ; and when 0 comes to be known, the plane curvature 

is known, being - , = ? . Also, we have established the equations 
9 ^ 

tli^ = \, 2«i/a = 0, 2/1/3 = 0, 2/i/« = 0. 


We thus have four equations, 

xlr + yvir + Zn,. -h Ifkr = Pri 

(forr = l, 2, 3, 4); the quantities x, y, z, v, being the current coordinates 
throughout, now arc the coordinates of the single point common to the four 
flats, that is, they now are the coordinates of the point 011 the edge of re- 
gression of the developable region which is the envelope of the original flat. 


It remains to determine the (still unknown) quantity 9 which has persisted 
throughout. The four lines m,., rir, /v, for r= 1, 2, 3, 4, arc an orthogonal 
system ■ hence /i, /a, U, arc the direction- cosines of OX with respect to the 
tangent, the principal normal, the binomial, and the trinormal : hence 


and therefore 


/i“ + /2* + /3" + /4“ = l, 
I ‘*^ 1.7 ‘^^* 4.7 


that is. 


/i ^ + /a 0/3 — 7/1) + /a (— PW — 0/4) + h {— 0/3) = 0i 


and therefore 


dll j 


dmi drii dki , 


Similarly, 
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Next, the four equations determine the point on the edige of regression 
which may be denoted by y, v. Let ds be the element of arc of this edge, 
so that 

x'^ + y* + ^ + w'® = 1, 

while 

dx = 

di 


= 0^0. 2 = z'e. '^ = v'0. 


dt dt ^ ' dt dt 

Now X, y, z, V, as functions of t, satisfy the four equations 

^l^x = ^liX = ^l%x = p2t ^l\x = px. 

From the first of these equations, we have 


also 


VI dx dU _dp^ 

^^^dt dt~ dt^ 

dU I ^P4 


dt 


and therefore 


dt 

a4-o. 

in virtue of the second of the four equations . that is, = 0. From the 

second equation, we have 

^ I dx ^ dt^ dp^ 

^^^di^~‘‘dt " dt ’ 

also 

and therefore 

in virtue of the first and the thinl of the four equations: that is, = 0. 

From the third equation, we have 


also 

and therefore 


^''*dt^ dt dt’ 


in virtue of the second and the fourth of the four equations : that is, 6%l^x =0. 
Hence, as 

thx = 0 , 2 / 3 ® = 0 , thx = 0 , 

t • f ! 

, X y z V 

we have — = — 

£1 Wi ?li A’l 

and 2®'*= 1, 2y = 1, so that 

= x\ nix = y'. 111 = z\ kx = v'. 


20—2 
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Finally, we have, irom the equation = the relation 


that is, 


and therefore 


dt ” dt' 
02*71 + 7Sa;i,=^; 


Thus 6 is known, as a function of t. 


Summary of the preceding investigation, determining a curve from a flat. 
181 . The net results of the investigation are as follows : 

The initial equation of the flat is 

xl + ym -{-zn + vk = P, 

where /, m, n, k, P, are functions of a parameter t. We take 

p=pti, 

_ wu _ _ 1 

I m n k fL* 

so that Z4, 9714, ^4i ^4i definite functions of t. We next take 


defining a, and 


[dlC\^ /dm^Y fdniY ff^kA^ 2 

U)+Ur)+(J+UJ=“* 


1 dU^ 1 dm^_ 1 dr?4_ 1 dkii_ 
dt m3 dt 913 dt ks dt 

so that ^3, 9713, ^3i ^3i definite functions of t. We next take 


defining and 

01 ^^8 . I a . o dn^ dk^ , , 

/9i2 = — j^- + at4, ^wi2=--^- + om4, /Swa = - -^ + aw4 , ffk2 = --^ -{■ ak^, 

so that I2, m2, 912 , ^21 definite functions of t We next take 

defining 7, and 

, A, dm 2 d/ia ^ i dk2 

7 ^i = -^ + / 9 i 3 , 7^1 = --^- + ^9713, 7 ”i = “ +/Swa, ^kx = --^+pk 2 , 
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_ Id fP\ _ \dp 
” adt \/A/ ” a dt' 

and, finally, we take a quantity 6, given by 

a dpi 

e= 

Then the four equations 

^lsx = 2h, ^ltx=p2, 'S,lix=pi, 

give coordinates £c, y, z, u, of a point upon a curve, being the edge of regression 
of the developable region which is the envelope of the initial flat '^lxX=p. The 
ds 

quantity 0 is equal to where ds is an elementary arc of this cui've. The 

four sets of lines ly, in , , n^., kr,for r = 1, 2, 3, 4, are the chief lines of the curve 
at the point, being the tangent for r=l, the principal normal for r = 2, the 
binormal for r = 3, and the trinormal for r = 4. The radii of curvature of the 
curve, (viz., p, the radius of plane curvature ; a, the radius of torsion; r, the 
radius of tilt), are 


Finally, the relations by which the successive quantities I, in, n, k, are obtained, 
being 

dc\ dc3 n dcj ^ dcx 

ds 

are the Frenet equations when we substitute fur 0. 


The osculating flat of the curve is represented by the equation '^lix =p; the 
osculating plane of the curve by the two equations » p, '^lix = p^; and the 
tangent to the curve by the three equations 'Shx=p, Sfa-T = p^, 'Sd^JO^pz. 

Note. Manifestly the developable region, which is the envelope of the 
original flat, is the t-eliminant of the two equations 

As these two equations, for parametric values of t, represent the osculating 
planes of the edge of regression, it follows that the developable region is 
planar and that it contains, as its generating planes, all the osculating planes 
of that curve. 
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Again, the developable surface, which is the envelope of the osculating 
plane, is given by the two equations which, combined, constitute the ^eliminant 
of the three equations 

= I,xl2=pi. 

As these three equations, for parametric values of t, represent the tangents 
to the edge of regression, it follows that the developable surface has for its 
generators all the tangents to that curve. 

Lastly, the edge of the regression, being the aggregate of the individual 
points given by the four equations 

SaJ/d =p, Sal/a = pa, SalZa = pa. = Pi, 

is represented by the three equjitions which, combined, constitute the 
f-eliminant of these three equations. 

The edge of regression lies on the developable surface which, in turn, lies 
within the developable region. 

There is, in fact, a reciprocally complete association between a skew curve 
and the developable region of which it is the edge of regression, the associa- 
tion being secured by means of the flat which, on the one hand, is tangential 
to the region and, on the other hand, is osculant to the curve 


Ex, 1. Verify that the four equations 
are equivalent to 

iXx-P, S ^^30- . S Jj, , 

with the notation of the text ; and deduce a value of B. 

Ex, 2. The equation of a flat la given in the form 


c—px-{-qy-\-rz-t, 

where p, q, r, arc functions of the parameter t \ shew that the dircctioii-cosines ?{, / , 
of the tangent to the edge of regression of the developable region, which is the envelope of 
the flat, arc given by the relations 


1 

m 

n 


k 

9'. 

1 

1 ^ ' 

i' 1 

V 1 

q, r 

^99 

q , r 

1 p" 

1 P'\ 

<?" 1 

P' , 

n" 

P t 

q\ r' 


where is the sum of the squares of the denominators, while p' denotes , and so for 
p‘\ q\ q'\ r', 9'" \ and that the element of arc of the edge of regression is given by 


p'. 



P"i 

9". »•" 

p". 

p'", 

f, »■" 
s'", 

dt 

P"\ 

p'v, 

s'". »■'" 

j'*, /•" 


For the procesB ol deformation of a developable region into a flat, see hereafter (§ 190). 
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Ex. 3 The equation of a flat ih given in the form 

0= Moo* + 4Miei^+6M2fl*+4Mja + 1^4 = 0, 

whore Md, itj, itgi linear functions of x, y, z, w, while a is a parameter; the 

qiiadrm variant and the cubiiivanant of 0 are denoted by I and where 

/= Mo M| — 4lZi 1*3 + 3142*, y=l*QM2“4+2l*iM.2tt3 — - Itj, 1* 3* ” 1^2^ ■ 

Shew that the developable region enveloped by the flat is represented by the equation 
/®-27i/*=0: that the associated developable surface is given by the equations 7=0, 
.7=0; and that the edge of regression is given by the equations 

1*0 _ 1*1 _ 1*2 _ 

1*1 1/2 1*1 1*4 * 

(which make the Hessian of 0 vanish). 

Ex. 4. A family of flats is given by the equation 

X + 4ay + 6a*z + 4a®v + a* = 0 ; 

and their developable envelope is constructed. Shew that, when this envelope is developed 
into a flat and the developable surface into a plane, the edge of regression is developed 
into a curve in this plane given intrinsically by the equations 

+4a* + 9o^ + 16a® 1 

i(3)‘ (£)*= * +*»-^ + 4W+64.« + 36.-i 


Normal fiat’ developable region. 

182 We now proceed to consider the normal flat at any point P of the 
curve, together with the region which envelopes the normal flats, and the 
developable surface accompanying this region. The edge of regression of this 
region and of this surhice is the locus of G, the centre of globular curvature 
of the curve for we have seen (§ 148) that 0 is the intersection of four 
consecutive normal flats. 

The equation of the normal flat at P is 

'^{x — x)x== 0. 

The association, with this initial normal flat, of the normal flat at a consecu- 
tive pjint, that is, of the consecutive normal flat, is effected by combining, 
with this equation, the derived equation 

2 (ic — a?) x" = 2a;'® = 1. 

The association of a (third and) consecutive normal flat is effected by 
associating, with the two preceding equations, the further derived equation 

2 (5 — «) a;"' = 2a;'a;" = 0. 

The association of the fourth (and last) consecutive normal flat is effected 
by associating, with the three preceding equations, the further derived 
equation 


lix- ='lx'x"' = - 

P 
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We know (§ 148) that the common values of W, y, z, v, provided by these 
equations are the coordinates of the centre 0 of globular curvature, denoted 
by fai ^3 1 (Tsi lil^us the four equations can be written 

2(5;-f3)a;' =0, 

2 (5; — fa) x" = 0, 

2(5;-fa)^"' = 0, 

2(S-f3)^" = 0. 

The first equation is 

2(5;-f3)ii = 0. 

The second equation is 

2(5;-f3)^a = 0; 

and these two equations are, together, the plane of cleavage of the first 
normal flat and its prime consecutive. 

Instead of the given third equation associated with the first two equations, 
we can take a new third equation 

2(5; — fa) ia = 0, 

by using the values of Z 3 , m 3 , 773 , Ara, which are represented by 


Z3 = ^(®' + ppV' + pV"); 

and these three equations, together, are tle^ line which is the intersection of 
the first normal flat with its two next consecu lives. 

Finally, having regard to the relations (§ 151) 

a»' = —U--( 2 ^ + -) h+Mph + 3 ^/ 1 , 

par p<r\ p <tJ ^ p^ 

with like values of y‘^, we can change the fourth equation, when taken 

in combination with the first three, into the equation 

2(5;-f3)Z4 = 0. 


The four modified equations, taken together, give the point which is the 
intersection of the four consecutive normal fiats, that is, they give the point G. 


The globular certric of a curve, 

183. We shall call the locus of G the globular centric of the original 
curve. 

The first equation 2 (5; — fa) = 0 is the osculating flat at G of the 
globular centric; after the investigation of § 180, we shall write this 

2 (5; — fa) \4 = 0, 

so that \4, /14, 1/4, 7(C4, = lx, mi, Wi, kx, are the direction-cosines of the tri- 
normal to the globular centric. 
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The two equations l,(ic — fa) li = 0, and S ( 5 ) — f 3) ^2 = 0^ are the inter- 
section of the osculating flat at G and the osculating flat at the consecutive 
point: that is, together they represent the osculating plane of the globular 
centric at G. Accordingly, after the same investigation, we write the second 
equation in the form 

2 (^-f 3 )X 3 = 0 . 

so that X3, fi3, va, K3, = ^2. WI2. '^2, ^'21 the direction-cosines of the binormal 
to the globular centric at G. 

The three equations S ( 5 ; — fa) = 0, S ( 5 ; — fa) = 0, and S (S — fa) h = 0, 
are the intersection of the osculating flat at G and the osculating Hats 
at the two consecutive points: that is, together they represent the tangent 
at G to the globular centric. In accordance with the same investigation, we 
write the third equation in the form 

2 (j? — fa) Xg = 0, 

so that X2, fi2t ^2, ^2> = ^3. '1^3, na, A'a, are the direction-cosines of the principal 
normal to the globular centric at G. 

The throe directions X,., Vrt = 4 , 3 , 2 , are orthogonal to one 

another: the fourth direction, completing the orthogonal direction at Q, is 
that of the tangent, and may be denoted by Xi, ^1, vi, But the fourth 
direction, perpendicular to each of the three specified directions, which are 
mp, lip, kp, for p = l, 2 , 3 , respectively, is U, 114, ^-4; so we take the 
fourth ecpiation in the form 

2 (.r-fa)Xi = 0 , 

so that Xi, /ij, 1/1, yci, = ^4, 7114, ^4, k^, are the direction-cosines of the tangent 
at G to the globular centric. 


Curvatures of the globular centnc, 

184 . In all these equations, the sets of direction -cosines and the coordi- 
nates of G are expressed in terras of s, the arc of the original curve, but now 
only a parameter for the globular centric. We require the arc-element at G 
of the globular centric, in order to obtain the curvatures ; and this arc, ds3 , 
has already (§ 160 ) been expressed in terms of s. It was proved that 


ds 3 _ d 
ds ” ds 



+ 



T 


which can be expressed in various forms , thus wc can regard ds3 as known. 

We denote by pa, 0-3, T3, the radii of plane (or circular) curvature, of 
torsion, and of tilt, of the globular centric at G. The direction-cosines of its 
tangent are Xi, /ii , 1/1, ; of its principal normal are X2, /aa, i/a» #^21 of its binormal 
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are X 3 , /is, V 3 , and of its trinormal are X 4 , / 14 , V 4 , The Frenet equations 
for the globular centric are 

pi 


d\i 

dss 

d\2 Xj 

^53 P3 

dXs _ 

ds2 

d\4 

dsi 

But these equations can be written 


A* 

o-a 


cTa 


T3 



I 3 _ 

1 

d /4 

1 

h 




P3~ 

'~e 

ds 

0 

T ' 



L* 


1 

dU_ 

1 

( 

h 


pi 

-H -- = 
o's 

" 0 

ds 

0 

\- 

a 

+ 

T , 

h 


1 

dlt 

1 


.h 

, ^3 

(Ti 

+ 

^ 1 . 

II 

ds ~ 

0 

(- 

p 

-f - 
a, 


_ h_ 

1 

dk_ 

1 

V 




Ti 


ds 

0 

t 

p 

» 



)■ 


and therefore we have 

/I 3 = - 1 

cr3 = — ?(7 
r3 = - dp 

We thus have the radii of circular curvature, of torsion, and of tilt, of the 
globular centric at the point ff, which is the centre of globular curvature of the 
original curve at P. 

The radius of spherical curvature R 3 is given by 

\dsj ' 


-Ra® = p^ + CTa* 


' P3® + 




and the radius of globular curvature F, is given by 


r,* 




Further, if dea, di/a, dais, are the angles of contingence, of torsion, and of tilt, 
respectively, for the globular centric, we have 

dss 


dss 


and therefore 


o’s— j — I 
3 <*'ns 


dss 


des = — d(D, dfj3 = — dri, dw^ = — de. 
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Properties of the globular centric. 

186. From the relations 

for r = 1, 2, 3, 4, various inferences can immediately be derived : 

(i) the normal flat of the locus of P is the osculating flat of the locus 
of G, the globular centric ; 

(ii) the osculating flat of the locus of P and the normal flat of the 
locus of O are parallel ; 

(iii) the orthogonal plane of the locus of P and the osculating plane of 
the locus of 0 are parallel , 

(iv) the osculating plane of the locus of P and the orthogonal plane of 
the locus of G arc parallel. 

All of them follow from the properties that 

the tangent to the ff-locus is parallel to the trinonnal of the P-locus, 

. principal normal binormal , 


. . . binormal principal normal , 

... trinormal tangent of the P-locus. 


Agaiiii let the globular centric of the (7-locus, itself a new curve in the 
configuration, be called the second globular centric of the P-locus; let its 
radii of plane curvature, of torsion, and of tilt, be P, S, T; and let its element 
of arc be dS. Then 

p <r T ds' 

Manifestly the orthogonal frame of the second globular centric of the P-locus 
is similarly situated to that of the P-locus itself, with the tangents parallel, 
the principal normals parallel, the binormals parallel, and the trinormals 
parallel; and the two loci have the same angles of contingence. of torsion, 
and of tilt. 

Further the developable region, which is the envelope of the normal flat 
of the P-locus and which may be called the developable normal region of the 
P-locus, is the 5-climinant of the two equations 

2(2-j:)j;' = 0, I,{x-x)x"=1, 

or, what is the same thing, of the two equations 

2 (5; - fa) 0, 2 - fa) x"= 0. 

As these two equations, for parametric values of s, represent a plane parallel 
to the orthogonal plane of P (it does not pass through P, but through S and 
G), it follows that the developable normal region of the P-locus is planar. 
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Similarly, for the envelope of these planes, which may be regarded as the 
eliminant of the three equations 

2 (5; — fs) li = 0, 2 (5; — fa) ^2 = 0, 2 — fa) ^3 = 0i 

which represent a line : it is a ruled surface. As consecutive lines meet, this 
ruled surface is a developable surface. 

Manifestly, the developable normal region, the foregoing developable sur- 
face, and its edge of regression, are the osculating developable region and the 
osculating developable surface of the G-locus, that is, of the globular centric 
of the original curve. 

JEr Given a flat Aa;-\-JJi/-\-C2 + Dv = E, where B, C, /), arc functions of a para- 
meter t ■ prove that the normal flat at the edge of regression has for its equation 


* . 

y . 

* . 

V 


A , 

B , 

0 , 

D 


E , 

E' , E" , 

E'" 

A , 

B , 

c , 

D 


A' , 

B' , 

c. 

jy 


Syl2 ^ 

^AA' , 2AA*', 


A', 

B', 

c, 

/)' 


A\ 

B", 

C\ 

D" 


SA'A , 

, ^A'A'\ 

2A'A''' 

A", 

B", 

C", 

2)" 


A'", 

B'", 

C"\ 

D" 


l.A"A, 

2A"A\ 2A"^ , 

^A"A'" 


where 


SAA'=AA' + liJ}’ + CC' + DD’, 

and so for the other magnitudes. 


Rectifying flat : developable region : rectifying plane and line. 

186 . Of the four principal flats at any point of a curve, the two which 
have already been considered — the osculating flat, to which the trinormal is 
perpendicular : and the normal flat, to which the tangent is perpendicular — 
appear to be the most important intrinsically, when associated with their 
configurations of enveloping regions. One of the remaining two flats calls for 
some consideration : it is the flat, to which the principal normal is perpen- 
dicular ; and, for a reason which will appear later, it is called the rectifying 
flat. 

Its equation, with the preceding notation, is 

2 — a;) Zg = 0. 

To obtain the envelope of this flat, called the rectifying developable region, we 
begin i^ a manner different from that used to determine the regions that 
envelope the osculating flat and the normal flat. Let 


JTr = 2 — a;) 
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for r = 1, 2, 3, 4. Then, proceeding along the curve and u^ing the Frenet 
equations, we have 

Ix,-1 I 
— IjT.+ lx, 

In the first place, the equation of the rectifying flat is 

X,= 0. 

When the rectifying flab at the consecutive point of the curve is associated 
with this flat, its e(|uabion, in combination with X 2 = 0, can be taken as 


that is, in effect, 
The two equations 


ds 

<rXi — pXa = 0. 

X 2 = 0 , aXi — pXs = 0 , 


represent a plane : this plane is called the rectifying plane : and, as is easily 
verified, its two equations can be taken in the form 


X — X , 

y-y , , 

U — V 


pvii -h O’ WI3 , p?ii + cr/13 , 


1 

•nil , ^4 , 

ki 


:0. 


Similarly, when the rectifying flat at the next consecutive point of the 
curve is associated with these two flats, its equation, in combination with the 
equations of the two preceding rectifying flats, can be taken in the form 

dtJi. 1 dX^ , XT ' "v * f\ 

which, by the use of the two preceding equations, can be represented in the 
form 

\a pj T p 

The three equations 

jr,=o, ffXi-pX»=o, {--^)x»-~x^=~. 

\<T pj T p 

represent a line: this line is called the rectifying line. Let the direction- 
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cosines of this )me be denoted by vi, so that this direction lies in 

each of these flats : then 

SlZgXl, = 0, 


S {<rli — pis) Xi = 0, 

Thus, if 

Xj = all + ^^2 "i“ 7^3 ^^4* 

with corresponding expressions for pi, vi, ki, we have 

^ = 0 , 
aa — yp — 0, 

so that Xi, fti, i/i, ^ 1 , are proportional to 


P 

T 


(pci + acs) - (ap-pa) C4, 


for c = l, rrif n, k, in succession. The factor, to give the actual values of 
Xi, pi, vit Ki, is determinable by the relation SXi® = 1. Later, we shall return 
to these values : and we shall express thi equations of the rectifying line in 
the customary form of such equations. 

The last of the four consecutive flats in this connection can have its 
equation, when combined with the equations of the preceding flats, taken in 
the form 


which, by combination with the other equations, can be modified to 


JiJdge of regression of the rectifying developable region. 

187. These four 'equations are not yet in the form convenient for sub- 
sequent purposes : they are to represent the four principal flats for the edge 
of regression of the rectifying developable region, which is the envelope of 
the flat ^2 = 0: and we therefore have to obtain, in place of them, the equa- 
tions of, those four flats, the actual forms being suggested by the results of the 
investigation in § 180. Further, in order to obtain the curvatures of this edge 
of regression, we shall need a knowledge of the element of arc of that edge, 
as well as the coordinates of a current point on the edge. 
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Accordingly, we proceed to obtain the equations of the^four orthogonal 
flats. For the first of them, which is the rectifying flat of the given curve, 
and also is the osculating flat of the edge of regression of the rectifying 
developable region, we have -3^,= 0 as its equation; or, writing 

X4, *^4. «4 = ^a, ^*2. hf 

we have 

2 (^ — a;) X 4 = 0 

as the equation of the first flat. 

For the second flat (§ 180), we have 

2 |(a; — x) = 0. 

Now x'= Ilf X 4 = /*, and therefore 2 ar'X 4 = 0. Also 



dXi dl^ 1 1 1 . 

ds ds p ^ o- ® 

SO that 


We then take 


so that, if 



— r=cosA, r = 8inA, ^=tanA, 

we have 

X3 = L cos A — Z3 sin A = - ^ ((tL — pL). 

The second equation thus is 

2 (J — x) X3 = 0. 

Manifestly, wo have 

2X3* = !, 2X3X4 = 0. 

For the third flat (§ 180 ), wo have 

But X — Ilf and therefore 2a;'X3 = 2^1X3 = o* (p“ + cr®)”* : so that the equation is 

2 (a; — x) = . . 

ds (p* + a®)* 

Because X3 = li cos A — ^3 sin A , we have 

^^3 ^2 A f W , a / 1 ■ A . 1 A\ dA 

— = - cos A — [ h - 1 sin A — ill sm A I 3 cos A) -r- 

ds p \ <r tJ ^ (is 

- I + dA p ^ 

“* pa t(p* + <t*)* * 
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But from the general investigation, we are to have 

and therefore, when we take 




our third equation becomes 
where X2 is given by 


2 (it‘ — a;) X 2 — 0 , 


/ / 


with corresponding expressions for fii, 1^2, ^2- Clearly 

2X2*=!. 2X2X3 = 0, 2X2X4 = 0. 


It may be noted that the earlier form of the third equation, and the form 
just obtained, are equivalent to one another, when combined with the first 
two. For the earlier form was 


that is, 



Now it is easy to verify that 


/ / 
<rp — pa 

pa 



a{p^ + a^)^ 


so that the earlier form is 


0 

P 


2 (ic — a;) X2 — 


/ / 
ap — per 

a (p* + (T®)^ 


2 (it' “ a?) X 3 


which, in association with 2(® — ic)X3 = 0, becomes 


P' 


2 (it X 2 — 0 j 

the later form. 

We have already (§ 186) obtained the direction -cosines of the line of 
intersection of these three perpendicular flats, that is, of a line which is 
perpendicular to the three directions X4, p4, 1/4, 1C4; Xs, p3, 1/3, ^3 ; X2> /^2f 1^21 ^2 i 
themselves perpendicular to one another. Denoted by Xi, /ii, i/j, /ci, they are 
proportional to 

- (jSCi + aCi) - {<Tp' - pa-') c,, 

T 
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for c = lt m, Uj k. Now 


S j; (pCi + a-Ca) - (a-p - pa) C4l = ^ (p* + <t“) + (ap - pa’)* 


= (p»+<r»)0*; 

and therefore the dircction-coames are given by 

(/o® + ff*)* 0\i = ^ (pli + ak) - (<^P - po-') U 3 
with corresponding expressions for fii, i/i, ki. It is easy to verify that 

2 :\i2=l. S\i\2 = 0, S\i\3 = 0, S\iX4 = 0. 

The fourth flat is represented by associating, with the other equations, 
the derivative of the third equation, viz. 

1 |( j; - x) (g) ■ 


and we are to have 






(p*+a*)i^" 

so that the fourth e(|uation, in association with 2(Z — a;)X3 = 0, becomes 

Thus it is necessary to determine 7. 

From the equation 

“*■ *^^3) + )^ ^4 1 

we have, on differentiating and substituting for the derivatives of Zi, Z3, Z4, 

(a ^^2 . % _ p 


p_i ^ {p (<^p - p<^')\ , I r fi fo-(v-p<»'')i p"i^, , o-(o-p'-pO] 

p* + a* r7»J + '‘|d-A7j+ rip* + a*) j' 


Hence, as SXi\2 = 0, we have 

0s:xi^=2^i, 

ds 

or, on substituting ^9X3 — 7X2 for and using the relation SXiX3 = 0, 

— 70 = S.^2- 


F Q. 


21 
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Consequently 

_ (p* + ^2)* @a,y = + <r*)* 0\i 


= •S.E I? {ph + <Tk)- {trp' - pa') 

djp(^p'-p</)\ ^ ( a(ap-pa') ) _ pi 

T ds ^ />* + <r* j T [ds I p* + <T* j T®J 


where 




d jp (<rp' - p<7')l d j<r (o-p' - p<r')| 

p2 + ^2 + p*+«r* ) 

1 f gp'-pg'l 


= (p* + <r»)i 


We thus have 


ds I(p 2 +C 72 )ij 


02^0' I d /p\ pd( <Tp-p(T' ) 

T {p^ + cr^)^ (p^ + O-*)^ tis \T/ T ds (p^ -H 0-®)^) 

Having regard to the value of 0 given b/ ^ 

@2_(^P -K)“ . 

“ p^+a^ T®’ 


we write 


— — = 0 sin f , ? = 0 cos f , 

(p‘+0* T 

SO that the last tAVO terms in the expression for 70 ® arc 

= -©» 

ds 

Thus 

_(T 1 df cos A df 

T (p® H- o-®)^ rfs T rf.S' 

and f is defined by the equation 


Thus the fourth equation 


p (p* + <r*)* 


d /a 

r\ p(ap-pa') 

ds\^ 

)/ 0 (p® + <r®) 

d /G 

— sin A sin f , 

dsG 


becomes determinate, because the value of 7 is known. 
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Summarising, the equations of the four principal flats that are connected 
with the rectifying developable region are 

2 (5; — a?) = 0 \ 

2 (5; — a;) Xa = 0 I 


l(x-x)\^ = - ^ 


2(J-a;)X, = i{|^(g)-sinylsinfj| 
where the quantities -A, 0, f, % are given by the relations 


___P 

hin A cos A 


0 sin f = 


(Tp' — pa 


0 cos f = “ 1 


cos A rff 

— r -d.’ 

and the four sets of direction -cosines X,. Mr, Vr, Xr, for i’ = l, 2, 3, 4, (on 
pp. 319, 320), represent an orthogonal frame, with the successive relations 
between two sets to which we shall return immediately. 


Cuj'uatures of the edge of regression of the rectifying developable region. 

188. The coordinates of the point on the edge of regression of the recti- 
fying developable region, corresponding to the point P of the original curve, 
are the values of .T, y, i, r, which satisfy the preceding four equations taken 
siinultaneoiisly. Hence the edge of regression is given by the equations 


r=y+ 
Z = z ■\- 
V=v + 






The tangent to this edge of regression has Xi, /ii, ki, for its direction- 
cosines, and it is the rectifying line of the original curve which accordingly is 
given by the equations 

y-Y _v- V 

Xi Ml Ki 


The principal normal of the edge of regression has X 2 , mii "'ll for 
its direction-cosines; its binormal has Xa, m 3> for its direction- 

21—2 
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cosines^ and its^ trinormal has X4. /14, P4, that is, mg, ng, ^g, for its 
direction-cosines, so that it is parallel to the principal normal of the original 
curve. Also, the osculating flat of the edge of regression is the actual recti- 
fying flat of the original curve. 

As regards these sets of direction-cosines, we have 


so that 


Xi= -I- Xg* -H Xa® + X 4 * = 1, 


ds 


dXg 

ds 


"I" ^4 j7. “ ^ j 


dXg 

ds 


d\4 

ds 


hence, substituting for ^ , the values already given, we find 


ds 


= 7X2. 


Thus the four relations are 


dX4 

ds 

dXg 

ds 


= — aXa 

= (1X4 — ydXg 


Avhere 


dXg yQ\ • % 

d\, 

= 7^2 




/I i\* „ « 

and 7 has the foregoing value : while the direction-cosines are 


X4 = /g, X3 = li cos A — Z3 sin A \ 


e\, = (ph + tTh)^ + ^u 

(p3 + ^.)i ©Xj = e (pi, + ai,) - (p* + ^2) “jj 


,dA ^ p 

14 

^ P / 1 i\ /■•». Qv dA. 

^ T 

The coordinates of a point on the edge of regression are 


-X' = a: + XiiF-\2^, 
with like expressions for F, Z, V, where 
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hence, if dS be the element of arc of that edge of regression, the tangent to 
which has direction-cosines /ai, vi, ki, we have 
dS_^<^ 

^ ds ~ dS ds 

ds 

- ^ fdE <r\ - A ■ u O’ 

^ \ 0 / ~ ^ 0 

Now, from the values obtained for Xz and Xa, we have 


— X2 sin sin f -I- ^ ^Xa 


= — X2 sin il sin f -H Xa cos A 

= sinil -IZiain^ -f-^acosil — X2 

1 0(p* + cr*)*) 


= x,A. 

0T 


sin ^ = Xi - 


hence 


0T(/,*+a»)t’ 


dS 

da 


0 T (p® -|- o*®)^ 0 ds Ly (ds ' 0 ' J J 


which accordingly is the expression for the element of arc dS. 

It is to be noticed that, incidentally, the analysis verifies the property that 
the ttangent to the edge of regression has Xi, fii, vi, ki, for its direction- 
cosines. 

Let the radii of plane curvature, of torsion, and of tilt, for the edge of 
regression of the rectifying developable region, be denoted by p,., o-^, t,., 
respectively Then Frenet’s eejuations for the edge of regression are 
Xa dX4 ds d\i _ds . 

~Tr~dS~dS~di~dS^ 

X2 X4 dXa ds dXa ds 


_ + _ - ,j v ~ dS da ~ ^ ’ 

ds d\i 
dS ds 




<Tr Tr dS dS ds dS ' 

Xj Xa dXa ds dXa ds 

Pr ^ a-r dS dS ds dS ^ 

X2 dXj ds dXi ds / \ 

ds" ^dS^'* 

and therefore the three curvatures are given by the relations 
dS 1 _ _ O’ df ] 
ds Pr T (p* -h o-®)^ ds 


T(p*-l-cr®)* 
ds (Tr (p® + O-®)^ 


da 
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where it will be noticed that a is the curvature of screw (§ 131) of the original 
curve. Manifestly, the angles of contingence, of torsion, and of tilt, for the 
edge of regression respectively arc 


dVr = 


rds 


T (/0“ + O-®)* 

^ds 






where dt is (§131) the inclinjition of two consecutive radii of plane curvature 
of the original curve, obviously equal to the angle dw,. between the two con- 
secutive flats to which those radii are perpendicular. 


Equations of the rectifying developable region and developable surface. 

189. Manifestly, the equation of the rectifying developable region of the 
curve is the eliminant of the two ecpiations 

2 (x — a;) X4 = 0, 2 (5; — x) X3 = 0, 

s being the parameter to be eliminated.* As these two equations represent 
a rectifying plane for each particuLar value of the parameter, and as the 
equation of the region is satisfied by them whatever value the parameter 
may possess, it follows that the region is planar. 

Again, the equation of the rectifying developable surface of the curve is 
the eliminant of the three equations 

2 (a; - a;)X4= 0 , 2 ( 5 ; — a;) X3 = 0 , 2 ( 5 ; — a;)X2= — ^ , 

the said eliminant being constituted by two equations. These three equations 
represent a rectifying line, and the equations of the surface arc satisfied by 
them whatever value the parameter may possess; also, consecutive rectifying 
lines meet; hence the surface is developable. 

The three equations of the edge of regression arc the eliminant of the 
four equations, made up of the preceding three equations and of a fourth 
equation 

_ 1 (<f\ _ P i<rp' - pa') ) 

+ J ■ 

The edge is also represented by the parametric expressions for the co- 
ordinates of a current point, which have already (§ 188) been obtained. 
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When the rectifying region is developed, the original curve 
becomes a straight line. 

190. As regards the developable region, which is the envelope of the flat 
perpendicular to the radius of plane curvature of the original curve, the 
process of development is the same as for any other developable region. A 
beginning is made with a flat, tangential to the region and osculant to the 
edge of regression of the region : that flat is turned, through the small angle 
of tilt, about the osculating plane of the edge which is the plane of intersec- 
tion with the next osculating flat, that is, the next flat tangential to the 
region : and thus the first flat is brought into coincidence with the second. 
This doubled flat is then brought into coincidence with a thiid con.secutive 
flat, tangential to the region and osculant to the edge, by a rotation about 
the next osculating plane. In this operation, the first osculating plane (it is 
a tangent plane of the developable surface) is bnjiight into coincidence with 
the second osculating plane, which remains fixed throughout the operation, by 
the small rotation round the line of intersection of the two osculating planes, 
that is, by the small rotation about the plane through this tangent line and 
the trinormal. And so on, from stage to stage. In every stage of the whole 
process, deformation occurs, and nothing but deformation : there is no rending, 
no tearing, no stretching, no compression, either of volume or of area or of 
length. 

Such is the general process. In the instance of the rectifying developable 
region, when that region is developed into an ultimate flat, the successive 
flats which osculate the edge of regression of the region have been called the 
rectifying flats of the original curve. The successive planes which osculate 
the edge of regression of the region have been called the rectifying planes of 
the original curve. The successive tangents of the edge of regression of the 
region have been called the rectifying lines of the original curve. Throughout, 
there has been neither stretching nor compression, of any of the magnitudes : 
in particular, there has been neither stretching nor compression of any length, 
and therefore neither stretching nor compression of the length of the original 
curve. Now, before the deformation, any radius of the plane curvature of the 
curve is perpendicular to the corresponding plane, that is, to the plane tan- 
gential to the region : thus the radius of plane curvature of the curve coincides 
with the normal to the developable region in which it exists. The curve is 
therefore (§ 297, post) a geodesic in that legion. As there is neither compres- 
sion nor stretching in the development of the region into flatness, the curve 
remains a geodesic throughout - it therefore ends as a geodesic in the ultimate 
flat. But in a flat, being a three-dimensional homaloidal space, all geodesics 
are straight lines: the original curve thus ends as a straight line, that is, 
the original curve has been rectified. Hence the title rectifying is assigned 
to the flat, to the plane, and to the line, the use of which in the development 
of the region has led to the rectification of the curve into a straight line. 
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Curves in a'-Fold Homaloidal Space. 

In this chapter, the resiilts relating to the principal homaloidal amplitudes connected 
with a skew curve in 91 -fold homaloidal space arc merely stated, usually without the con- 
tributory analysis That analysis follows (with, of course, the necessary changes due to 
the fact that a point has n coordinates in the full space, instead of the four coordinates 
appertaining to homaloidal quadruple space) the course of the analysis in the three pre- 
ceding chapters and the figure, representing the moving orthogonal frame of the cur\ c, 
IS merely an extension of the earlier figure (p 211) representing the moving orthogonal 
frame of the skew curve in homaloidal quadruple space 

Kefercnce may be made to the (posthumous) tract by Guichanl “ Sur Ics courbes do 
I’espace a n dimensions,” Mmiwial des Sciences Matkematiques^ Fasc. xix. (1928), pp. 04 
( Paris, Gauthier- V illars) 

Skew curves in general homaloidal space. 

191. The preceding investigations and discussions have been concerned 
with a skew curve in homaloidal qiiadru^lg space. The same processes can 
be carried out for a skew curve in homaloidal n-fold space ; and the following 
results, merely stated, can be established by the same kind of process that 
uses both the analysis and the diagram connected with the orthogonal frame 
at any point of the skew curve. 

The coordinates of any point in the homaloidal ?i-fold space are denoted 
by 5?!, it 2 i The coordinates of a current point on a curve in that 

space are denoted by a; 2 , An arc-element of a skew curve in the 

space is given by 

ds^ = dx^ -h dx^ + . . . + dx^, 

so that 



and the summation sign S here, as elsewhere in this connection, will denote 
summation over the n point-coordinates. The march of the curve is determ- 
inate, when iTi, X 2 t ..., Xj^, are given as functions of a single parameter; 
this parameter will be taken to be the arc s, measured along the curve from 
some initial point of reference. If the parameter were some other quantity f, 
the transformations would be made by the use of the relation 
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Various homaloids occur in connection with the curve. Of tjiese homaloids, 
two sets are more important than the others. One of these sets is constituted 
by contact homaloids, of successive degrees of contact and of corresponding 
dimensions. The other of the sets is constituted by normal homaloids, of 
successive degrees of normality and of corresponding dimensions. 

Contact homaloids. 

192. The simplest contact homaloid is that with one-fold contact and of 
one dimension. It passes through two consecutive points of the curve at P 
and IS the tangent to the curve. Its equations, n — I in number and inde- 
pendent of one another, are 

1 “ I >^2 “ I ‘^'ii ” ^'fi = 0. 

diTf'\_ dx^ d/XfY 

ds ' ds * ’ ds 

We shall denote this contact homaloid by T^. 

There is a contact homaloid, with two-fold contact and of two dimensions. 
It passes through three consecutive points of the cur\e at P and is the 
osculating plane of the curve. Its equations, n — 2 in number and independent 
of one another, are 


j dx\ dx^ dXfi 

I ds ' c?s ’ ds 

1 

d“Xi d^X2 i 

d? ■ d? ’ ’ Hs^ \ 

We shall denote this contact homaloid by T^, 

There is a contact homaloid, with three-fold contact and of three dimen- 
sions It passes through four consecutive points of the curve at P and is the 
osculating flat of the curve. Its equations, n — 3 in number and independent 
of one another, are 

•^i “ •^1 1 '‘ t '‘'i 1 1 ** 11 “ = 0- 

dii'j d.r2 dxfi 

ds ' ds ’ ’ ds \ 

dh'i d}x2 

ds^ ’ ds^ ds® 

dh\ d^X2 d^.T„ j 

~d? ' ^d^ ' ’ ds® I 

We shall denote this contact homaloid by T3. 

And so on, with increasing multiplicity of contact and of the same 
increasing multiplicity of dimensions. The contact homaloid, with m-fold 
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contact and of m dimensions, passes through 1) consecutive points of the 
curve at P. Its equations, n — mm number and independent of one another, 
are 

^'l ^'l I ■^'2 ““ 1 1 '^n ~~ ~ 

dx^ dx^ dxji 

ds ' ds ' ds 

d^xi d^X2 d^Xn 

d? ' W ' ’ ds^ 


d“'xi d^X2 

ll ~d^ ' ~d^ ' ' ds^ 

We shall denote this contact homaloid by T,,^. 

The final contact homaloid, with (?i — l)-fold contact and of (ti— 1) dimen- 
sions, passes through n consecutive points of the curve at P ; that is, through 
P and (n — 1) next consecutive points there. It is the homaloidal amplitude 
of closest possible contact with the curve in the homaloidal space of 
71 dimensions. Its (single) equation is 

.l/'i — a'l , li'a “ ^*2 , I i^'n — 0. 

d/X\ dx^ dXff^ 

d^ ^ ds ' ’ 

d^Xi d^X2 d^Xn 

d? ’ » ’ liV^ 


ds^-^ ’ ~d^' ' 

We shall denote this final contact homaloid by Tn-i- 

Each contact homaloid exists completely within each contact homaloid of 
a greater number of dimensions — an inference obvious from the equations. 

Note. In every instance, these equations are the initial forms of the 
ecjuations of the respective contact homaloids. Alternative (and more useful) 
forms, equivalent to them, can be stated after the principal lines of the ortho- 
gonal frame of the curve at P have been established. 

Normal homaloids. 

193. Following the discrimination between full orthogonality and mere 
perpendicularity, which arises first in quadruple space in the instance of a 
couple of planes, we define two homaloids as orthogonal to one another when 
every direction in either of them is perpendicular to every other direction 

The notion of the inclination, to one another, of two directions in n-fold 
space is only a renewed extension of the customary notion, already (§ 19) 
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used for quadruple space. When two directions have ^irection-cosines 
fi, f 2 i ■ ■ ■ , fni such that S = 1 , and ^i, 772 , , i 7 „, such that S^ 7 /i“ = 1 , their 

m m 

inclination 6 is given by the relation = cos 6 \ and they are said to 

m 

be perpendicular when 

S?m 17 m= 0 . 

m 

With each contact homaloidwc associate a complementary normal homaloid, 
the two homaloids being orthogonal. When one of them is of r dimensions, 
the other is of n — r dimensions. Unlike the contact homaloids, no normal 
homaloid after the earliest (of n — 1 dimensions) passes through the point F 
of the curve. 


There is a normal homaloid, with one-fold normality and of (n — 1 ) dimen- 
sions, being the earliest normal homaloid to which allusion has just been 
made. It is orthogonal to the contact homaloid which has one-fold contact 
and is of one dimension ; it passes through the point P of the curve and its 
single ecjuation is 

= 0. 

' as 

It is convenient to have a symbol for Sa? : we take 


^ dx 
p=Zx-, 


ds^ 


and then, for the sake of ulterior formal completeness, we take the equation 
of the normal homaloid with one-fold noimality to be 


^ v dx ^ dx 


ds ' 


this particular right-hand side being zero. We shall denote this normal 
homaloid by JVi. 


There is a normal homaloid, with two-fold normality and of (n — 2 ) 
dimensions: it is orthogonal to the contact homaloid Tj which has two- fold 
contact and is of two dimensions. It is the amplitude common to the normal 
homaloid Ni at P and to the normal homaloid Ni at the point next consecu- 
tive to P (in which latter homaloid, the point P docs not lie) : and’ its two 
equations are 


» . dx ^ dx 

=p 

^ . d^x dp ^ d^x 
Z{x — x)-r^= -t — — 


ds® ds 


ds^ 


(The right-hand side of the second equation is equal to 2 j , that is, to 
unity, so that the point P does not lie in this amplitude. The actual values 
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0, 1, of the twq right-hand sides are irrelevant for the moment ; the right- 
hand sides, here and later, remain unevaluated until the formation of the 
equations of all the normal homaloids.) We denote this normal homaloid 
by Ni, 

There is a normal homaloid, with three-fold normality and of (n — 3) 
dimensions : it is orthogonal to the contact homaloid Tz which has three-fold 
contact and is of three dimensions. It is the amplitude common to the 
normal homaloid Ni at P and to the normal homaloids Ni at the two points 
next consecutive to P : and its three equations are 
^ N dx ^ dx \ 

V/- dp „ d}x 

We shall denote this normal homaloid by N^. 

And so on. There is a normal homaloid, with ?H-fold normality and of 
(w — m) dimensions : it is orthogonal to the contact homaloid which has 
m-fold contact and is of in dimensions. It is the amplitude common to the 
normal homaloid Nx at P and to the normal homaloids Ny at the (7 h- 1) 
points next consecutive to P : and its m equations are 


dx 



dx 

ds 

= v 

— iic 

ds 

d^x 

dp 

— 

(Px 

dd^ 

ds 


ds^ 

d”'x 

_ 

— ^x 

d'^x 

ds”' 



rfs'" 


We shall denote this normal homaloid by 

The final normal homaloid, with (n— l)-fold normality and of one dimen- 
sion — in fact, a line — is orthogonal to the contact homaloid T^-x which has 
(n — l)-fold contact and is of (/i — 1) dimensions, being the final contact homa- 
loid. It IS the (line) amplitude common to the normal homaloid Ny at P and 
to the normal homaloids Ny at the (n — 2) points next consecutive to P \ and 

its (n — 1) equations are 

« /_ \ dx ^ dx ^ 


-t 


^ U/M/ 

— Sic J 
ds 


2(® 2a; ^ j 
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We shall denote this normal homaloid (a line) by Nn-i. Thus, in quadruple 
space, it is parallel to the trinormal, being the line SG in Fig* 12 of § 128. 

Each normal homaloid exists completely within each normal homaloid of 
a greater number of dimensions — an inference obvious from the equations. 

Note. When the principal lines of the orthogonal frame of the curve 
have been determined, these etjuations will be changed into equivalent forms 
which shall leave in evidence the orthogonality of N,n and after the equa- 
tions of have been modified. 


The curvatures of tilt. 

194 . We have seen that each contact homaloid at P lies in every other 
contact homaloid there which is of any greater number of dimensions. Now, 
alike from the definitions and from the forms of the respective equations, it 
follows that each contact homaloid Tr at P contains the preceding contact 
homaloid Tr-i at P and also the contact homaloid Tr-\ at the point next 
consecutive to P. 

We denote by the small angle of tilt between the contact homaloid 
at P and the contact homaloid at the point next consecutive to P ; 
thus, as both these hoiiuiloids T,,^ he in the homaloid at P, the small 

tilt d€m. la the small change between the consecutive homaloids that lie in 

Hence, along the curve, is the arc-rate of the specified tilt, and 

writing 

1 _ 

Pm 

we call -- the m-ary curvature of tilt or, more briefly, the 7n-ary tilt : thus — 
Pit\ P\ 

is the primary tilt (it will bear an additional title, because of an additional 

property), ^ is the secondary tilt, y the tertiary tilt, and so on. In quad- 
ruple space, — IS what has been called torsion and the curvature of torsion, 
P2 

and — is what has been called tilt and the curvature of tilt. The magnitude 

p,n is called the radius of m-ary tilt of the curve. Also, no one of these 
curvatures, after the primary tilt, has a centre; and no magnitude p^, has 
a direction, for values of m > 1. 


The definition holds for all the possible values of m from unity onwards. 
The greatest value of m is n — 1 ; for that value, dcn-i is the angle of tilt of 
Tn-i : that is, the angle between T„_i at P and at the point next con- 
secutive to P, these two contact homaloids existing in the comprehensive 
homaloidal space of n dimensions. 
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Fuller analytical expressions for these curvatures of tilt of successive rank 
are as follows. VVe have 


. = 2 


d^Xi 

d^X2 

d?’ 

W 

dxi 

dx2 

'di ’ 

ds 




where the sign S indicates summation over all the combinations of (two) 
variables xi, from the full set of n variables. In a space of two dimensions, 

^ - .."I 

X2 


We have 


- = Xx 

Xi , a?2 




. — V 


d^xx 

d}a'2 

d^X3 

~d^' 


ds^ 

d^x^ 

d^X2 

d^X2 

ds^ ’ 


~d? 

dxi 

dx2 

dx2 

~ds ’ 

~di ' 

ds 


where again the sign 2 indicates summation over all the combinations of 
(three) variables Xi^ a‘ 2 , x^, from the full set of n variables In a space of 
three dimensions, 

1 # 


P\P^ 


a?! 

xi 


X2 

X 2 


X 2 

xi' 

xi 


in such a space, I/p 2 is the torsion. 
We have 


1 _v 

d^Xi 

d^X2 

d^X2 

d*x^ 


ds^ 

~d^^ 


ds^ 


dJ^Xx 

d^X2 

d^X2 

d^xi 


~di^' 

~d^ * 




d^Xx 

d^X2 

d?X2 

d^a\ 


~d^^ 

~d^^ 


ds^ 


dxx 

dx2 

dx2 

dx/i 



~di ’ 

ds ’ 

ds 


with the corresponding signification for the sign S. In a space of four 
dimensions, 

1 


Pipi^P3 


Xx"' 1 

xi^ , 

xi'' , 

xi'’ 

xi", 

xi". 

m 

X3 , 

xi" 

xi\ 

xi\ 

xi\ 

xi' 

xi , 

xi , 

xi , 

xi 


in such a space, I/pa is the tilt as defined in § 145. 
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And so on, for the ranks in successive order. The curvature of tilt of 
highest rank n -1 in the space of 7i dimensions is given by 


_ -1 

■ ■ ■ Pn~2^Pn-l 


d^Xx 



ds^ * 

ds^^ ' ■■■ 


d'^~^xx 

d‘^~'^Xz 



ds"-* ’ ■■■ 


d^Xi 

d^Xz 

d^Xn 

ds^ ’ 

~d? ’ ■■■ 


dxx 

dxz 

dx^^ 

~d^ • 

ds 

~di 


In making the estimates of tilt, there are conventions as bo the sign of the 
angle of tilt of each contact hoiiialoid Tm within the contact homaloid , it is 
taken to be positive when it moves the contact homaloid at P into 
coincidence of orientation with the contact homaloid at the point next 
consecutive to P. 


Orhiculate amiilitudes of contact. 

195. The amplitudes, next in .simplicity to those that aie homaloidal, are 
called orhiculate . the most freejuent in.stance.s are circles, spheres, and globes, 
as defined for (juadruplc space. The characteristic property of an orhiculate 
amplitude is that all points, which it contains, are at the same distance as 
one another from a centre : thus a circle (i.e. its circumference) is an ampli- 
tude of one diiiieiision, a sphere (i.c. its surface) is an amplitude of two 
dimensions, a globe is an amplitude of three dimensions. In each instance, 
the distance of the contained points of the amplitude from its centre is called 
its radius. 

In a contact homaJoid at a point P, the homaloid being of m dimensions, 
there lies an orhiculate amplitude of ni — 1 dimensions which passes through 
m + 1 consecutive points of the curve : that is, through the point P and the 
next m immediately consecutive points of the curve. This orhiculate ampli- 
tude we shall denote by it lies m the contact homaloid The 

radius of the orhiculate amplitude 0„,_i will be denoted by P„i_i : and the 
radius will be called the radius o/(?h — \yfold orhiculate cinuature. 

Thus there is no orhiculate amplitude Oo . for the contact homaloid Pi is 
merely the (linear) tangent of the curve at P, and such a region, being of only 
one dimension, contains no dimensional region of lower rank. 

The orhiculate amplitude Oi, of one dimension, is a circle: it lies in the 
contact homaloid Tz which has double contact with the curve and is there- 
fore the osculating plane. Thus Oi is the circle of curvature of the curve (in 
earlier sections, this curvature was spoken of also as plane curvature). Its 
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radius, in accordance with the specification of the radius of an orbiculate 
amplitude, is (denoted by Ri. Now this radius of the circle, measuring the 
angle of tilt of the tangent Ti to the curve in the osculating plane, is the 
quantity previously denoted by pi ; so we have 


Ri = pi. 

Thus it appears that pi at once is the radius of primary tilt of the curve and 
is the radius of one-fold orbiculate curvature of the curve. Both titles will 
be retained for pi. It appears that, for calculations connected with the curve, 
the radii of tilt are more convenient than the radii of orbiculate curvature : 
for descriptions and diagrams, the radii of orbiculate curvature are more 
convenient than the radii of tilt which, having neither associated centre nor 
associated direction, have no position. 


To formulate the difference-relations between the radii R of successive 
ranks of curvature, it is convenient to introduce certain quantities i), defined 
as follows. We take 


and we find 
We take 


Rz R2 


R2^ = Ri^ + D^^. 


1^2 = p3 » 


which is equal to 03^ *--/ , and we find 
P2P1 


R^^ = R^^^D2\ 


The general expression for these quantities D is 


and we find 


TJ _ 

I'j j 

Mn-1 




The general expression holds for all values of m from m = \ onwards up to 
m = a — 2. The orbiculate region 0 ,^ of radius R^^j which is of m dimensions 
and has (m -|- l)-fold contact with the cuive, lies m the contact homaloid 
In quadruple space, R^ (or pi) is the radius of circular curvature, i22 (pre- 
viously denoted by R) is the radius of spherical curvature, and iia (previously 
denoted by F) is the radius of globular curvature. 

These results can be derived from a consideration of the orthogonal frame 
of the curve at a point P and the orthogonal frame at a point next consecu- 
tive to P, when once the principal lines of the curve that constitute the 
frame have been determined : or they can be derived, rather laboriously, by 
analysis similar to that used, in the first instance, for a skew curve in quad- 
ruple space. 
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These quantities are subject to the mixed -difference /elation 

dPm ^ Pi»+i _ Pm-l 
ds pm+2 Pm+l * 

for m > 1, while, for m = 1, 

dPi _ P% ^ pi 

ds Pa Pa 

The result proves useful in considering the loci of the centres of curvature of 
various ranks. 


Principal lines. 

196. The principal lines of the curve at a point P constitute the ortho- 
gonal frame that moves along the curve with P. With the exception of the 
first two, they are lines drawn through P parallel to axial lines which arise 
organically in the construction of the successive orbiculate regions O^a asso- 
ciated with the curve ; and these first two lines, the tangent and the primary 
(or principal) normal, themselves arise organically in this process. 

I. The first principal line is the tangent at P. It constitutes the honialoid 
Ti of one-fold contact, as the homaloid is of only one dimension, it cannot 
contain an orbiculate region of lower dimensions. We denote* its direction- 
cosines by 

(^)lf (^)2 I (Wni 

where 

S((W=1. 

r 

II. The second principal line is the pi'imary normal (usually called the 
principal normal) of the curve. It lies within the contact homaloid Pj of two- 
fold contact , and it is the intersection of that homaloid Pg with the normal 
homaloid Ni of one-fold normality. We denote its direction-cosines by 

(/a)i, (^2)2 (^2)11 1 

where 

S((/2).P=I, 

r 

while there is the relation of perpendicularity 

2((WlWrl=0* 

r 

Further, the centre of primary curvature Ci lies on this principal normal : this 
point is the intersection of the contact homaloid Pg of two-fold contact with 

* Here, as with the notation for later Beta of direction-coBines, the Bubscnpt r outside the 
bracket indicatea the inclination to the axis of the variable j,., for r=l, , n; and the subscript 
within the bracket, here unity, is the ordinal number of the principal line having the specified 
set of direction-cosines. 


r.o. 


22 
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the normal hom^loid N2 of two-fold normality. The principal normal is the 
line PCi. We denote* the coordinates of Ci by 

(fi)* (fiXi- 

Thus the orbiculate amplitude Oi (ordinarily the circumference of the 
circle of curvature) lies in the homaloid of two-fold contact ; its centre is 
the point Ci ; its radius is Pi (or pi) , and it passes through P. 

III. The third principal line of the curve is the secondary normal at P 
(usually called the binormal in space of three dimensions) It is a line drawn 
through P, parallel to the axial line which is the intersection of the contact 
homaloid T3 of three-fold contact with the normal homaloid of two-fold 
normality. We denote its direction-cosines by 

(«1. («.. , (Wu, 

where 

SKW = i. 

r 

while there arc the relations of perpendicularity 

2K/i)r(/3)rl=0. S {(/,), (/a), 1=0. 

I r 

Further, the centre of secondary curvature lies on this axial line ; this point 
C2 is the intersection of the contact homaloid 1 \ of three-fold contact with 
the normal homaloid of three-fold noijnality. The axial line, to which the 
binormal is parallel, is the line joining G\ Emd We denote the coordinates 
of C2 by 

(^2)11 (^2)21 (f2)jl- 

Thus the orbiculate amplitude 0 % (ordinarily the surface of the sphere 
of curvature) lies in the homaloid P3 of three-fold contact, O2 being a two- 
dimensional amplitude and T3 a three-dimensional amplitude. The centre of 
the orbiculate region 0 ^ is the point ; the radius of the region is P2 , and 
it passes through P. 

IV. The mth principal line of the curve is the normal of rank m — l. It is 
a line drawn through P, parallel to the axial line which is the intersection of 
the contact homaloid of m-fold contact with the normal homaloid of 
{m — I)- fold normality. We denote its direction-cosines by 

(^?n)li (^?n)2i > 

where 

r 

while there are the relations of perpendicularity 

2K«0r)l(U,l = o, 

r 

Ab with the notation for the direction- cosineB, the subscript r outside the bracket indicates 
the z, -coordinate of the centre of curvature, for r = l, , n; and the subscript within the 
bracket, here unity, la the ordinal number of the centre of curvature with the specified coordi- 
nates as well as the ordinal number of the rank of curvature with that centre. 
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for I = 1, 2, . . . , m — 1. Further, the centre of (m — l)-ary curvature Gm~i 
on this axial line ; this point Cm~i la the intersection of the contact homaloid 
Tjn of m-fold contact with the normal homaloid of m-fold normality. The 
axial line, to which the 771 th principal line is parallel, is the line joining 
and Cm-i- We denote the coordinates of by 

l)li (fm-l)2i f (^m— l)n' 

Thus the orbiculate amplitude being an amplitude of in — 1 dimen- 
sions, lies in the contact homaloid 2'm with 771 -fold contact and of m dimensions, 
and it has the same degree of contact with the curve as Tm- The centre of 
the orbiculate amplitude Om-i la the point Cm-i ; its radius is -Rwi-i i and it 
passes through P. 

V. The nth (and final) jii'incipal line of the curve is the normal of rank 
71 — 1. It is the line drawn through P parallel to the normal homaloid JVn-i 
of (n — l)-fold normality : this homaloid being the line which is the 

intersection of the 71 — 1 normal homaloids each of one-fold normality, at 

P and at 71 — 2 points next consecutive to P. We denote its direction- 
cosines by 

i]'n)li iln)2» I (^ii)ni 

where 

2((U1* = 1, 

r 

while there arc the relations of perpendicularity 

2ia)r!KWr} = 0, 

i 

for 1 = 1 , 2, ..., 71 — 1. Further, the centre of (7t — l)-ary curvature C„«i, the 
last in the succession of centres of curvature for a curve in space of n dimen- 
sions, lies on this normal homaloid N^-x , this point Cn-i is the intersection 
of the n normal homaloids JV^i, each of one-fold normality, at P and at (71 — 1) 
points next consecutive to P. We denote the coordinates of Cn-x by 

(fn-l)li (fn-l)2i f (fn-l)n- 

Thus there is the (final) orbiculate amplitude On-i, being an amplitude 
of (n — 1) dimensions. It lies in the general space of n dimensions; it has 
7i-fold contact with the curve, contact of one order greater than that of 
the final contact homaloid. The centre of the orbiculate amplitude. On-i is 
the point C7„_i, its radius is Pn-i i aud it passes through P. 

We thus have the orthogonal frame for the curve at the point P. It is 
constituted by the foregoing 71 principal lines at P which are an orthogonal 
system, every pair of lines in the system being perpendicular to one another. 

Frenet equations for the principal lines and tilts. 

197. The direction-cosines of the n lines in the orthogonal frame are 

(^w)a» I (^wi)nf 

for 771= 1, 2, ..., 71. We denote any member of the set of direction-cosines of 

22—2 
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the mth principal line by and thus l-i, 1^, Im taken together, will 
denote the aggregate of {l\)r^ (^ 2 )ri ■■■! (Mr, taken together, being the 
cosines of the inclinations of the n principal lines to the axis of for all the 
values r= 1, n, in succession. 

Among these direction-cosines lu hi ••■i there exist the equations 
which are the extension of the Frenet equations for homaloidal three- 
dimensional space. These extended Frenet equations arc 


ds 

dl^ 

ds 

ds 




h 

h 

u 


dln-1 1 ; ^ 1 ; 

, — — &n-2 T hi 

Us Pn—2 Pn—1 


dU 

ds 


Pn-l 


■ 1 


These equations allow the formation of the expressions for the sets of 
direction-cosines in terms of the derivatives of the coordinates xi, X 2 , a?,i, 

of the point P on the curve. In particufar, are the direc- 

tion-cosines of the tangent : we have 





The direction-cosines of the second principal line of the curve (its principal 
normal, and its radius of circular curvature) are 


/7 \ d^Xi . d^X2 

W2 = P1-^2, 


(1 \ _ _ 


The direction-cosines of the third principal line of the curve (its binormal, 
which is parallel to the axial line joining Ci and are 


(^3)1 = ~ (®/ + piPi^i' + ( W2 “ ~ + Pi P \^2 + pix^'*\ 

Pi Pi 


(h)n = — (®n + /O 1 P 1 W+ Pl^n")- 

Pi 

And so on, for the principal lines in succession. 

It is to be noted that two sets of expressions can be obtained for the 
direction-cosines of the nth (the final) principal line. This line is perpen- 
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dicular to the contact homaloid Tn-i, with (n — l)-fold contact and of n — 1 
dimensions, having 





dxx 

dx^ 

dx^ 

17 * 

di • 

ds 

d^Xi 

d^X2 


ds^ * 

ds^ ’ 



d^~^Xx 

d^-^x^ 





<Gt this equation be written 


2 (x,n — 

®m) J-m — 


m 


1-1) (m— 1) 

dXjn+i 

dXjf^4~2 


ds 

' ds • 


d^Xfn+l 



ds^ 

’ ds^ * ■■■ 



d^-^x^+t 


ds”'-^ 

• ds"-! > 


ds 

ds^ 


d^ d”" ^^Tn+2 d*^ 

’ ds^'~^ * * 

the sequence of the columns in Ji,i is for the subscripts 1, 2, n, taken in 
cyclical order, beginning with 7?i + 1 and omitting m. Now 

2/2— ?: ■ 

7i "" (pi'~^P2"~^ - ■ . Pn-aVn-z)® ' 

SO that the direction-cosines of the line perpendicular to the contact homaloid 
Tn-i are 

^1^' **^2^ ^ Pn— 3^ Pn— 2*^1113 

for 7?i = l, 2, ..., 71. But this perpendicular to r,\_i is the (line) normal 
homaloid Nn-i : that is, it is parallel to the ?ith principal line of the curve, 
the direction- cosines of which are (/„)i, (/n )2 (^n)ii- Hence 


Coordinates of the centres of {prhicidate) curvature. 

198. The coordinates of the centre of curvature have been denoted by 
(fw)i 7 (?m) 2 i ■■■. (fm)n: any selected one of these coordinates will be denoted 
by fwi- When a set of selected coordinates fi, ^ 2 . fa. ■■■ is considered, it 
represents a set (fi)r, (fa)r. (f3)r. of coordinates corresponding to the 
coordinate Xr\ and this convention holds for all the values = 1, 2, ..., n. 
Under this same convention, we shall use x to denote x^ simultaneously with 
the use of fm to denote Equally under that convention, we shall use 
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h> ■■■ to represent a set of direction-cosines (^ 2 )^, being 

the cosines of the inclinations of the successive principal lines to the axis of 
the ^^-coordinate. 

The coordinates of the centre of curvature Ci , stated in full, are 

(fl)l — ^l = f>l(Wli (?l)2 — ^2 = Pl(^2)2i I (fl)n — aJn = Pl (Wn- 

Under the convention for abbreviation, the whole set is to be represented by 
the single equation 

fi-a: = piZ2, 

and, when this equation is interpreted, we take fi, x, respectively, to mean 
(fi)., (^ 2 )ri for each of the n values of r, = 1, 2, ..., n. 

The coordinates of all the centres of curvature are then expressible in the 
following form, for the respective centres : 


for Cl, 


— X 

= P1I2 

... c,. 

^2 

-ii 

= J^ila 

... C3, 

fa 


= D2I4 

7 

10 

, ?«-> 


-3 = Ai -3 ^h-1 

... < 7 „_, 

1 fn — 1 

~ fn- 

-2 == ■^■^Ji-2 


Tangents to the loci of these centres, 

199. These results can be stated in*another way; and, as they stand, 
they provide further information concerning the organic construction of the 
framework of the curve in relation to its orbiculate regions. 

(A) The coordinates of the centre of curvature of the orbiculate 
region O^n, of (m-l-l)-fold curvature, lying within the contact homaloid 
also of (m -I- l)-fold curvature, are represented by the equation 
® + Pi ^2 + I^xh H- + ■ . ■ + An-iC-hii 
with the interpretation of this equation under the convention as stated (§ 198). 
Accordingly, the coordinates 

1 / 1)2 f f (U III 

regarded as functions of the parameter s of the original curve, give the locus 
of the centre Cm of (m + l)-fold curvature. 

Moreover, the elements of arc of these successive loci are easily derived. 
We have 
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^ot+ 2 + An ^/n+l)- 

Pm+l 

If then dSfn be the element of arc of the locus of G,n at the point C,^, corre- 
sponding to the element of arc ds of the original curve at P, 


and therefore 



Prn+l 


^f/n _ A#i-1^to+ 2 Pw -^1 

ds],~ (P,n-1* + P.7)* 


These results give the direction- cosines of the tangent to the locus of the 
centre ( 7 ,^ '> and they shew that the tangent to the locus lies in a plane which 
has the (ra-l- l)th and the (m-f- 2)th principal directions for its guiding lines. 
TJie further curvatures of that curve can be derived by the use of the formiilje 
given for the curvatures of the locus of P. 


(B) The expressions for the coordinates of the centres of successive 
curvatures, as given (§ 198 ), indicate the axial lines to which the successive 
principal lines of the curve are parallel. They indicate also the length along 
each such line between the two successive centres of curvature which he 
upon a line. 

Thus the axial line CiCj is given by the representativ’e equation 

?2 “ ?i = Pi h t 

the length C\C2 being Pi, and its direction-cosines being (^3)1, (13)2, 

The axial line C2C3 is given by the similar equation 

f3 “ ^2 = D 2 U 1 

the length C2C3 being Pa, and its dircction-cosmes being (^4)1, (^4)2, (/4)„. 

And so for the axial lines in succession, the last of them being the final 
normal (line) amplitude with (a — l)-fold normality. 


Organic (orthogonal) frame. 

200 . The whole organic framework of the curve, with its principal lines 
and its centres of curvature at the point P, and at a consecutive point P', are 
indicated on the accompanying diagram. The lower part of the diagram shews 
the initial principal lines and centres of curvature, from P inivanls and 
upwards and onwards through the successive amplitudes. The upper part of 
the diagram shews the axial lines, to which the principal lines of the curve 
are parallel : these pass from centre to centre, culminating in Cn_i, the centre 
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of orbiculate amplitude On-i of (greatest) (?i + l)-fold contact. In the succes- 
sion of lines PCi CaCj, .... C\_4C„_3, Cn-aCn-a, C„_aCn_i, each is 
perpendicular not merely to its predecessor but to all the other lines. The 
point P' is consecutive to P: the orthogonal frame for P* is shewn in the 
same manner as the orthogonal frame for P. The limiting position of PP' 
is the tangent at P, the earliest principal line of the curve: and all the 
principal lines are perpendicular to the tangent. 

Again, PP'Ci is the two-fold contact homaloid 2 a at P, and PP'Gx is 
the two-fold contact homaloid Pa at P' , their intersection is the tangenb PP'. 
The primary normal at P is PCy : the primary normal at P' is P'Ci'. The 
angle C/PP' in the plane GiPP' is a right angle, and the angle GyPP* in 
the plane G^PP' also is a right angle; thus the angle G^PG^ is the angle 
between the two successive osculating 
planes, that is, it is the angle of tilt dea. 

(The angle of tilt is the angle 
between the tangent at P and the tan- 
gent at P', both lying in the osculating 
plane CiPP'.) 

The arc GiGx lies in the plane 
through the two lines G^P and GiG^ to 
which the second and the third principal 
lines respectively are parallel. The anglei ^ 

PCiGi IS a right angle: the angle G^G^P * 
also is a right angle : and the four 

points P, Git Git G^t he in the 
one plane of which C^P and GiC^ 
can be taken as the guiding lines. 
Hence these four points lie on a 
circle, a property leading to several 
results : the only result to be noted 
at the moment is 

angle Ci'C2Ci = angle G^PGi 

= angle of tilt deg. 
The arc G^iG^ lies in the plane 
through the two lines GzGi and 
C2C3, to which the third and the 
fourth principal lines respectively 
are parallel. The angle GiG^G^ is a right angle and the angle G^C^Gi also 
is a right angle : and the four points Gi, Gz, G^t C31 he in the one plane of 
which GzGi and G^G^ are the guiding lines. Hence these four points lie on a 
circle ; and therefore 

angle G^G^Gz^ single GzGiGz = angle of tilt dea. 



Cn-2 


Cn-2 
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And so on, in succession; the full set of results is 
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angle C/Ca Cl wangle 

Ci'PCi = angle 

of tilt dea, 

CVC5C, 


dea, 



c,'a,Cj 



C n-aCn-iCii-a = 







Certain magnitudes are easily obtained from the properties of the two 
orthogonal frames, at P and at P‘ respectively, when taken in combination. 

In the plane PCiC/Ca, the point Fi is the intersection of CjCa and G{P : 
the length of C\P is pi: and the angle C^PGi is dea, while C^C^P and 
CaCV-P are right angles. Then 

dpi = C' Ki = Cl ( 7 a . angle GiC^Gx to the first order 
= CiCa.d 6 a, 


and therefore 




--PIPI- 


Also, we have Ci'Fi^pideai to the first onier of small quantities. 

In the plane C1C2CVC3, the point Fa is the intersection of C2C3 and 
CVCi' the length of G^G^ is Di and that of C^Gz is Di + D/rfs: and the 
angle Ca Ci G^ is , while the angles (73 Ca Ci and ( 7 j G^Gi arc right angles. Then 

C;Fa = Ca'Ci'-CaC'i' 

= Ca'C7i'-(CaCi-C\ri) 

= (CaCi'-(7aCi)+CiFi 

= P\ ds + Pidfaj 


and also 

Hence 

and therefore 


Ca' Fa = C2C3 . angle G^C^G^ to the firat order 
= Dide^. 

Dadca = D\ds + pid^a, 


P 3 P2 

Also, we have GiV^ = Did^^^ to the first order of small quantities. 
Similarly, in the plane C^C^G^C^, we have 
C 3 'F 3 =C 3 'Ca'-C 3 CV 

= C 3 'Ca'-(C 3 Ca-CaFa) 

= (C 3 'Ca'-C 3 Ca) + CaFa 

= ds + 1^1 d^a, 
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and 

Hence 

and therefore 


Cz Fa = angle C3C4C3' to the first order 
= 

= D^ds + D\d€z, 


-“ = A' + 


^3 

Pa Ps 

And so on for each plane, containing the directions of two principal 
lines C,nCm-i and for all the values of m. In the final plane 

On-3G>,^2(^’ n-20n-i (which four specified points lie on a circle), we have 
G ji-aFn-a “ G n-zG'nS — (Gn^20n-3 “ C^/i-3 Fn-s) 

= {G'n-zG'n-a ~ Gn-zGn—a) + G ,1-3^11-3 
= D'n-ads + Dn-^den-2. 

Also 

G n—2^i\—2 “ 2^n— 1 ■ \ 

thus 

= D ,1— ads + 

and therefore 

- 0 / 1—2 T\f , I^n—\ 

= IJ , 1-3 + . 

Pn-1 Pn -2 

All these formulaj involve the va4rious tilts. For the various radii of 
curvature, we have 

-Ri = GiP = pi\ 

then 

R 32 = C2P* = ( 7 a( 7 i*+CiP 2 
Rz^ = Gz 1 ^ = GzG 2^+G2P^- 


= iV + R2^ 

and so on, down to 

R«-l* = On-lP* = Gn-xGn-.2^ + C„_ 3 P* 

= Dn-% + Rn-2- 

The results are immediate consequences of the complete orthogonality of the 
frame of lines P( 7 i, CjCa, G2G2, G,^.zGn-2, 

Finally, it may be remarked that the one-dimensional orbiculate amplitude 
Ox (the circle of curvature, with centre Ci) is the section of the two-dimensional ' 
orbiculate amplitude O3 (the sphere of curvature, with centre G^ by the two- 
fold contact homaloid T2, which is the osculating plane. Similarly, the two- 
dimensional orbiculate amplitude O2 is the section of the three-dimensional 
orbiculate amplitude O3 (called the globe of curvature in a four-dimensional 
space, with centre C3) by the three-fold contact homaloid Pa, which is called 
the osculating flat in a four-dimensional space. And so on, in the succession 
of the orbiculate amplitudes Ox, Oj, ... , On_a ■ the final amplitude 0„_i requires 
the full n-fold space for its existence. 
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Modified equations of cmtact homaloids and normal hij/ialoids. 

201. The equations of the contact homaloids of successive orders of 
contact, and the normal homaloids of successive grades of normality, can 
be changed so as to become expressible in terms of the direction-cosines of 
the principal lines. 

The equations of the contact homaloid with wi-fold contact and of 
m dimensions, are 



•^2 ^2 i * * 

• • • ■ j ^'n 

(il)l , 

{k\ . .. 

ik). 

(«»)l , 

(^2)2 f 

, (Wn 

(L)i , 

(^m)2 1 



being a set of n — m independent equations. The n — m equations of the 
same contact homaloid with m-fold contact can also be taken in the form 


S {(‘^V ^r) i^m f 2)r) ^ 

2 =0. 

Both forms arc valid for the values = 1, 2, . , ?i — 1. 

The equations of the normal homaloid with m-fold normality and of 
n — tn dimensions, are 

2[[^r-(fJ^)(^)r] = 0^ 
t[{:Vr-iUr}{h)r] = 0 

^[l^r-(W.}(Wr]=0. 

and these equations can be expressed in the equivalent form 


■^1 — (f irt)l f •''■2 — (f m) 2 . ■ ■ 


(^i#i+l)l » 

(^i»H-l )2 1 


(^1/1+2)! 1 

(^ni.+ 2)2 1 


(/«)i , 

(<»)* , . 

(W,. 


The coordinates of any point Q in the contact homaloid are expressible 
in the form 

il'r ~ (^i)r + ^2 (.^3)r "h H" (^irt)ri 

for r = l, 2, n, where ix, h, tm, are m parameters for the homaloid 
and manifestly represent the projections of the distance QP upon the first 
m principal lines, these being the guiding lines of that contact homaloid. 
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Similarly, the coordinates of any point K in the normal homaloid N^. are 
expressible in tke form 

“ (fifi)f‘ = ^m+l (^tii+l)r + ^m+% {^m+2)r + + (^n)ri 

for 7'=1, 2, w, where ^m+t, ■■•f are ?i — m parameters for the 

homaloid and manifestly represent the projections of the distance KCm upon 
the last n — m principal lines, these being taken as the guiding lines of that 
normal homaloid. 


A homaloid ofn — \ dimensions, involving one parameter, 
as the fundamental element for a cwue. 

202. Finally, as for three-dimensional space and for four-dimensional 
space, it is possible to take a homaloid of n — 1 dimensions* as the fundamental 
element for a skew curve in n-dimensional homaloidal space, provided its 
equation involves a single parameter t. As in §180 for a skew curve ii 
quadruple space, we work back from the given (n — l)-fold homaloidal ^m 
plitude as the osculating contact homaloid Tn-i of the curve, and a poin 
on the curve, which is the edge of regression on the (?i— l)-fold amplitudi 
enveloping that given contact homaloid Tn^i, is determined as the inter 
section of n consecutive homaloids Tn-i. The following are the success ! y 
stages. 

The homaloid of ii — 1 dimensions fa the 7i-fold space is represented by 
an equation 

i LrXr = P. 

r=l 

If the quantities Lr in this equation are not direction-cosines, we divide the 
equation throughout by \ we write 

ir(2Vr* = (^n)r. P(2Z,*)-*=p„; 
and the equation becomes 

n 

r = l 


which, in accordance with the propounded notation, can be written 

llnX^Pn. 


The equation of this homaloid of n — 1 dimensions is to involve a single 
parameter : the parameter will be denoted by t 
Let 




so that ai is a known function of t : let 


dk 

dt 




* Hereafter (§ 422) called primary. 
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for r = 1, . . . , 71 : and let 


/I X 

~dt 


- 1 
Gti dt 


Pn-1‘ 


Then the second equation is 

Hn-l^=Pn-l] 

and the quantities Z,i_i are such that 

= 1| SZn^n-l = 0- 

Next, let 

so that fta is a known function oit\ we take 

f j 1 / dfif^ 2 

— ,j— = ■" «2^n-ai “ ( jJ- + “ Prt-2 i 




where 


dt aA dt 

and then the third equation is 

2 -^ = Pn—2y 

2in-2*=l, Vnln^2^0, 2/n^n-l = 0. 

And so on, in succession. At the last stage but one, giving the (n - l)th 
equation, we have 

Ihx = p, = (- + a„_,p4) . 


Let 

we take 


dl^ I I 1 / dp2 \ 

dF = \r-^+ : 


while 


and then the nth equation, being the last in the sequence, is 

Xiix=pi, 

2Ji* = i, 2Zi«,=0, 2/ii,=0 2M» = 0. 

The lines Im, that is, (im),, (i™)*, , {lm)n, for »i = 1, form an ortho- 

gonal system : and so 

(W + QtV+...+ilnV=l. 


2(L)r 


(Jm)r 

dt 


= 0 , 


for r=.l, ..., n: hence 
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and therefore 

There now are n equations, viz. 

2Zn® = Pni 2Z„-iic=pn-i, = = 

which, together, represent n successive contact- homaloids of the edge of 
regression. Their common point of intersection is a point on that edge ■ its 
coordinates are given by 

Xr = {ln)r + (^«-l)r /^n-l + + {h)r Pi + {k)r pi . 

for r = 1, ..., n. 


The cui'vatures of the curve, thus derived. 


203. Let s be an arc of this curve, the edge of regression of the develop- 
able amplitude which envelopes Tn_i and arises as the ^-eliminant of the two 
equations 

= pn-i : 

and write 




di ' 


Now the direction-cosines of the tangent to the edge of regression are 
(Wzi •■■I {h)n'- and they also arc 


that is, they are 


Hence 


dj0'\^ dj/'^ dj^i^\ 

~ds' ds^ ■■■' 57 * 

1 diJC'Y 1 diMj^ 1 dnV<n 

~0 dV^ e dT' ■■■' eUt' 




Now, from the final equation 
we have 


2^1 X' — 


that is, 




dpi 

dt ' 


SO that 
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These results implicitly contain the values of the curvatures of tilt of 
the curve. The successive sets of direction-cosines are given £y the relations 

dt “ 


— ” ®2^n- 


■ — flt2^n— 1 — ^n— 3 1 


U(t3 I • 

^^2 I / 

= an-2 *3 “ «n-l n , 


= fln-l h j 


^ (— ai/ji-i) 


1 . . . . 1 d ^ n — 1 _ ^^ n -1 __ ^>1 ^ n - 2 

^{CllU-Clzln-2) 

1 / f / \ ^ 2 ^^n-2 ^n-1 ^n— 3 

7 , V®2‘n-1 “ ®3tn-3; = A "rr - - -j — , 

cr ' 0 at ds pn-z Pu-3 


g(an-2^3-flr„_xy = g -at - d^'pz " 

1 , 1 _ 1 , 

^an-i «2 di ds p^’ 

Consequently the successive curvatures of tilt arc given by the equations 

Pi O' pz 0 ' ' P »-2 0 ' Pn-l 0 ' 

The successive radii of the orbiculate amplitudes of successive degrees of 
contact arc derived from these curvatures of tilt. Thus, as 

a — ^ 
ds~dt' 

we have 

a t_n^P\_^Pr_d ( 0 \ 

ds ~~dt~dt[a,^J- 

Therefore 

and similarly for the quantities i2|, ..., Rn-i, in succession. 
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Surfaces in Homaloidal Quadruple Space. 

Analytical representation of surfaces. 

204. We pass to the consideration of surfaces in quadruple space, which 
have been defined as amplitudes of two dimensions in that space. We 
now consider only such amplitudes as are not homaloidal. 

There are various forms of data by which a surface can be represented 
analytically. 

A surface may be regarded as the range common to two regions which are 
represented by two equations 

0(a;, y, z, v) = 0, y, z, v) = 0. 

In this form of expression there is a disadvantage, analogous to that which 
occurs when a skew curve in three dimensions is represented as the inter- 
section of two surfaces expressed by thgir equations. The disadvantage arises 
from the possibility (which frequently also is fact) that the skew curve in 
triple space and our two-dimensional amplitude in quadruple space do not 
represent the whole of the amplitude of intersection ; e.g. the whole of that 
amplitude of intersection may consist of two. or of more than two, portions 
which are not geometrically continuous with one another. 

A surface may be represented by means of equations which express the 
coordinates of any point in the surface in terms of two independent parameters, 
in a form 

x = x{p,q), y = y{p,q), g = z{p,q), v = v{p,q), 

as in Gauss’s geometry of surfaces in triple space. When this form is given, 
it is always possible to derive a partial representation of the surface in the 
preceding form : because it is always possible to eliminate p and q between 
these equations, and thus to obtain two equations 

/(a?, y, -3^) = 0, g {x, y, v) = 0, 

independent of one another. This deduced representation suffers from another 
kind of disadvantage. The equation f{xy ^) = 0 is derived without regard 
to the value of v, and is the projection of the surface into a flat parallel 
to v = 0 : while, similarly, the equation g {x, y, w) = 0 is derived without regard 
to the value of and is the projection of the surface into a flat parallel to 
z — Q. Each of these projections in itself suppresses curvature properties 
of the surface. 
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There is yet a third mode of representing a surface it may be an amplitude 
within a region. The region is defined by coordinates expressible in terms of 
three parameters p, q, r, independent of one another, in forms 

x = x{p^q,r), y = y{p,q,r\ z^z{p,q,r\ v = v{p,q,r)\ 

the amplitude is defined by a functional relation ^(p, 9, r) = 0. If the 
essential character of such a representation m to be used, a prior knowledge 
of the properties of the containing region is both desirable and necessary : 
while, if the former two-parameter representation is initially propounded, 
we are not in a position to determine an appropriate region containing the 
surface. Surfaces organically connected with the region will, of course, occur: 
they belong to a different lange of enquiry. 

Now, when a surface is given in free space without any of the intrinsic 
restrictions of a containing region, itself enclosed in that space, all external 
measurements have to be made relative solely to the tangential or normal 
homaloids of various types — line, plane, flat. When a surface is given in 
a region, itself enclosed in the quadruple space, the external measurements 
arc of two categories. The first of these includes measurements made 
relative solely to the enclosing region or its organic elements; the second 
category includes those which may belong to the quadruple space and are 
affected, directly or indirectly, by the properties of the region itself relative 
to the space. Thus the intrinsic properties of a surface in free space are less 
detailed than those of a surface as a configuration in a region. 

Here it may be remarked initially, and it will appear abundantly in the 
course of investigations, that, in any amplitude of more than one dimension, 
the geodesies in the amplitude (and also geodesics in any containing amplitude 
of more dimensions) are of fundamental importance In fact, to all such 
amplitudes, geodesics bear a relation as fully organic as is borne by straight 
lines to homaloidal space m which, indeed, they are the geodesies. 

Thus the discussion of a surface m a region must be deferred until 
the intrinsic geometry of the region itself has been considered. We shall 
accordingly proceed to the consideration of a surface, propounded solely as 
a configuration in free space. 

The coordinates of a point on a surface arc therefore expressible, for our 
purpose, in terms of two parameters p and q. Much of the initial analysis in 
the Gauss theory of surfiices appears to recur formally. It must be re- 
membered that the Gauss surfaces exist in homaloidal triple space and 
possess properties which are related to that spatial existence ; indeed, these 
properties (such as the customary measure of curvature of a surface) are 
actually established by essential dependence upon the three-coordinate re- 
presentation of a surface-point in the homaloidal space. The surfaces now 
to be considered exist in homaloidal quadruple space. The properties to b^ 

F. o. 23 
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deduced are established through their existence in that space ; and though a 
number of analytical results will be found to have the same formal expression 
for quadruple space as for triple space, it is not to be assumed that we can 
Ignore the kind of homaloidal space in which the surface exists. Nevertheless, 
for the sake of comparison, there is convenience in using the same symbol for 
the same kind of magnitude wherever this may be possible. 


Primai'y magnitudes. 

205. Derivatives of the variables x, y, z, v, with regard to p will be 
denoted by a suffix, such as in Xx^ yi, zx, Vu a^nd the like: derivatives 
with regard to ^ by a different suffix, such as in aja, ya, -^ai ^ 22 , and the 
like: and derivatives with regard to p and r/ by a combination of these 
suffixes, such as in Xx^y yiai Zxz, Via- Certain combinations of these derivatives 
occur : the most frequent are 

E = x^ +yi* =Sa;i® \ 

F = xxX2'\-yxyi’^ ZiZ2 + Va = SiCi/Tal , 

G = x^ +ya® +^ 2 ® +ya® =Sa)2® J 

where the sign S of summation denotes summation over the four variables 
X, y, z, V. Also, it is convenient to use a quantity F, where 
F» = ^ff-^® = S(^lya-yl^a)^ 
the positive root of F® being selected as the value of F. 

The locus on the surface, represented hy q = constant, is a curve along 
which p is parametric : and the locus, represented by p = constant, is a curve 
along which q is parametric. On the surface, there are the two families of 
curves, q = constant, p = constant. 

The element of arc ds, measured in the surface existing in the homaloidal 
quadruple space, is given by 

ds® = da;® + dy® + dz^ + dv® 

= 2 (a;idp + X2dqY 
= Edp^ + 2Fdpdq + Gdq\ 

Thus the element of arc along the curve y = constant is E^dp: the element 
of arc along the curve p = constant is G^dq. 

The direction of the tangent along the curve g = constant is given by 
071 dp, yidp, ^idp, Vidp; thus the direction-cosines of the tangent to that 
curve are 

a;ij^“^ yxE~^, VxE~^. 

Similarly, the direction-cosines of the tangent to the curve p = constant at 
any point are 

y2G~^j ZiG~^f 
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Let Of denote the angle between the tangents to the curves g's constant, 
= constant, passing through any point: then (§ 19) 

cos = = 

and therefore 

V 

sin <u = - , . 

(BG)^ 

The expression for ds^ must be unaltered in value by a change of para- 
meters, so that ds^ is a covariant : thus 

Bdp^ + 2Fdpdq + Gdq^ = E'dp^ + 2F'dp'dq' + G'dq^ 

It possesses one invariant : we have, in fact, 

E'O' -F'^ = (EG - F^) . 

where J cannot vanish so long as the parameters remain independent. 

Inclinations of directions on surfaces. 

206. The following results are easily established; they arc placed on 
record for subsequent use. 

(^1) When a direction OA on the surface is re- 
presented by p' and q\ where 

Bp'^ + 2Fp'f+Gf^ = \. 

the angles ^ and which it makes ivith the para- q 
metric curves in the figure (Op, for p — constant, and 
Oq, for q = constant) are given by 

= Bp + Fq' , B^ s\n<f> — Vq' ^ 

G^ cos yjr = Fp'+ Gq\ G^ sin yjr = Vpj 
with the necessary relation + = 

(2) When the curve OA is represented by an equation d{p, g) = c, where 
c is parametric, then 

B^p' + B^q'=0, 

so that 

1 . 

{Ee2^ - 2/^2 ' 

and now 

cos 0 _ sin (^ _ 1 

" -ve^ ” {E{EeJ^^2Fe^^Ge^ 

. - ■ 
cos __ sin ^Ir 1 

Fff7^G(^~ F», ” {GiEfft* - 2Fe,ffi + Gff^ 



F 

(EG)i' 


23—2 
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The angle at which two curves on the surface = c, ^ {p, q) = k, cut 

at a point of intersection, c and k being parametric, is given by 

cos 'x, X 

E02% - F (02^1 + ^ 1 ^ 2 ) + GBi^i ^ V~(^i ^ 1 ^ 2 ) 

= - 2Fetei + Gdi^yi 

(3) Any direction in the plane 


(Jli — X, 

y-y> 

z-z. 

v — v 

Xx , 

yi . 

Zx , 

Vx 

X2 , 

yi > 

^2 > 

Vi 


through the point 0 and containing the tangents at 0 to the parametric 
lines at 0, is given by the direction-cosines 

I = Xa?! -I- fiX2 , Til = Xyi -I- fL)j2, n = \zi + fiZ2, k = \vi /ii'a , 

where 

E\^ + 2F\fi+Gfi^=l. 

When this direction Z, m, n, k, is that of the tangent at 0 to the curve OA 
in the foregoing figure, X and /i satisfy equations 

Ex -k- Ffi = E^ cos (jf, F\ = sin yjr, 

FX -hGfjL= G^ cos 'i/r, Vfi = E^ sin </>, 

with the relation 0 -h = qj. 

( 4 ) The angle S between two directions p/ and qi\ p2 and gz', is given by 

cos 8 _ sin 6 

Epxy^ + {pi92 + ^iP2) + Gqiq2 V ( P\q2' ~~ Q1P2) 

= + 2Fp^'q,'+ Gqi^i {Ep^^ + 2Fp^q^+ Gq^'^rK 

with a convention as to the positive direction for measurement of 8. 

The angle 8 between two directions given by an equation 
Ap' 2 -|- 25 pY-|-( 7 g' 2=0 

is given by 

cos 8 _ sin 8 1 

E^2F^+~GA ~ 2V(^-Ab)i “ j* ’ 

where 

I = {EC- 2FB + GAf-^ {EG - F^) {AC- B^). 

( 5 ) The angles and 7, which a direction P' and Q' makes with the two 
directions given by an equation 

Ap'^-\-2Bp'q'^Cq'^ = 0 
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sin smy=V^ 


EP'^ + 2FP'Q' + ~OQ 


'2 
'2 ’ 


COS COS 7= 


A(FP'-\-GQy^2B(EP'-hFQ')(FP'+GQ') + C(EP'-\-FQy 

EP'^-{-2FP'(^-\-GQ'^ 


2V EP' + FQ\ FP'+GQ' 

I 8'“(P+7)-^p7j^2/'P'Q'+GQ'* AP'+BQ, BP'+CQf 

(6) The directions of the lines bisecting the angles between directions 

Ap'^+2Bp'q'+Cq'^ = 0 

are given by the equation 

AP'-\-BQ\ BP^+Cq =0, 

EP^ + FQ\ FP'+Gq 

these two directions being perpendicular to one another. Thus the directions 
bisecting the angles between the curves of reference are given by the equation 

EP'^--GQ^ = 0. 


Demvatives of the primary magnitudes. 

207. The quantities E, F, G, occurring in the expression for the element 
of arc on the surface, are the primary magnitudes of the surface : they involve 
the first derivatives (and only the first derivatives) of the four coordinates 
y, z, Vf with regard to the parameters p and q. Subsequent investigations 
demand the use of certain magnitudes derived from E,F,G, and they require 
also some relations among these derived magnitudes. For the purpose of 
comparison with the Gauss theory of surfaces in homaloidal triple space, the 
Gauss notation for the most part is adopted: but, here, the magnitudes are 
concerned with amplitudes which occur in homaloidal quadruple space, and 
thus they implicitly involve the four coonlinates of a point in that space, 
though variation is restricted to the two-fold dimensional surface. 

We write 

ot a — = ot =^X\X2z~F^ — ^^ii 

= Fx^ ^E^j =^X^Xii=\Gxt ^^'=^X^X2Z= 

and define si.x (piantities F, F', F"; A, d'. A"; by the relations 
F»F -&F \ F^A =-aF 0E 
FT' = a'G - P'F I . F*A' = - a'F + ^'E ■ , 

FT" = ) F*A" * - a"F -h ff'E 

so that, reciprocally, 

a =ET +FA P =FV -1-GA 
a'=^F'+FA' i, /9' = FF' -h GA' 
a"= ET"+ FA" FF"-h GA" , 
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Ex. Verify the, relations, invariantive in form : 

-\-Qa^=V^ {ET^ + 2 FTl^ + 

E^ff - /’(a/9' +i8a') + G'aa' = { A^rr +/’(rA' + AF') + G'AA'}, 

Eff^ - 2Fa^ff + Ga ^ - 7* (^r'* + 2/’r' A' + 

E^ff' - F (a/S" + ^a") + (?aa" = {/Yr" + F (FA" + AF") + (? A A"}, 

Effff' - /’(a'/9" + /3'a") -r Wa" = 7* {^'F" + /’(F'A" + A'F") + Ga'A"}, 

- 2Fa"^' + Ga''^= 7« (Er"^ + 2/’7'A"+ G'A"'*)- 


We have, at once, 


and therefore 


Again, we have 
and therefore 


Fi=F(r + A'). Fa = F(r' + A"); 

+ Fa = a = Fr + C^A = /8 = ^^2, 


|(^r + ii’A)=l(j'r + GA). 

leading to a relation 

i ((A, + AT + A"A) - (A,'+r'A + A'7, i RF, +r"A) - (Fi'+r'A')} =K'. 

where, momentarily, K' denotes the* common value of the expressions. 
Similarly, from the two equations 

FF' + GA' = /9' = J Gi, FF" + GA" = y3" - ^ Ga, 

we are led to a relation 


- i f(Ar+ T'A)- (Aa'+ AT')) = g {(ri"+ r'A"+ rr")- (rs,'+ F'a" + r*)) = k ", 


K" similarly denoting the common value of the expressions. The relation 


r,+A,'=ri'+Ai" 


then leads to the property 

K'=K", 

or, denoting the common value of K' and K" by K, we have 
(A, + A'r + A" A) - (Ax' + r'A + A'*) = EK 
(r, +r"A)-(rx'+r'A') =-fk 
(Ai" + r"A)-(A,' + A'r') • =-FXt' 
(ri"+r'A"+ rr")-(r,'+r'A"+r'*)= ge. 

the significance of E being deferred for the present. 

Proceeding similarly from the relations 

EF' + J’A'+ JT + GA = a' + /3 = Fi, Er'+ F^"+ Fr + GA'= a"+ /3'= Ft, 


we are led to a relation which is satisfied identically in virtue of the results 
already established. 
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Finally for the present, we have 

J 2^'l, + G«) - g- - ^ ^ - -g- . 

on substituting for a and ol\ and for and /d'', and using the relations 
already established, we find 


i (-^za “ 2^ 12 + G^ii) + V^K 


= (^r'» + 2Fr'A'+ GCs!^] - (jE:rr''+ i’(rA"+ af") + gaa"). 

As yet, no significance has been attached to K. The relation, in form, is the 
same as the Gauss characteristic equation for surfaces in homaloidal triple 
space; in that space, K denotes the Gauss measure of superficial curvature. 

It may be pointed out that, in quadruple space, as in triple space, because 
or because 

^^1=^372^12, 


we nave 

\ (^22 — 2^12 + Gii) = ^Xi2^ — S^ix^22- 


In triple space, the summation S extends over the three coordinates x^y, z \ 
in quadruple space, it extends over the four coordinates x, i/, z, v. For a 
surface in a homaloidal space of n dimensions, with the correspondingly 
extended significance of F, G, the same relation holds, the summation 
extending over the ?i coordinates specifying the position of a point in the 
space. 


Some relations involving third-order derivatives of the point-coordinates. 

208 . Certain relations, not complete in ultimate significance, can be 
deduced affecting derivatives of the third order. Hereafter, some combina- 
tions affecting derivatives of only the second order, will arise in the forms 

a = w - + 2FrA -H GA*1, 

h = Sa:nari2 - [EVr -h F(rA' + AF') -I- GAA'), 
g = 2xn^r2* - l^FF" -h i’CFA" -h AF") + (?AA"}, 
b = 2^12* - [Er^ + 2i’F'A' + GA'*}, 

f = 5^12^22 - l^FT" + F(rA" + AT") + GA'A"}, 
c = W - -h 2i?T"A" -h GA"2}. 

The indicated relations affecting the derivatives of x, y, z, y, of the third 
order occur as follows. Differentiating 

= a = .^F H- FA 

with respect to we have 

+ SiCii* = EV\ + .^Ai + F.^1 + AF\ 

= £7Fi + FAi + 2F (^F -H TA) + A {FV GA + ET' -i- FA^)^ 
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and therefore 

tooixui + a = + n + zir') + (Ai + FA + AA'). 

We proceed similarly, differentiating the six quantities a, a', a\ /8, 
with respect to p and to q separately. The full aggregate of results, in 
addition to the preceding result, is as follows : 

+ h = i?’(Fi + F2 + AF') + G (Ai + FA + A A'), 

from the value of ] there are two results 

^x^xm+Yi = E{V^ +FF'+ AF") +i^(A2 + FA' + AA"), 

= E (F/ + FT + AT' ) + + F'A .+ A'»), 

arising from a 2 and a/ respectively; there are two results 

Ix^xm + g = ^(Fa + FF' + AF") + (? (Aa + FA' + AA"), 

Sa^a^iia + b = F(Fi' + F'F + A'F') + G (A/ + PA + A'*), 

arising from /fla and /9i' respectively ; there are two results 

2^1 ^laa + g = ^ (Fi" + F"F + A"F') + F (Ai" + F"A + A"A'). 

Xa^ia^iaa + b = E{T^ + F'* + AT") + i^(Aa' + F'A' + A' A"), 
arising from a/' and aa' respectively; there are two results 

2^aa:i22 + f=i^(ra' -h F'* + A'F ") + 6? ( Aa' +F'A' + A'A"), 

= F (Fi" + F"F + A^'F') q- G (A/' + F"A + A" A'), 

arising from and /9i" respectively , there is the result 

2:c, 0^2218 + f = ^ (Fa" + F'T' + A"F") + i^(Aa" + F"A' + A"*), 

arising from Oa " ; and there is the result 

Xaraa^aza + c = ^^Fa" + F"F' + A'T") + G (Aa" + F"A' + A"=*). 
arising from ^2. 

The two expressions for X^ci^ciia + h are equivalent to one another, owing 
to the relations in § 207; likewise the two expressions for 2a;2^ia2 + f. In 
virtue of the same relations, the two expressions for S^a^z^na are equivalent 
to one another; and the two expressions for '^xiXi22 also are equivalent to one 
another, in virtue of a single relation 

g-b = F*iir, 

where K has the same (still unspecified) significance as before. 


Tangent plane ■ orthogonal 2 >lane. 

209 . The equations of the tangent plane at any point 0 of the surface 
are derived at once from the property that it is the locus of the tangent to 
any curve on the surface passing through 0. For any such curve, the direc- 
tion-cosines of the tangent are 

x' = xip' -i- Xtq, y' = yip +yiq', e' = Zip' + Ziq , v =Vip' -\-Vtq, 
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whatever be the definition of the curve ; and thus the tangent to the curve 

is given by the equations 

X — X _y — y _z — z _v — V 
7 ^ 7 “■ 17 ! I “ 

X y z V 

so that, along the tangent, 

x-x = xypn H- a^ar/n, y-y = yip^ + 
z — z = Zip D, + Z2 qflf v — v = Vip'fi + V2 q'il. 

Consequently, the whole line for given values of p and q\ and all lines for 
different values of j) and q\ he m the plane 


11 


z-z, 

V — V ' 1 = 0 , 

!l xi , 

Vi . 


vi !' 

1 0C2 , 

2/2 . 

^2 , 

1 

V2 


which accordingly are the equations of the tangent plane. The guiding lines, 
in ' this form of equation, are the tangents to the parametric curves 
through 0 . 

Any direction lying in this plane is given by direction-cosines 
I = \xi -I- pT2 , in = \yi + py2 , n = , A' = + pv^ , 

where 

E\^ + 2FXp + = 1 

Any point in this tangent plane is 


x — x = rxi + tx2, y — y — ryi -h ty^, z — z = rzi -h tz2, v-v = rvi -1- ii'2, 

where r and t are parameters in the plane , and the point can be reached in 
the plane by measuring a length rE^ along the tangent to 5 = constant, a 
length tG^ along the tangent to p= constant, and completing the parallelo- 
gram of which these two lengths are adjacent sides 

When the surface is given as the amplitude common to the two regions 
0 (x, y, z, u) = 0 and <1^ {x, y, z, v) = 0, we have 0 = 0 and = 0 as identities 
when the parametric values of x, y, z, v, are substituted. Hence 


V = 0 ^ — a'a — 0 — 0 ^ ^ Ta — 0 ■ 


and therefore 


S (I’jJi + txz) = 0, S (rxi + txi) = 0. 


Consequently the coordinates of every point in the tangent plane at the 
point X, y, z, v, satisfy the two equations 



362 


PLANE ORTHOGONAL TO A SURFACE 


[CH. XII 


These equation^ are, in fact, the equations of the tangent plane ; and they 
represent the tangent plane as the intersection of the two flats which 
respectively are tangential to the two regions 0 = 0 and <I> = 0 defining the 
surface. 

The plane through the point 0, orthogonal to the tangent plane to the 
surface, has for its equations 

S (5 — ic) = 0, S (5 — flj) = 0, 

(§67) when its orthogonality to the tangent plane is to be in evidence in 
relation to the equations 

= 0 ; 


and it has 


x — x. 

y-y> 

Z-2, 

v — v 

, 

Ui . 

Zl , 

Vi 

X2 , 

Vi > 

^2 , 

V2 

iC Xf 

y-y. 

Z-Z, 

v — v 

00 

ae 

00 

00 

dx ’ 

dy ■ 

~dz * 

dv 

0^ 

a4» 

0^ 

d^ 

dx ' 

dy ’ 

dz ' 

dv 


= 0 , 


for an equivalent form of equations. • (See also § 217.) The latter form 
shews that any direction, with direction-cosines 

, d® 

dz ’ 

is perpendicular to the tangent plane. 


^ 00 0^ ^ 
dx^ ^ dx ' dy ^ * 


00 0‘1> 
0 U ^ 0 V * 


Ex. Later, we shall I’equire a direction, which lies in the tangent plane and is perpen- 
dicular to a direction a/, y\ i/, in that plane, where 

= .'Cl p' -I- X 2 q\ y ' = y 1 p' + y-L y', + ^2 y', v' = ip' -h q'. 

Let it be denoted by X, /i, Vj k, where 

\=XiP' + X2Q, tl=yiP'+y2Qfj V=ZiP'‘\’Z2Q\ K=ViP' + V2Q^. 

The condition of perpendicularity of the two directions is 


that 18 , 
Hence 


EpT'-^F(p'Q'+q'P') + Gq'Q' = 0. 

_P'_ ^ _SL 1 

-(/?>' -hCfV) Ep’->fF(i 


using to express the common value. But 

EP'^-\-2FP'Q^ + OQ'^==\; 


and therefore 

/i* = ^ {Fp’ -1- Gqy - 2F (Ep' -H Fgf) {Fp' Gq') G (Ep^ -H Fq')^ 
- {EG - F^) {Ep'^ + 2/>?Y -I- Oq'^) = F2, 

^ 3 that we may take 
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Hence the required direction in the tangent plane, perpendicular to thc^direction p' and q\ 
la given by 

{x^F—XyOy 
{2/2E-yiF)-\-q' {i/^F-i/jO) 

Vv^p' (z^E^ ZiF) + q' ( z 2F- ZiG) 

Vk-p' {v^E-VYF)+q' (v2F-ViO)^ 


Normal plane, and normal section, through a direction. 

210. Although, at any point in a plane, there is no unique direction 
perpendicular to the plane, (for the locus of the perpendicular directions 
through such a point is the orthogonal plane), there is a unique perpendicular 
from an external point to a plane. It is the minimum distance of the 
external point from the plane; it also is the one line which, among all those 
in a direction perpendicular to the plane, actually intersects the plane. We 
proceed to obtain this perpendicular on the tangent plane. 

' Let Q be a point rj, f, v, on the surface in the near vicinity of 0. From 
Q let the perpendicular be drawn to the tangent plane at 0, this perpen- 
dicular^ being of length D and having direction-cosines I, m, n, k, measured 
from X, F, Z, V, its foot in the plane, towards Q. Thus 

f — X = ID, — F = inD, ^ — Z — iiD, u — F = kD. 

As the point X, F, Z, V, lies in the tangent plane at 0, there are parameters 
\ and p. such that 

X — x — \xx-^ F — y = \^i + fty2i Z— j = V — v + 

and, in connection with the perpendicular from Q, the particular values of \ 
and p are determined so that the quantity 

=2(f-X)*, =^(^-x-\xx-pa:2f, 

is a minimum for all values of X and p. The conditions, necessary and 
sufficient to secure the minimum, are 


0Z)2 _ . 022)2 

d\ dfi, ~ ^ 


3*Z)» - 

— > 0 , 




The last three of these equations become 


3»i)» 0^ _ /0*i)*\» 

0\* V V0\0/*j 


^>0, G>0, EG-F^>0, 

all of which are satisfied. The first two of the conditions become 


—^1 (f “ ^ = 0, (f — X — Xj?! — px^ = 0, 

which are two equations for the specific determination of X and p. 
These two equations can be written in the form 

2®i(f-Z) = 0. &r2(f-Z) = 0, 


Srcji = 0, 2iC2^“0, 


and therefore 
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with the further (inference that, whatever be the tangential direction x, y\ v\ 
Itxl — 2 (xip' + x^q) I = 0 . 

Thus the direction of the perpendicular from Q on the tangent plane is (as 
always with the perpendicular to a plane) at right angles to every direction 
in that plane. 

Take the plane through 0, rendered determinate by this direction I, ?n, n, k, 
and by the tangent x\ y\ v\ as guiding lines ; its equations are 
x-x, y-y, z — z, v-v ‘ =0, 

1 

If ??i. , 71 , k 

while those of the tangent plane are 

I y-y, z-z, r-'y '|=0. 

I •'«i . 2/1 . z\ . vi 

' ^2 , 3/2 . ^2 » V2 

The two planes are not orthogonal to one another, but they are perpendiculai 
for, with the notation used in § 99, we have 

cos ^13 = cos ^14 = "I" 

cos ^23 = 0 cos 02 i = 0 

so that the relation 

cos ^13 cos ^24 — cos ^14 COS 023=0 

is satisfied, while not all the four cosines vanish. Accordingly, we call this 
plane through QO and the tangent, a normal plane : and its curve of section 
on the surface we call a normal section of the surface. Moreover, the tangent 
plane and the normal plane both contain the tangent to the normal section, 
Avhich therefore is a line of intersection of the planes ; consequently both 
planes exist in one and the same flat, and the equation of the flat is 
x — x, y — y, z —z, v — v =0 

. yi , , ^'1 

^2 I y2 I ^2 J 'f^'2 

I , m , 71 , k 

Perpendicular from a neighbouring point upon the tangent plane ; 
curvature of normal section. 

211. Again, the two equations for the determination of \ and p can be 
taken in the form 

{SiBi E\-Fti= 0, {Sa;, (f - a:)} - - G/i = 0 ; 

and therefore \ and are determinable in the form 

= 2 {(G®i - Fa^) (f - *)}, F V = 2 {(- Fxj_ + Exi) (f - «)).. 

This appears also from the fact that the line x\ y\ z\ v', lies in both planes, so that they 
cannot be orthogonal. 
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Now let fi denote the arc- distance OQ measured in the surface along the 
normal section through 0 and Q ; we have 

// f/f 

where the quantities x\ y\ z'\ v\ ... are magnitudes belonging to the 
curve of normal section. Wc have 

X* = x^p' + X 2 q\ y' = yip' + y 2 q', z' ^ Zip + Zi q', v = Vip + I'a q ; 
hence 

2 [{Gxi — Fx^ x] = V^p\ 2 1(— Fxi + Ex^ x*\ = V^q, 
ancl therefore 

- P'S = ^ y ^ S {( Gx^ - Fx ,) ^"1 + g S (( Gx, - Fx,) x"'} + .... 

M - ^ 7* - + 6 *"'1 + - ■ 

Along any curve lying in the surface, 

x" = * 1 ^)" + xt(/' + * 11 ^® + ixitp’q' + 
with corresponding expressions for y", z" , v " ; hence 
lx^x"= Ep"+Fq"+ ap'^ + 2apq + a'V/® 

= F(p"+ rp’^+2rp’q + r'v*) + F{q"+ Ap'®+ 2 A>y+ a'V*). 
^x^x" = F{p"+ Tp'® + 27/5' + r"5'®) + (?(?"+ A/®+ 2A'/g' + A"/*), 
and therefore 

2 (( Gxi - F.vt) x"} = ip" + r/® + 2rp'f/ + r'f/®) 7®, 

2 |(- Fx^ + Ex^) x''] = ( 5 " + Ap'® + 2 A'p'r/ + A"?'*) 7®. 

on substitution and reduction. Thus the expressions fur \ and p become 

^=P'« + |(p" + rp'* + 2r'pY + r'?'*)S® + g ^,21( +...j 

M = 9'8 + ^ (q" + Ap'® + 2A'p'(/ + A"!/-®) S® + ^ 2 {(- Fx^ + Ex^) x'"] + . . . j 

With these values, we have 
^ — X = ^ — x — X:i;i — pxi . 

= xh + + . . . — (\a;i + px^ 

= i 8* {x^' - 071 ( p" + Tp^ + 2r> g' + r g'*) 

- 07a iq' + + 2^'pq' + A'g'*)} + . . . 

= ^ 8® {(o7ii — a:i r — 072 A) y* + 2 (o7ia — oJiF' — x^ A') pq' 

+ {x^^-x^^"-x^A") 9'*} + ..., 
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where the unspecified terms involve third and higher powers of Also 
we have _ 

and so for the other variables. Hence, for sufficiently small values of S that 
allow powers of S higher than the second to be regarded as negligible 
compared with S, we have 
97 ) 

-jy I a- (aju - a;i r - + 2 (a?ia - a*i F — aJa A') p'q* + (aJaa — XiV - a;j A") 9'®, 

with similar expressions for m, n, k, thus giving expressions for the direction- 
cosines Z, m, n, kf of the perpendicular from Q on the tangent plane at 0 . 
Also, for X, F, Z, V, the foot of this perpendicular (say the point N) on the 
plane, we have _ _ 

Z-a; = f-a;-(f-Z) 

and similarly for Y ^y, Z — z, V—v\ hence, taking x\ y\ z\ v\ to be the 
tangent in the normal section, we have 

ON = projection of OQ on the tangent 

= % (X — x) X 

= 2((f-a;)a;')--^2Za;' 

= 2 ®' + I ^''S* + 1 + . . .) 

= a+|2a;V"+..., 

the unspecified powers of 8 being of order higher than the third. We denote 
ON by T, so that, up to the second order of small quantities inclusive, 

Now in this plane curve of normal section through 0 and Q, the length QN 
is perpendicular to the tangent at 0 ; and therefore, if p be the radius of 
circular curvature of the normal section of the surface, 

And we now have 
7 

- * (aiii — £Ci r — a;2 A) p'* + 2 (aju — a^iF — x^ A') p'q + (0:22 — Xi F" — a;2 A") 9'® 

- = (yii - yir - y, A) p* + 2 (y,, - yiF - yt^'Yp'q' + (y,, - yiF' - y, A") 5'* 

P 

n h 

- =(^11 - ^ir-2:2A)p'® + 2 (^i 2 - 2 :iF -^2 A')pY + (^22 - ^2 A") 9'* 

p 

- = (vii - ViF - 1/2 A) p'® + 2 (i;i2 - ViF' - ^2 A')p'9 -I- (^22 — 'WiF" - 1/2 A") 9'® 
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which, accordingly, give the direcbion-cosines I, wi, n, k, of the perpendicular 
from a point Q, near to 0, upon the tangent plane at 0, while p' and <][ give 
the direction at 0 of the tangent in the normal plane, which passes through 
0 and contains the perpendicular from Q on the tangent plane at 0 . 

212 The direction-cosines of this perpendicular to the tangent plane, 
which (as being unique) may be called the normal associated with the 
direction p and may also be obtained from a definition that the normal is 
the line which, being perpendicular to every direction in the plane, actually 
meets the plane. Their determination is as follows. 

The condition that a line through 97, (f, v, with the equations 

5 ; — — v — v 

L m n k 

shall meet the plane 


-X, 


z-z. 

v — v 

■ = o 


yi 1 




X2 , 


^2 , 

Vi 



is the relation 

1 3 f-a;, Xi, a' 2 | = 0 , 

wi, yif 2/2 

n, f-z, ^1, za 
' k , u — u, vi , Va 

briefly represented by 

-I- -h 71'^^ -h ^’X = 0. 

Further, if the line be perpendicular to every direction in the tangent plane, 
we have 

lxi + myi -I- nzi -I- kvi = 0, 

1x2 + 771^2 + nZ2 + kv2 = 0 . 

Hence there are three homogeneous linear relations satisfied by 1 , 771, 71, k ; and 
thus there is some quantity H such that 




X 

yi. 


Vl 

y2. 


Vi 


with corresponding values for Hm, Hn, Hk. 

Now 0 , 4 >, X, are linear m f — a;, 77 — y, ? — v — v. Hence, in HI, the 
coefficient of f — a; is 

= - («1«* - viZty -{yiVt - Viy,)* - (yi«, - Ziy,)* 

- - Kj/i* + « i* + »i*) (y** + + «'»*) " ( 3 /iy* + 

= — Oxi^ — 2FxiX2 + Ex2^ , 
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the coefficient oi 7 ) — y 

= - (vi^z - yiVz) (ViiPz - - ^i^a) 

= Gx^yi - F{xiy 2 + y^x^) + Ex^y ^ ; 
the coefficient of ^ — z, similarly, 

= GxxZx — F {xiz^ + zxx^ + Ex^zi ; 
and the coefficient of w — w, similarly, 

= Gxx Vx — F (xx v% + Vxx^ + Ex^ V 2 . 

Hence 

HI = — (f ” ^) + ( “ Fx^ %xx (f — ®) + (— Fxx + Ex^ Sa?2 (f “ ^)' 

But 

f - a; = s {xxl/ + X^q) + ^ (®iip ® + "^JOxipq + acz 2 q^) + ■ ■ ■ , 
with similar expressions for 97 — y, ^—z^ v^v; consequently 

S«i (^-x)=S {Ep + Fq') + I (ap^ + 2a pq + a"q^) + . . . , 

Sa;, (f - *) = 8 {Fp' + Gq) + i 8* Op'* + 2 / 9 'p'g' + / 3 "g'*) + . . . , 
and therefore 

(Gxx — Fxz) Ixx (^ — x) + (— Fxx + EX2) ^x^ (f — x) 

= BV^ (xxp' + a: 2 q') 

+ ^ 8*F* K^iF + x^A) p'* + 2 OiF n- xtA') p'j' + (a:,r' + x^A") + . . ., 

after reduction. Thus 

= — 1 8® V’* {(oJii — a’l r — a?a + 2 (iCja — a^i T' — x^A') pq 

+ (^22 “ — .Ta ZX") r/2j + . . . , 

with corresponding expressions for Hni, Hn, Hk. 

As, for the moment, our sole concern is with the ratios I • m \ n \ k, of the 
direction-cosines of the normal, it appears that the values of the ratios, which 
have just been obtained, agree with the values obtained in the earlier investi- 
gation. 

Direction-cosines of the normal associated with a surface-direction ■ 
secondary quantities a, b, c, f, g, h. 

213 . It will be convenient to use abbreviations for quantities that occur 
in these expressions for I, m,n,k, and there are certain combinations of these 
quantities which frequently recur. We write 

f 11 = ®ii — r — ®2 f 12 = ^'12 — ®i A', f 22 = X22 — sRx T'* — X2 A" 

Vii = 2/11 “ 2/1 ^ ” 2/2 V12 = 2 /ia “ yi — yz A\ 7722 = 2/22 — 2/1 ^ ' ” 2 /a A!' 

fii = ^11 — — Z 2 Aj fi 2 = ^12 — — 2^2 A', fijz “ ^22 “ ” ^ 2 'A^^ 

^ vii = Vx\ — VxT — W2 A, i;i 2 = Vx 2 — ViF' — V 2 A\ 1/22 = V22 - t'lF" - 1/2 A" . 
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It is easy to verify the relations 

fii = 0, ' 2 x 2 f ii = 0, 

S®! f 12 = 0, Xx2 f 12 = 0, 

Sa?i f 22 = ^^2 ?22 = Oj 

and thus incidentally to verify the former relations 

2lxi = 0, 21x2 = 0. 

Next, we introduce quantities a, b, c, f, g, h, according to the definitions 
a = Sfii» = 2 xn^ - (E, F, A)* 
b = 2fi2* =W -{E,F,Glir\Ay 
c = 2u =W -(E,FGir\^y 
f = 2 fi 2 f 22 = 2 ^ 12^22 - (E, F, G$r, d") ^ ’ 

g = 2^11^22 = Sa^iiarja — (E, F, GJP', A) 

h = Sfiifi2 = 2^1^12 - {E, F. Gl^r, Ajr. A') 

and we write 

g + 2b = 3k. 

Thus there are six magnitudes, manifestly secondary as involving second 
derivatives of the point-variables in parametric form . they are independent 
of direction through the point, and they appertain to the whole surface at 
the point. The direction-cosines of the perpendicular upon the tangent plane 
at 0 from a neighbouring point Q are now given by 

- = flip'* + ^vip'q + fs 23 '* 

p 

= IJllP'* + StJhpY + ’722?'* 

^ y. 

- = + ^^upq + ?229'® 

p 

^ = Viip^ + 2vizpq + Vizq'^ 

When these four equations are squared and added, we obtain a first expression 
giving the magnitude of the radius of circular curvature p of the normal 
section of the surface : and 771, 71, k, are the direction-cosines of this radius 
of curvature. The expression is 

i = ap'* + 4hp'*?' + (2g + 4b) p'> q* + 4fp'3'* + c?'* = (a, h, k, f, cj p', q')*. 

Note may be taken of a divergence in the properties of a surface, according 
as it lies in triple space or in quadruple space. In triple space, the direction 
of the radius of curvature is the same for all normal sections of the surface 
through the point. In quadruple space, the direction of the radius o^ 
curvature of normal sections of a surface varies from section to section. 


F.G. 


24 
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All these direc(;ions in quadruple space lie in the plane through the point 
orthogonal to the tangent plane; for any one of the directions determines the 
line 


lying in the plane 


a; — — — — t; 

I m n k 

S (il/ ■“ iK) iCj “ 0| S ““ tV2 “ 0| 


which is the plane orthogonal to the tangent plane. 


Fundamental relation among the secondary quaritities. 

214. We return to the consideration of the quantities Vijy for 

i, = 1, 2. Let the determinants 

flit ^11, 5ii, uii 
fl2i Vl2f ^12 i 1^12 

^22 1 ^22i ?22i 1^22 

be denoted by Df, respectively. From the equations 

XiCi f u = 0, 2®i fi2 = 0, Sa?i f 22 = 0, 

we have 


and from the equations 

?11 = Of 2®2 fl2 = 0, 2a'2 f 22 = 0, 

we have 


-* = ^=y^- 

Djf 1)^ Dy 

Now Xj 2/, <2. ^3 the coordinates of a general point on the surface, are functions 
of the two parameters p and q, so that not all the relations 


«ii yi3 vi 11 = 0 

^'2» y^M ^23 **^2 II 

can be satisfied , and therefore we must have 


Consequently 
that is, 


or 


Df = 0, D^ = 0, /)f = 0, l)y = 0. 

= 0, 




— f Ilf 22 

^fllfl2j 


2^12^22 

Sfllf22» 


2f22* 

1 

a> h, g 1 

= 0. 


h, b, f 
g. f> c 



214] BETWEEN THE SECONDARY QUANTITIES 371 


This relation is fundamental. It can be written in any of the^ three ways 
(ab - h*) (ac - g*) = (gh - af )* 

(be - f *) (ba - h*) = (hf - bg)*, 

(ca - g*)(cb - f*) = (fg - ch)2, 

three relations each of which is equivalent to the determinantal form of 
relation. 

Again, the vanishing of the four determinants can be 

expressed in the form 


fll. 

^11 1 

fll. 

Vii 

»0 

fl2, 

^12 1 

Kvit 

Vi2 


f22. 

^22 1 

^22 1 

Vz2 



Consequently, there are quantities e and o), such that 

fl2 = efli + 0)^22 , 

7/12 = e77ii+ &)7722 i 


Ui2 = eUii + G)1»22 ■ 

Let these equations be multiplied by fn, t/u, fu, nn, and the results be 
added; by fu, *^i2i and the results be added; and by ^22, 7 ; 22 , ^22, t»22, 

and the results be added : then the successive relations 

h = ea + &)g, 

b = eh + euf , 
f =eg + ti)C, 

are simultaneously satisfied in virtue of the determinantal relation. 

By means of these relations, we find 

h = ea + ayg 

f = eg + (wc , 

b = e*a + 2ea)g + ; 

and therefore 

ab — h* = (ac - g®), be — f * = e* (ac — g*), f h - bg = (ac - g®), 

gh - af = - Qj (ac - g®), fg - ch = - e (ac - g*). 

In defining the magnitudes 

(be — f®)*, (ca - g*)*, (ab — h*)*, 

we assign a positive sign to each of the radicals. Consequently, we have 
(ab - h*)* (ac - g*)i = - (gh - af ) 

(be - f *)* (ba - h*)i = + (fh - bg) ^ • 

(ca - g 2 )i (cb - f = - (fg - ch) 

which are three equivalent forms of the fundamental relation connecting^ 
a, b, c, f, g, h. They will frequently recur. 


24—2 
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Later (§ 23 ^), wc shall write 

E = F(ab - h*)*, S = 7 (ca - g*)*, T = F(bo - f*)* 

being magnitudes of the second order ; and we infer 

RS = 72 (af - gh), Tie = - 7® (bg - fh), ST = 7» (ch - fg). 

Also, we have 

iSh = Ta + ieg^ 

Sb = Th + ief 
St = Tg-^Rc 

relations which are required subsequently. 


Secondary magnitudes Z, M, N. 

215 . The equations giving the direction-cosines of the radius of curvature 
of the normal section are 

- = H" 

— = + ’722 
P 

- = £ 11 /)'* + 2|^i2/)V + 
k 

- == Vnp*^ + 2vi2p'q' -h 1^220 * 

P 

In connection with these expressions, we introduce new magnitudes Z, M, iV', 
according to the definitions 

Z = + Turfii + ?i£ii kvii = Ixii -H viyii -I- 712^11 + 

M = 1^12 + 7mji2 + w£i2 + A;ui 2 ■■ ^a?i2 + myi2 + nz^ + A;i;i2 !* . 

N = 1^22 + W’?22 + W?22 + kv 22 = 1^22 + ^ 1^22 + ^^22 + ^22 ) 

Then, multiplying the above equations by Xu, yn, Zu, Vn, and adding: by 
^12 1 yi2i ^i2> Vi2i and adding: and by ^^22, ^221 <^221 ^221 Q-^id adding: we obtain 
successively 

- = an'* + 2 hn'o' + go'* 

P 

M 

— = hp'* + 2 hpq' H- fq^ i ; 

^ = g/*+ 2 tp'q'+eq'* ^ 

and, multiplying by I, m, n, k, and adding, we obtain 
^ = Lp'* + 2 Mp'q’ + Nq'*. 

^he Bubatitution, in the last equation, of the values just obtained for t, M, N 
leads to the expression for 1 /p* given in § 213 . 
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Meusniers theorem : circular curvature of a curve on tUe surface. 

216. Any number of curves on the surface can be drawn through the 
point 0 touching the same tangent line at 0 as the foregoing normal 
section : and each curve will have its own osculating plane. For any one such 
curve, let be the inclination of its osculating plane to the foregoing normal 
plane, being estimated as in § 90 because the two planes intersect in the 
tangent line ; and let po be its radius of circular curvature of the curve at 0, 
so that the direction-cosines of that radius are Po2/'^ Pqz", p^v” Then 


But 

and 


cos p^ = i . poy" -H n . p^z*' + k . pov” 

= ppo ia? - . 

= xip*' + '^Xupq' + X22q '^ ; 

^xil = 0 , 


= 0 , 

Xxii ^ = ap'* 2hpq' + 

I.X 12 ^ = hp'^ + 2hp'q' + fg'*, 

1 x 22 ^ = gp'* + 2f pq' + cq'^ 

so that 

lx"- = ap'* + 4hp'»o' + (2g + 4b) i/'g'* + 4f/g'* + eg'* 
P 

~P^' 

Consequently, 

po 

cos p^ = — , 


po p’ 

which is Meusnier’s theorem, pertaining to sections of a surface in triple space, 
and thus pertaining to sections of a surface in quadruple space. 

This relation, however, gives only one equation towards the determination 
of Po and p^. To obtain a second relation to this. end, let 


^(p, g) = 0 

be an equation giving the curve on the surface, so that 6 is to be regarded as 
a known function. Along the curve, we have 
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SO that 


where 

Again, along the curve 


e:=-L= 1 

Bt -di ©*’ 

- + 2dvtp'q + ^2»g'*) 


= - 4 - 2^12 ^2 <?1 + ^22<?1*) = - 4 


say : while always, on the surface, 

^(i:p'* + 2W+G9'*) = 0, 

that is, 

{Ey' + Fq')p" + {Fp' + Gq')^' 

p' {E^p'^ + 2^ipV + Gig'») - q’ iE^p'^ + 2F^p'q' + G^q'^) 

{Ep' + Fq') A - (Fp' + Gq) B, 

where 

A = rp'* + 2rpq' + V'q'^ = 4 (r^2* - + r’e^*), 

B = V* + 2 A>Y + AV * 4 - 2^'^* 

From this last eijuation, we have 

p’'+A q" + B 

Fp^+ Gq - (Ep’ + Fq') ® ’ 
and then, substituting in 0 {p 'Oi + ^"^ 2 ) = — we find 
S@i = ^ 2 * - 2^12 02 01 + 022 0^ - 01 iT02^ - 2r02 01 + r'0i^) 

- 02 (A02^ - 2t^0201 + A"<9i2) 

= (^11 — r * — 02 0 ^ — 2 (^ 12 "" — 02 02 + (^ 22 — 01 “ 02 0"^' 


Now we have, identically, 

(^11 - ?ii) P'* + 2 {xiz - fiz) pq + (aJaz - f22) q'^ = a;i A + aJa-O. 

so that 

^iiP^ + 2xi2pq'+ X22q'^ = - H- a^i A + a72-B. 

Hence 

xip” + a;z 5 "+ Xup'^ + 2 xi 2 pq' + 3 : 22 ?'® = " + ip" + A) + aja (q" + B\ 
and therefore 


= S (xip'" + ^ag" + xup'^ + 2xi2pq + 

Pq 

= 2 j- + *1 ip" + ^) + iq" + B) 

\P 


2 
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But = 0, 11x2 = and therefore 

A - i ^ ( p" + ^ )* + 2 ^’ ( p" + ^ ) (? " + fi) + e ( ?' ' + S)* 

Po P 

= 

Consequently, as 

cos X _ 1 

we have 


Po ^ 

^ y (^11 - r- ^2 A) a;) ^ei±^22-0ir'^2^") 

{Ee2^-2Fe2e^ + Ge\^f 


which thus is a second relation connecting x Poi hand 

with the equation of the curve, on the other hand with the magnitudes of 
the surface. 

Later (§ 223), the expression on the right-hand side will be identified 
with the geodesic curvature of the curve ^ (/) = 0. 

Note. IVIcusnier’s theorem holds for surfaces in ?i-fold space, a surface 
being an amplitude of two dimensions. 


Geodesics on a surface . fundamental property. 

217. Among the organic curves of a surface, geodesics arc of prime 
importance. Their rudiincntary properties will be obtained at once, as 
ancillary to the establishment of the curvature properties of the surface. 

As usual, a geodesic is defined to be the curve of shortest distance, 
measured in the surface between two points. We are mainly concerned with 
the current properties of the curve along its course, and are less concerned 
with the relative positions of conjugate positions on the curve determining 
a (Jacobi) range within which it possesses the minimum property. The curve 
satisfies the (Legendre) condition of providing a minimum and not merely 
a stationary value ; it satisfies also the (Weierstrass) condition of providing 
a minimum for strong variations as well as for weak variations. Moreover, as 
an inference from the analysis, it follows that, instead of being required to be 
a superficial arc joining two assigned points, the curve is uniquely defined in 
position and range on the surface by the assignment of an initial point and 
of a direction through that point. 

We deal, first, with geodesics upon a surface when the equations of the 
surfacb are given by means of equations 

® (x, y, z, w) = 0, ^ {x, y. z, v) = 0. 
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Along the unknown geodesic curve, we take a current variable t \ the element 
of arc ds is given by the usual form ; and therefore the property, by which a 
geodesic is defined, requires that the integral 





shall be a minimum, the variables x, y, z, v, being subject to the two 
permanent relations © = 0, ^ = 0. The characteristic equations *, which 
specify the nature of the curve, though without regard to its range and 
without prejudice to the other testa, are four in number, each of the type 


d (dU\ _ . ^ 
dt \9a;f/ ^ dx^ dx' 


where x^ denotes 


dx 

dt 


, while \t and /ij are multipliers that are not explicitly 


determinate at this stage. Now 

dU xt dx 

dxt (xt^ + 1/t* + zt^ H- Vj*)* ds * 

and 

d /dU\ _ d^x ds 
dt ds^ dt ' 


If then we write \t 
curve are 


ds ds ^ 

= X ^ , fit = /i , the four characteristic equations of the 


* = X— +/a — 


, ^ 30 , 3«I» 

9y ’ 


30 


3fl> 

dz‘ 


^ 30 , 34) 

3v 3« ■ 


3 *’ ^ 

But the direction -cosines of the principal normal to the curve are px \ py\ 
p^\ pv where p is its radius of circular curvature : the quantities, such 


as ^ ^ ^ proportional to the direction-cosines of some direction in 

the plane orthogonal to the tangent plane ; and therefore the radius of 
circular curvature at any point of the geodesic lies in the plane orthogonal 
to the surface. Its direction, m that plane, has to be made specific. 

Next, let f, 77, f, V, be a point on the curve, in the near vicinity of the 
point a;, y, z, v, at which the tangent plane to the surface is represented by 
the equations 


2(Z-a?)0* = O, 2(X-a;)^* = 0; 

and let the perpendicular, of length Q and with direction-cosines Z, m, n, k, 
be drawn from f, 77, u, upon .this plane. Then, as in § 211, if J, P, Z, V, be 
the foot of this perpendicular, the quantity 

is less for this point than for any other point in the plane, and thus acquires 


See my Calculus of Variations, § 261. 
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a minimum value for the range of values of X, Y, Z, V, whi^h are subject to 
the two relations 2 (X — 0* = 0 and 2 (X — £c) = 0. Hence 

0®x + = ^ — X = IQ, 

O^y + = 77 - F » mQ, 

d^y + <f>^y = V— V= kQ, 

where 6 and 0 are new multipliers for the minimum length of the per- 
pendicular. a quest different from the determination of the shortest length 
along the surface. Now 

and similarly for — F, f u — F ; hence 

2(f-X) 0,= 2(f-a;) 0,-2(X-:r)©, = 2(f-ir)0*, 
2(f-X)cI>, = 2(f-^)4>,-2(J-^)<I>x = S(f-®)cI>,. 
and therefore 

S (f - ^) 0* = ^20,2 + 

2 (f - ic) 4>* = ^20x^x + 02cDx2 ) ■ 

Let S denote the arc-length along the curve in the surface from x, y, z, v, to 
fi V» ?i ^1 so that 8 is a small quantity because the point f, rj, f, v, is taken in 
the near vicinity of the point x, y,z^v\ then 

/r" -r''' 

f =a: + a;'S + |-,S' + |-, «> + 

// /// 

+ + ^ 82 + ^, 83+..., 

2 ^ 3 ' 

f = z + z 5 + ?- 8=* -h .. , 

•! Ill 

i; = tJ + v'8 + — 8* + g I 8® + . . , . 


As the direction of the tangent lies in the tangent plane, we have 


hence 


2a;'0* = O. lx^x = 0; 

2 (f - ®) 0x = iS*2.>c"0x + 0x + . . . , 


2 (f - a;) -h . . . , 

and therefore 

^20*2 + 0 20x*I>x = i S22a;''0x + i Ptx'"ex + . . .| 

^20*<I>x+ =i8*2^"cD^-l-iS"2a;'"^x+--.J 

These equations are connected with the perpendicular drawn from a point Q 
on the surface to the tangent plane at x, y, z, v, this point Q being taken 
along the geodesic. 
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But, from thf. equations of the geodesic which are 
we have 

2a;"©a, = \S@*® + 

Consequently, when we take B to be very small so that the point Q is in the 
immediate vicinity of the point 0 and powers S®, S^ . . . can be neglected in 
comparison with S®, we have 

0 = iS^\ 0 = iSV 

Thus 

= ^(00x + <#>4>»). 


ifiV' = ^0* + (#.4>x = f - X = «Q ; 
and similarly _ 

iSY=v-y=mQ, 

iS^z" = ^-Z = 7iQ, 
iBh" = v-V=kQ. 

From these equations, several mferencqp follow. 

The foot of the perpendicular on thc^tangent plane drawn from f, t;, f, v, 
IS Z, F, Z. F. Now 

Z = f-pV' 

= x + x'S-^ix'"B^ + ..., 

and similarly for F, V; hence, to the second order inclusive, 

X-x = x'B, Z^z = z'8, V-v = v'B. 

Thus the projection of the chord OQ upon the tangent plane has the direction- 
cosines of the tangent line at 0; and the length of the projection of that 
chord is equal, save as to small quantities of the third and higher powers 
of 5, to the length of the arc B. 

Next, the direction -cosines of the perpendicular, being m, n, k, are pro- 
portional to x'\ y", z*\ u": that is, the said perpendicular and the radius of 
circular curvature of the geodesic are in the same direction. Denoting this 
radius of circular curvature by p, we have 

6* = 2Qp; 

and therefore, in the immediate vicinity of 0, the geodesic coincides with a 
section of the surface, by a normal plane through the tangent to the curve 
at the point and through the perpendicular from a consecutive point pn the 
c^rve drawn to the tangent plane. This normal plane is not the orthogonal 
plane; its orientation depends on the tangent to the curve 
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Note 1. It is to be noted that, as before (§ 212), whi]^ the number of 
directions through 97, perpendicular to the tangent plane is unlimited, 
there is only one direction such that a line, drawn along it, meets the plane. 

Note 2. The quantities 0 and \ and are multipliers which, initially, 
are undetermined; and their determination Avould constitute part of the 
detailed solution of the problem. They are, of course, distinct from the para- 
meters required for the general specification of a point either in the tangent 
plane or in the orthogonal plane. We leave, as an exercise, the determination 
of the significance of the quantities 0 and and their relation to the quantity 
Of in connection (§ 68) with the perpendiculars drawn from the point Q to the 
two flats which are tangential to the regions 0 = 0 and ^> = 0 respectively. 


Critical tests for geodesics, dice to Legendre, Jacobi, Weierstrass, 


218. The equations, that express the essential property of a geodesic, 
have an entirely different form when the surface is represented parametrically. 
An element of arc is then given by the expression 

ds^ = Edp^ -I- 2Fdpdq -I- Gdq\ 


As the arc is to be made geodesic, it is convenient not to take s as an inde- 
pendent current viiriable . so a variable t is introduced, and we write 


and then we have to make 



qo- 


dt' 



=J(EpQ^ -|- + GqJ)^dt 


a minimum, where E, F, G, are known functions of p and q. 

We first dispose of the three tests, other than the characteristic equation 
which IS the most important of them all. These three teats are, (i) the 
Legendre test which discriminates between maxima and minima for stationary 
values provided by the characteristic equation : (ii) the Jacobi test which 
imposes a limit (if there be a limit) upon the length of range that possesses 
the maximum or the minimum (juality : and (lii) the Weierstrass test, which 
gives the critical discrimination for strong variations. As f, the subject of 
integration, satisfies the equation 




we may apply the tests in the customary Weierstrass forms 


* See my CalculuA of Variations, chaptei ii, §§ 41-43, 55-56, 63-64, for the weak yanatiiipB: 
lb. chapter vii, § 213, for the strong variations. 
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(i) The LegQildre test, for a minimum, is satisfied. We have 

L JV 

9o“ Po^o 9po9go Po“ 9go® 

^ 7* 

(Ep^ + 2.^0 ^0 + Gq^)^ 

where the sign of the radical, being the same as the sign of the radical in 
the integral, is positive. Thus the critical quantity P is positive. So far as 
the Legendre test is concerned, a minimum is provided. 

(ii) The Jacobi test is quantitative, not qualitative. It assigns a range, 
extending from a point on the curve to another point called' the conjugate: 
and the course of integration, beginning at the first point, must certainly not 
extend beyond the conjugate for the possession (in this case) of a minimum. 
As our main concern is with the current qualitative properties of the curve, 
any discussion of the quantitative Jacobi test will be deferred until it is 
actually needed in any specific instance : the construction of the critical fuilc- 
tion in the Jacobi test depends upon a knowledge of the primitive of the 
characteristic equations or upon equivalent knowledge. 

(iii) The Weierstrass test, being the test through the Excess-Function, 
is satisfied. In the present instance, this Excess-Function is 

ffi = (AV + 2F\,l + - fx 5 ^ + ^ (A> 0 * + 2Fpoqo + Cfgo®)*; 

\ opo oqo/ 

here \ and ^ are arbitrary values of and ^oi which represent an arbitrary 
direction through a point on the curve, coinciding with the tangent to the 
curve only when \ =po and fi = qo. But 

E\po + P (A,^o + ppo) + Gfiqo I 

{E\’‘ + 2F\p+ (Ei)o’‘ + 2Fj)oqo + G^' 

= (E\*+2F\p+G/ji*)i(l — cos yjr)f 

where y/r is the inclination of the arbitrary direction at the point to the 
tangent to the curve. When there is any variation off the curve, ylr is not 
zero : the radical is positive : thus (S is positive So far as the Weierstrass 
test is concerned, a minimum is provided. 

There remain the characteristic equations. 


® = (EX^ + 2F\p -h Gp^)* ] 1 - 


Characteristic equations of geodesics in paraineti'ic form. 
219. The characteristic equations, which must be satisfied if 

J/di, = ^{Ep^-\’2FpQqQ-\-Gq^)^dt 

is to possess a minimum, now that the other tests are met, are 


dt \9»o/ ' dt \0go/ 9(7 



3»1 
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in general : in the present instance, they are 


^ f EpQ + Fq^ ] _ 1 E\p^ + ^i^fo* 

dt ^ + 2 J^o 7 o + 

d I FpQ + Oqo ) _ 1 E^p^ + 2^2/^090 + 

dt t(i5^po® + 2FpQqQ + Gq^)V 2 i^Ep^ + 2^po</o + Gq^)^ 


The two equations are easily proved to be equivalent to a single equation, 

through the identity ^ =/: this single equation ultimately being 

explicitly free from the unessential variable t. But it is convenient to retain 
the two equations simultaneously. 

Returning to the quantities p' and q, equal to ^ and — , because the 

arc is the convenient variable now that the characteristic equations have been 
formed, we have 


dt 


Ep^ + Fq^ 


[{EpQ^ + 2^po(/o + Gq^y 
and so the hrst e([uation becomes 




iEp'+ Fq') = i {E,p'* + 2/’,pY+ ( J)"' . 

Hence 


£p"+ Fq"+p' (E^p'+E^^) + {F^p'+F^q') = \ (Eip'^ + 2F^p'q'+ Giq-'), 

and therefore 

^5"+ ap'2 2a>Y+ a '^'2 = 0, 

introducing the derived (juantities defined in § 207. Similarly, the second 
equation becomes 

Fp" + Gq"-^ /3p'2 + 2/3 'pY+ ff'q'^ = 0. 

When the two equations are resolved for p" and q", they yield the two 
equivalent equations 

p" + rp'2 + 2r>Y + r "r/“ * oi 

q" + Z\p'a + 2 Ay 9 ' + A" 9'2 = OJ * 

which accordingly are the equations of a geodesic curve upon a surface in 
what may be regarded as their canonical form. 

Ex. Verify thal; these two equations are equivalent to a single equation only, in virtue 
of the identical relation 

i?p'* + 2/^pV + 0'3'2=l^ 

arising out of the definition of an arc-element ; and shew that, if 9 be taken as a dependent 
variable and p os the independent variable, the single equation characteristic of a geodesic 
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One important inference from the theory of differential equations may be 
stated here. The primitive of the two equations, expressing p and q as 
functions oi involves four arbitrary constants. As t does not occur explicitly 
in the differeutial equation, one of these occurs in an expression wherever 
t occurs explicitly in the primitive. The other three are determinable 
uniquely by assigned values of p and q for an assigned value of t, (that is, an 

assigned point on the surface) and by the assigned value of ^ for that value 

of t, (that is, an assigned direction in the surface through that point). In 
other words, a geodesic is uniquely determinate* by the assignment of a 
point on its course and of its direction at that point. 


Ex. 1. Conaider the geodesics ou the cylindro-cylindrical surface given the 
equations 

z^ + v^ = c'‘^j 

where a and c are constants. 


(0 

Then 


For the parametric representation of the surface, we take 

x—acoaSj y=aam6j z^ccoatj)^ v = caui(l). 


so that 

£=a^, F=(f,.0=A 


The quantities f, F', r", A, A', A", vanish : thus the geodesic equations are 

r=o. ^ ’=0 ; 

and integrals of these arc 

aff = cos a, c<f)' = sin a, 


the two constants of the respective integrals being subject to the requirement that the 
equation 


shall be satisfied. 


The characteristic equations can be derived at once by minimising the integral 

For the primitive of the equations, two essential constants occur : and there is an 
unessential arbitrary constant, which is absorbed into the variable a The essential 
aibitrary constants are /9 and y in the integrals 

a(d — /9) = flcoao, c(0-y) = asina ; 

the substitution of these values of 6 and 0 in the expressions for x, y, z^ v, leads to the 
primitive, that is, to the general equations of geodesics on the surface. 

In the accompanying figure, the axes and the hues parallel to the axes are drawn 
as in the figure on p. 7 ; letters, indicating points, correspond in the two figures. 


^ * It is assumed, throughout, that the surface possesses no singular points and no singular 
lines within the considered range. 
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The circle in the plane XOY is the circle ,.KhK\ and the angle XOh 

is e. The circle z2+i;2 = c2 in the plane ZOV w the circle ..Lh'L\ Aid the angle LOh' 
is 0 . The point P ia acoad, aaintf, ccoa<^, cain 0 . The;circle ,.KyPK{ is the circle 
= 2 -ccoa 0 , i; = c&in 0 , that ia, lying in the plane /SAa parallel to XOY, and it 
has ita centre at h. The circle .,L\PIj\ la the circle = ^'=acosd, y = a am 6, that 


Z 



1 .S, lying in the plane dAy parallel to ZO V, and it has lis centre at A. These two circles 
XiPXj and Ly^PL{ he in the surface; at P, the two circles cut at right angles, so that 
a geodesic through P cuts all circles of the type KiK^ at the same angle a as that at which 
it cuts the circle A’lAYi and cuts all circles of the type L^L{ at the same angle W— a*as 
that at which it cuts the circle L^L^. 

(ii) We have acen (J^ 218) that, for a geodesic on a surface, the Legcndro test and the 
Weierstrass test (affecting a miiiimum, or a maximum, as the alternative may be) are 
satisfied 

The Jacobi test, quantitative as to the range along a curve satisfying the characteristic 
equations, is individual to each curve; it has therefore to be applied to the curve in 
particular, not to geodesics in general. Stated geometrically* for the present instance, the 
requirement is that the curve .shall not extend, from an initial point, up to the conjugate 
of that point; and the conjugate is determined as the next intersection of the curve by a 
consecutive curve through the initial point, when that consecutive curve is obtained by 
small variations of the arbitrary coiistants. 

For the geodesic under consideration, the integral equations may be taken iii the form 


a „ . COS a . am a 

^ = /3 + a-^^- , </, = y + 5 -— , 


where a, fi, y, are arbitrary constants We have to find the conjugate (if any) of an initial 
point. ■ 

Let the initial point be given by j = aoi (possible) conjugate by a = ai. For the 

consecutive curve, let the arbitrary constants a, i3, y, be changed to 

o + fio, i9 + y + 6 y , 


See my Calculuz of Variations, §§ 173, 174. 
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let the value of 8 at the initial point on this consecutive curve be Ao + ^aoi Aud let the value 
of « at the conjugate point (which, if there be such a point, lies on this consecutive curve) 
be «i + . As the initial point is common to the two curves, the values of 3 and the values 

of <J) at that point are the same for the two curves ; hence 

. & cos a sin a . ^ \ 

dj9 + dsp — ” *0 dfl = 0 I 

a a I 

- . sin a . cos a , . 

dy + fiao g *0 — - fia * 0 I 

As the conjugate point (if any) is common to the two curvcs,Vthc two values of 6 and the 
two values of 0 at that point are the same for the two curves , hence 

» cos a sin a . ^ 'i 

8j3+a,, — — 8a=0 I 

8y+8,/ip+,,.92p8,=oJ 

If all these equations coerist, for some non-zero change from a curve to a distinct 
consecutive curve, the existence of the conjugate point will be established The equations 
are easily seen to require, firstly, 

dai = dao, 

and secondly, either Ji — ao = 0 or da — 0- each combination precludes a distinct consecutive 
curve. 

Hence a consecutive geodesic, through an initial point, docs not intersect a first 
geodesic. There is no conjugate of an initial point. For such a geodesic, the Jacobi test 
imposes no limit on the range of an established curve 

It is to be noted that the result refers to an established curve. As* with a helix on a 
circular cylinder in homaloidal triple space, an unlimited number of geodesics can be drawn 
on the surface joining two points on the surface ; each is a minimum, and there is no limit 
to' its range. 

We leave, as an exercise, the determination of the least among all these minimuni 
values. 

(ill) To find the various curvatures, we proceed from the parametric representation, 
using the (first) integral equations 






a3'- 

= cos a. 

C0' = 

sin a, 







of the geodesics 

. We have 










= 

- sin d I 

cos a , 

y = 

cos 0 

cos a , 


— Bin 


Sin a , 

v' = 

COS 

0 

sill a 


-cos 0 

cos^ a 


- sin 3 

cos’* a 



0 

Bin^ a 



0 

sin-* a 

a/' = 

a ’ 

y' = - 

a » 

= 

— cos 


v" = ■ 

-sin 

c 



cos^ a 


-cos 3 

cos^ a 



0 

sin’* a 



0 

sin^ a 


sin 6 

a2 ’ 

y"=- 

* 

a"' = 

sm 


v"' = - 

-cos 



cos 3 

cos* a 


sin 3 

C08*0 



0 

sin* a 




sin* 0 


’ 




cos 


<;iv = 

sin 

0 



These quantities satisfy the persistent relation 
We have 

— ** a* ' c* * 
and therefore the radius of circular curvature is constant. 

Calculua of Vai lations, § 76, p. 107. 
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Again, 

But, in general. 




cr*p2 p* p* 


and, in the present instance, p is constant, so that 

1 


Consequently 


^ , y > - , 
*■"> y'. 

V", y", 

,t-*, i", 


1 cos® a , Hm®a 

"I" Ti r!3 “1" ■ 


I /cos* a sin^ a\ 

— = ( a 5 — ) “ cos a, 

pa \ c* / 

aliic 


with an implied assumption concerning the positive value of ir. 
Further, by substitution and evaluation, we have 


( cos* a sin* a\* cos* a sin* a 

~ ' ■ 


Now 145) the value of the dcterniiiiant on the left-hand side is — (p^o'*t)“*; hence 


and therefore 


p-^a^r 


( cos* a sin* a\ * v 
c* ) 


os* a sin* c 
ac 




cos a sin a 
ac 


It follows that the radius of circular curvature, the radius of torsion, and the radius of 
tilt, arc coiisttiiit, each of them. There are, moreover, three disposable constants u, c, a ■ 
thus there is no identical relation connecting p, ir, r. 

We thus have a curve in the quadruple space, with its three curvatures constant and 
different from zero consequently, it belongs to the curves already discussed (§ 170). 
Now, save as to jjosition and orientation, a curve in quadruple space is intrinsically 
unique (§ 169) by the assignment of its three curvatures ; hence evert/ curve in quadruple 
space, that has all its curvatures constant, can be represented as a qeodesic on a cylindro- 
cylindrical surface 

.r*-f-y* = a* z*-|-y*=c*. 


Note. We leave, as an exercise, the discussion of the curvatures by the use of the 
Frenet forinuliD (§ 164). 


Ex. 2. As another example, we may take the property (thus extended from homaloidal 
triple space to homaloidal quadruple space) that the lines of zero length, the nul lines, on 
any surface satisfy the equations characteristic of geodesics 

To establish the property, we make the parameters of the mil lines — assumed to be 
distinct from one another — to bo the parameters of reference for the surface In that event, 
we have 

E=0, 0=0, 

and therefore 

V^= -F\ 


We find 


r=^, r'=o, r=o, 

A = 0. A'=0, = 


F G. 
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and BO the equations of geodesics on the surface, with ^ as a current variable, are 

Wdt~'dtdfi'^'F\di)dt~°' d(‘di~did^^T\dt)dt ■ 

These are equivalent to a single equation, in virtue of the fundamental arc-equation 

dt dt \dt) 

Manifestly all the equations are satisfied by 

p = constant, ds^O . q — constant, efa = 0 : 
so that the nul lines can be regarded as (imaginary) geodesics on any surface. 


Geodesic polar coordinates, 

220. The customary expression, in terms of geodesic coordinates, for an 
arc of a surface in homaloidal triple space, holds also for homaloidal (quadruple 
space. Let the infinitude of geodesics through a point on the surface be 
given by the curves 

q = constant, 

which accordingly must satisfy the geodesic equations 

+ Tpi -f 2rpY + r' V* = 0, f + + 2 r/ + a'y* = 0 . 


It follows, from the second equation, thfet 

A = 0. 

^lence (§ 207 ) 
that IS, 
consequently 


E^'F^ 

E\ F\ El 


dp\Ei) Ei 2 Ei 2Ei dq ' 
There therefore exists some function 6, of p and q, such that 


and so 


Ei = ^^. FE-i = f-, 

dp dq 

ds^ = Edp^ + 2Fdp dq + Gd(j^ 


= de^ +, je - (1^*1 d<^ = de^ + Pd^, 

in form the same as for an arc in the Gauss theory of surfaces. 

The coordinates are the ''geodesic polar” coordinates. Along the geodesics 
^iven by 9 = constant, the geodesic length is 0 ; and a geodesic circle, 
6 = constant, cuts the geodesics at right angles. 
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The circular curvature of geodesics. 

221. Now consider the circular curvature of the geodesic and, in particular, 
its principal normal along which the radius of circular curvature is measured. 
The direction-cosines of that principal normal are proportional to y", z" , v'. 
But, for any curve on the surface, 

a?" = Xx'p" + + Xixp^ + 2xi^pq + , 


and therefore, along a geodesic on the surface. 


x" = {xii ^XiT — X2^) + 2 (xi2 — XiT' — X2 ^')p'q + (a?22 - F' — X2 A") 


I 


where wi, n, k, are the direction-cosines of the perpendicular upon the 
tangent plane drawn from a point neighbouring to 0 on the normal section 
jof the surface through the direction p, q\ and p is the radius of curvature of 
that normal section. Similarly 



k 

p' 


Consequently, the principal normal of the geodesic coincides in direction with 
the aforesaid perpendicular; and the curvature of the geodesic at the point 
through the direction p , q', is equal to the curvature of the normal section of 
the surface. 


We shall therefore substitute the geodesic for the curve of normal section 
of the surface. That normal section is used only in connection with the 
curvature at the point; and the curve of section is no further considered. 
The curvature of the geodesic is the same as that of the normal section : its 
principal normal, in conjunction with the tangent, defines the plane of normal 
section: and it is an organic curve on the surface, uniquely defined by its initial 
direction at the point. Consequently when a curve is given through a point 
on the surface, we shall use the geodesic tangent to the curve at that point 
as a curve of reference : and when a direction at a point on the surface is 
assigned without any continuing curve, we shall likewise use the geodesic 
defined by that initial direction as a curve of reference, while the principal 
normal to the geodesic can be regarded as the normal to the surface associated 
with the assigned direction through the point. 


Circular and geodesic curvatures of a curve: geometric derivation 

222. The relations between a curve through a point and its geodesic 
tangent at the point, which have been obtained implicitly in § 216 (wherc^ 
they related to the normal section), can ,also be exhibited by a simple 

25—2 
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geometrical construction originally devised by Liouville* in connection with 
the Gauss theory of surfaces in three dimensions. Let be an elementary 
arc of any direction through a point A ; 
let ABG be the geodesic determined by 
the direction AB, choosing an elementary 
arc B& equal to AB, and let GT be the 
perpendicular from G on the tangent 
plane, so that ABGT is the plane of 
normal section through the direction AB. 

Let ABC ho any curve through A having 
AB for its tangent, A and B being con- 
secutive points, and in the plane CBT 
draw TG perpendicular to BT meeting the curve in (7, thus GTC is a plane 
perpendicular to BT, and BC = BT — BG to quantities of the second order 
inclusive (but not inclusive of quantities of the third order). 

In connection with the curvatures, we take p to be the radius of circular' 
curvature of the geodesic, that is, the radius of curvature of the earlier normal 
section. We take po to be the radius of circular curvature of the curve ABG 
at the point A. We denote by I /7 the aic-rate of deviation of the curve from 
the geodesic tangent, that is, the arc-rate of change of the angle GBG as the 
increment of that change at the point. Then, up to the second order of small 
quantities (but not inclusive of the third order), we have 

2po ■ GT = BT\ for the curve , 

2p . GT = BT^, for the geodesic ; 

27 . CG = BG^ — BT\ for the deviation. 

Consequently 

po.CT = p.GT = y.CG. 


T 



Now as in § 216, let x ho the angle between the osculating plane CBT of the 
curve and the osculating plane GBT of the geodesic, so that 



QIC 

= X’ 

and therefore 

GT =GT cos X. 

CG^GTsm 

Thus 



Po = P COB X, 

Po “ 7 sin X> 

or 

1 COB X 

1 Bin X 


P~ Po ’ 

y~ Po ' 


* See my Lecturer on Differential Geometry, § 104. The construction was first given by 
Liouville in his edition of Monge's Application de V Analyse a la Giomitrie, p. 675. 
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The first of these results is Meusnier s theorem. Combining the two values 
of which have been obtained, we find an expression for the quantity ^ 

which, as being the arc-rate of deviation of the curve from its geodesic 
tangent, may be called the geodesic curvature of the curve ^ ( p, g) = 0 ; and 
the value is given by 
1 _ sin 
7 ” Po 

_ y (0n-Oir-e,A)e^^- 2 (e,,-d^r- e^/^) 0,^ 

(Ee2^-2F62ei~-^G0i^)^ 

Further, 

1 _ cos 
P~ Ro 

(a^2« - 4>h02^di + (2g + 4b) - 4f ^ 2 ^ 1 ® -h 

Ed2^-2Fe20i-\-G0i^ 

from the result in §213. We thus have two equations: they determine the 
value of ^3 the inclination of the osculating plane of the curve ^(p, 5 ) = 0 to 
the osculating plane of the geodesic tangent (the normal section of the surface 
through the tangent to the curve), and they determine also the curvature of 
the curve 0 (p, q) = 0. 

Geodesic curvature of a cui've: analytical expression. 

223. The preceding expression for the geodesic curvature of the curve 
0 (^p^ (/) = 0 can be obtained otherwise as follows, by formulating the analytical 
expression of the geometry. 

When an initial direction for a geodesic is p\ q\ a consecutive direction 
along the geodesic is p' + p"ds, (/ + q'ds, and so the angle de between these 
two directions is 

d€ = V(pY-qy)ds. 

On a curve having that same initial direction, let a consecutive direction along 
the curve be denoted by p'-h P"ds, q'+ Q"ds ; the angle drj between these two 
directions is 

dv = V{p'Q"-qinds. 

Thus the angle of geodesic contingeuce of the curve 
= de — dij 

= -r[p'iQf'-q')-q'{P’'-p")}ds, 

or the geodesic curvature I /7 is given by 

Now 

0ip'-\-62q' = Oj 
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SO that 


Further, 


-?L = -L 

-Bi ©*’ 

& = E0»*-2F0tei-^ GBi*. 

OiP" +0t(^'+ 0np'* + 20itpq’ + <?28S'* = 0 ; 


^11 -^iF —0t^ =7ii 
^11 ~ ^iF' — 02^' =7i» ■ , 

0t2-0ir''-02^" = y22 

this equation is 

6i(F"-p") + 62 (0"- g") = - (711, 7ij, 7 s2$p', q'f- 
Again, differentiating the equation Ep"* + 2Fp’q' + Gq'* = 1. which holds for 
all directions on the surface, we have 

(Ep'+F^) {P"+ (F, F'. r"5p', g')*l +(Fp'+ Gq') {Q"+ (A, A', A"$ p', 9')*} = 0,, 
that is, 

(Ep' + Fq) {P' - p") + iFp' + Gq') (Q" - q") = 0, 

and therefore 

(E 02 - F0i) iP' - p") + iF 02 - G0i) (Q" - q") = 0. 

Hence 

P'-P" ^ Of'- q" ^ ( 71 1 . 712. y »^p. qj 
F02-G01 —E02-\-F0i © 

Conseijuently 

_ _ (711 »jyi 2 » ^ y 

0i 

( 711 » 7ia« 7z2l[^2» ~ ^ 1 )^ 

0i ’ 

that is, 

7 (E 02 ^- 2 F 020 ^ + Gei^)^ 

By a former relation (§ 216), the expression on the right-hand side is equal to 


consequen<tly, we have 

1 _ sin 

^ 7“ Po ’ 

in accordance with the result in §222. 
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Orthogonal plane of a surface. 

224 . The equations of the plane orthogonal to the surface at a point 
y* Vj already obtained in § 209, can be obtained, diiferently, as follows. 

Let the surface be given by two equations 0 («, y, z,v) = 0 and (x, y, 2 ^, v) = 0 , 
any surface direction dx^ dg, dz, dv, at the point satisfies the two relations 
&xdx + ^ydg + ®idz + = 0 , ^^.dx + ^ydy + ^^dz + ^j,dv = 0 . 

When a direction a, 0, y, S, is perpendicular to dx, dy, dz, dv, then 
a dx + ^dy + ydz + Bdv = 0. 

Should a particular direction a, 7 , B, be assigned, then the three 
e(|uations determine the ratios dx :dy:dz.dv uniquely : that is, in the tangent 
plane to the surface, there lies a single direction which is perpendicular to 
the assigned direction a, 7 , S ; and it is given by the equations 
ie,(X-x) = 0, ^^^(X-x)=0, ^a(X^x) = 0. 

■ If however the third etjuabion is to be satisfied, without other conditions, 
for all directions dx, dy, dz, di\ which satisfy the first two relations, that 
third equation must be an analytical consequence of the tAvo relations ; and 
therefore 


a , 

i3, 

y . 

S 


©V. 

©x, 

©« 



4>x. 



But the line through the direction a, /S, 7 , 8 , and the point r, y, z, v, is 
X — X _y — y _z — z _v — V 
OL P 7 8 ' 

and therefore any point on a line, which is perpendicular to every direction 
in the tangent plane to the surface, satisfies the equations 


X — X, 

y-y, z-z. 

V — V 

®» , 

©!, . ©X , 

©« 

‘t>x . 

, 4'x , 



These equations represent a plane. Accordingly, they are the equations of the 
normal plane: as every direction in it is perpendicular to every direction 
in the tangent plane, it is the orthogonal plane at the point. 

The transformation of these equations, to a form more obviously connected 
with the parametric expression of the surface, is immediate. They can be 
taken in the form 

a; = \0x + /!<!>*, y-y = \0y + /i.<I>y, = \@j + /i<I>2, v — v = \®y + 

i 

Now the equations 0 = 0 and ^> = 0 are satisfied identically when the para- 
metric values of x, y, z, v, are inserted in them ; hence 

2a?i0® = O, 2a;2®x = 0i 2®i^a; = 0, 2a?2^i = 0. 

■ 
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Accordingly 

2 (5f — a;) Xx = = 0, 

2 (51 — a?) a'2 =■ \2flr2®» + = 0 

which are the parametric equations of the normal plane. Their form shews 
that this normal plane is orthogonal to the tangent plane. 


Osculating plane of a geodesic. 

225. Further, among planes perpendicular but not orthogonal to the 
tangent plane at the point, there occurs the osculating plane of the geodesic 
through each particular direction. This osculating plane contains the tangent 
line to the curve having direction-cosines x, y\ z , v'\ and it contains the 
principal normal to the geodesic having the direction-cosines Z, m, n, k. 
Consequently the equations of the plane arc 


X Xy 

1 

1 

1 ; — i; 



V 

1 . 

m y ?i , 

k 


This plane contains the tangent to the geodesic, a line which lies also 
in the tangent plane ; the two planes therefore intersect in a line and thus 
cannot be orthogonal. 

But the two planes are ■ perpendicular to one another. The necessary 
analytical condition (§ 83) is that the expression 

{x'm — 2/7 ) {xxy 2 — y\X^ + {x'k — v'l ) {x^ — v^x^ 

+ (y'?i - z'm) {yxzi - Ziyt) + {y'k - v'm) (yiv* - v^y^) 

+ {zl — x^n ) {zxX 2 — XxZ 2 ^ + {z'k — v'n ) {ziv^ — V 1 Z 2 ) 
should vanish. In this expression, the coefficient of I is 

= -y' (a7i2/a - 2/1 (^ 1^2 - X 1 Z 2 ) - v' {X 1 V 2 - V 1 X 2 ) 

= — XiXx2x' + X2'lxix' = — a?! (Fp' + Gq) -h X 2 {Ep' + Fq)t 
and similarly for the coefficients of m, n, k \ thus the whole expression 
= - {Fp' -f- Gq) ^Ixx + {Ep' + Fq) Xlxz , 

which vanishes because 'Zlxi = 0, ^11x2 = 0. Thus the condition is satisfied : 
the two planes are perpendicular. 

We thus have the fainily'of normal (perpendicular) planes at the point, 
given by the osculating planes of the geodesics : and they give the normal 
sections of the surface for directions through the point. 

. This normal plane to the surface, passing through the tangent to any 
direction and the principal normal of the geodesic in that direction, and 
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represented by the equations 

y-y, z-z, v-v =0, 
x' , y , z , V 

I , m , n , k 

is manifestly not orthogonal to the plane 

2 (x ~x)xi = 0, X(x — x) X 2 = 0, 

which is the orthogonal plane of the surface at the point. But the two planes 
are perpendicular. 

When the former plane is tcaken in its canonical form (§ 29) 

z- z = p(x-x) + q(y- y)^ 

V — V = r (I — x) + s (y — y) J 

the values of the canonical coordinates are 

p _ q ^ ^ 215-7?' 

^' 7 ?i — y'n x'n — zl v m — yk x'k — v'l z'k — vn 

1 . 

xm — yl ’ 

and when the latter plane is taken in its canonical form 
z-z=p' {x-x)’^q'{y-y) | 
v-v = r {x^x)-\-s' {y-y)\ 
the values of the canonical coordinates aic 

p' ^ (/ _ r __ s _ ^ p's - qV 

X1V2 - V1X2 ” ijii'i - viyz ZiXz — u'iZi Ziyi - ijiZ^ yix^ - Xiy^ 

1 

V 1 Z 2 — ^1^2 

Now with the notation of § 34, we have 

5* (y m - y'l )^ = - (llxy = 1, 

S'^ {V 1 Z 2 - ziVif = - itxixif = EG 

so that neither S nor S' vanishes ; and 

T (of m — y'l) {V 1 Z 2 — Z\V 2 ) = 2 {z'vi — y'n) (^ 11^2 — V 1 Z 2 ). 

In the right-hand side, the coefficient of k 

= - y' {z\X2 — xiz^ -h x' {ziy2 — ^1^2) + z* (1/1 0^2 — ^\y^ 

= - a;' , y , z = 0, 

^1, yi. z\ 

®2 f 2 / 2 1 ^2 
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because x = x^q , and so for the others. Similarly the coefficients of 

It m, n, in T vanish. Consequently 

T=0. 

As the angle between the two planes is given by 

S8' cos ^=T, 

we have <^ = ^7r; and therefore the two planes are perpendicular. 


Osculating flat of the surface along a geodesic. 
226. We have seen that the flat 


-Xt 

y-y^ 

z-z. 

V — y 

X\ . 

yi » 



X2 t 

2/2 , 

^2 . 

V2 

1 . 

m , 

n . 

k 


contains the tangent plane to the surface, that is, it passes through two con- 
secutive points at 0 in every direction at 0. Further, Z, 7/i, n, are the 
direction -cosines of the principal normal to the geodesic, thus, as the flat 
manifestly contains this direction, the flat contains the normal plane to the 
surface through the geodesic direction# that is, it contains the osculating 
plane of the geodesic, and therefore passes through three consecutive points 
on the geodesic. Thus it may be regarded as the osculating flat of the surface 
at' 0 containing the directions of all geodesics at 0 and the osculating plane 
of one particular geodesic ; but it is not the osculating flat of the particular 
geodesic which would pass through four consecutive points on the curve. 

Let At Bt C, Dt be the direction-cosines of the normal to the flat : then 
2Aa;i = 0, l,Axz = 0t '1AI = 0. 

But 

^ = (^11 — XiT — X 2 ^) + 2 {Xi 2 — r' — 372 A') pf -I- {Xzz — Xi r — 372 

with corresponding expressions for in, n, k ; hence the third equation can, by 
use of the first two equations, be expressed in the form 

p *SAfl7ii -h 2p*f'ItAxi2'\- f^'^Ax22 = 0. 

We introduce new quantities H, 11', H", according to the definitions 

'^Axyi = H ' 

SA^i2 = H' * } 

S A 3722 = 11"< 

and then the form of the third equation is 

%'*-h211;pV + ^^V" = 0. 
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A flat, orthogonal to the principal normal of the f^odedc. 

227. Moreover, in connection with these direction-cosines A, B, C, D, it is 
convenient to recall the two relations 

^Ixi = 0, ^Ixi = 0 ; 

and, with them, to associate the relation 

11A=0. 

Hence I, m, n, k, are the direction- cosines of the normal to the flat 


-X, 

y-y^ 

z-z. 

v — v 



Zi , 


X2 , 

y^ . 


V2 

A , 

B , 

c , 

D 


This flat contains the tangent plane at the point; it also contains the normal 
to the osculating flat associated with the assigned direction determined 

p'. <i- 

Manifestly, owing to the relation '^lA = 0, the two flats are perpendicular 
to one another. As before for A, B, C, D, we have 


Vl = - 

yu 

^1. 

I'l 

, Vm = 



Xi 


yzi 

^2. 

V2 


^2, 

^’2, 

X2 


B, 

c, 

D 


c, 

B^ 

A 

Ka = - 1 

Vl, 


yi 

. Vk = 


2/1- 




^^■2, 

2/2 


X2, 

y2- 

Z2 


B, 

A, 

B 


A. 

B, 

C 


the signs for VI, Vm, Vn, Vk, being determined so as to accord wdth the sign 
about to be selected in the determination oi A, B, G, D. 

We leave, as an exercise, the verification of the fact, that the substitution 
of the former values of A, B, C, D, in these expressions actually leads to the 
values I, m, n, k. 

Further, to obtain the actual values of A, B, C, D, the direction-cosines 
of the osculating flat, we proceed from the equations 

lAxi = 0, ZAx 2 = 0, ^Al = 0: 
thus ■ 


A B C D 


yi> 

^1, 

Vi 

- 

21j 

Vl, 

X^ 

1 

Vl, 

«1, 

yi 

- 


yi> 

^1 

yi, 

^2, 

Vt 


^2, 

V,, 

x. 

■ 

V2. 

Xi, 

y2 


®2i 

y2, 


m. 

n, 

k 



k. 

1 

■ 

fc. 

1. 

m 


1. 

m. 

% 

n 
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Now = 1 ; if, ^therefore, 1/T be the common value of these fractions, 


T*=2 


2/1, ^1, vi 


2/2, ^2, Vi 

m, w , k 


= 

2®i* , 'IxiXi, 2a?iZ 

= 

E, F, 0 


'IXiXi, ^x^ , 2^2^ 


F. G. 0 


2a;iZ , txil , 2Z* 


0. 0, 1 


Consequently, choosing + F as the value of T, we have 


VA = 

2/1. 

^1, 

Vl 

1 

II 

^1, 

Vl, 

OOl 


2/2. 

^2. 

Vi 


^2, 

Vi, 

Xi 


m, 


k 


n, 

k, 

1 

VG^ 

Vi, 

a?!, 

2/1 

. VD 

Xi, 

2/1. 



Vi, 

002 , 

2/2 


002 , 

2/2, 

Zi 


k, 

1, 

VI 1 


1. 

7?l, 

n 


These, of course, agree with the expressions (§ 47) for the direction-cosines 
of the normal to a flat, which contains a direction Z, m, n, k, and a plane' with 


OOl, 

Vu 


Vi 

002, 

2/2. 


V2 


as orientation-coordinates. 


The quantities H, H', H". 

228. Next, the quantities Xl, Xl', XI", do not vanish in general. When 
they do vanish 8imultaneou.sly, the implication is that the whole configuration 
of the surface lies in a flat, that is, in a triple space, so that then all the 
properties become those of surfaces in the Gauss theory for homaloidal triple 
space. This result is established as follows. 

When the quantities XI, XI', XI", vanish generally, we have 

2-d.^ii = 0, 2^1^12 — 0, ^A.Xii = 0. 

The two relations 

'I.Axi = 0, 'l^Axi = 0, 

always hold. From the first of these two relations, we have, by complete 
derivation with regard to p and to q in turn, 

that is, on the present hypothesis, 

dA ^ ^dA 
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Similarly, from the second of these two relations, we have 

2^a:,+ 2ila:i,= 0. 2 ^ a:, + 2^1®,, = 0, 

that is, on the present hypothesis. 

Moreover, we always have 

Now from the equations 


V /\ dA . 


2^al=0, 2^al=0. 

dp dq 


we have 


IdA _ldB _ldG _ldp 
I dp m dp ~ n dp ~ k dp ' ’ ^ 


and from the equations 


we have 


V V A V A A 

I dq m dq ndq k dq’ *’ 


Again, from the equations 2Aa;ii = 0 and 2Airi: = 0, we have 

,rfA - 

,^a;x, = 0. 



^AX\\2 + S -j- X\\ = 0, ^AX\\2 + - 

dq 

so that 

„ dA « dA 



hence 

(pXlxii = B^lxii , 

that is. 


0Z = eM, 

where L and M are the quantities defined in § 215. Similarly, from the 
equations S-4iCi2 = () and 2 ila ;22 = 0, we infer the relation 


Hence, cither 


and a later mvestigation will shew that this relation requires the surface to 
contain straight lines, a result to be excluded as implying the special class of 
ruled surfaces : or 


^« 0 , f = 0. 
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Thus 


dp dp “ dp dp 


A, B, G, D, are constants. But 


dA^dM^dC 

dq dq dq dq 


and therefore 


liAxi = 0, ^Axz = 0, 

and therefore 

Ax + By Gz Dv = constant, 

a relation satisfied by the coordinates of every poinb on the surface. The 
surface therefore lies in a flat : that is, it is a surface in some homaloidal 
triple space, and all its properties are deduciblc by the usual Gauss theory. 
In such an event, comparison with the Gauss theory is at once obtained by 
assuming a rectangular transformation of the axes of x, y, z, v\ such that the 
containing fiat can be represented by w = 0. 


Equations of the second order satisfied by point-coordinates. 

229. We now are in a position to obtain equations of the second order, 
which are an extension of the equations of the second order satisfied by the 
coordinates of a point on a surface in the Gauss theory. 

We introduce four quantities 0^ i/r, provisionally defined by the 
relations 

2/11 - 2/1^ - 3/2 Lm « , 

-^11 — r — ^2 ^ — Ln = >/r, 

t'n — ViT —Vi^ — Lk =x- 

Thfen 

S®i 6 = ^xiXii — — AI.X1X2 — L'llxi 

= a-Er-FA = 0, 

Xx20=/3-Fr-GA^O, 

'2,10 = 2lxii — r 2,lxi — AXIxz — L = L — L = 0, 

'StAO = 2Axii—r2Axi — A2 Ax2 — L2AI =n, 

consequently 

0 = AO,f ip = BQ,, *1^=011, = 

We therefore have the relations 

fii = xii — xir — X2A = Lt + D,A 
r}vi = yvi-yir-y2A = Lm-\-ilB 
^11 = Zyi — <8^1 r — Z 2 A = Bn + X2C7 
*^11 = Vix—VxV — V2A = Lk + 

Proceeding in the same way, we have the further set of relations 
fi2 ~ ®i2 “ "^1 A! = Ml + Xl'il 
^12 = 2/12 — = Mm + D!B 

^12 “ '8'12 — ^1 1 ^ — Z2 A = Mn + a/C 

U 12 ~ ^12 — *^1 r* ~ V 2 A = Mk + H I? ^ 
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and the set of relations 

m2 = 2/22 -yiT"- ya A" = JVm + n"B 

^22 = Z22-ZiT"-Z2^" = Nn +n"G 
U22 = V22 -Vir'-V2 A" = Nk + n"D > 

In the first place, these expressions for fn, ..., 1^22, manifestly satisfy 
the relations 


fll* 

mu 

illy 

I'll 

= 0, 

fl2. 

^12 1 

fwi 

O12 


^22 3 

V 223 

^221 

O22 



which have already (§ 214 ) been established. 

Again, with these values, we have 

+ 2 fi 2 pV + 7 * 

= I (Lp'^ + 2 Mp‘q' -h Nq'^) -H A (ay* 2 a>V/ + a"g'*), 

iiihat is, 

-p=^- + ^ i^p'" + ^^'pV + : 

and therefore we have the former equation 

+ 2n'p'q' + = 0 . 

This equation equally follows from the expressions for jju, 171,, 77221 for 
?U, fl2. ^22 > i^iid for uii, U12, 1^22. It IS a fundamental relation connecting the 
quantities fl, II', fl", which belong to the Jissigncd direction p\ q\ through 
the point. 

Now multiply the equations of the first of the foregoing sets of relations 
hy aJii, 2/11, zii, Vii, respectively, and add; then 

— rSji j;ii — = LSlxu XlS^da’ii, 

that IS, 

Sa-ii* - (EV^ + 2FrA -h GA*) = + n*. 

The left-hand side is the quantity denoted (§ 208 ) by a, a fpiantity inde- 
pendent of p' and q which occur in both L and O : thus we have 

X*-l-a 2 =a. 

Similarly, multiplying the equations in the first set of relations by 
^12 1 2/12. ^12 1 V12, and adding; or multiplying the equations in the second set 
of relations by aJu, i/u, zn, Wn, and adding: we find 

LM+ an' = h.* 

Multiplication of the equations in the first set of relations b^ ^,22, ^22, ^221 ^^221 
and rvddition, lead to the result 

zj\r + nn" = g. 
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And SO for others : the full tale of results is 

+ = NL+n"n=i, 

LM+nn' =h. 

The former fundamental relation (§ 214) 

a, h, g = 0 
h, b, f 
g, f. c 

can be verified at once, on the substitution of the foregoing values for 
a, b, c, f, g, h. 

The quantities and the magnitudes of the second order, 

230 . The quantities L, M, N \ I, m, n, k , A, B, C, D \ and therefore 
n, XI', XI" ; all involve p and q\ while a, b, c, f, g, h, depend solely upon the 
position 0 and are independent of directions through 0, 

To each of the radicals (be - f®)*, (ca - g®)^, (ab - h®)*, being real quantities, 
we have allotted (§ 214) a positive sign: in general, no one of these real 
quantities is zero. We write 

X = cos O'! M 5 = b^ coi j3) cos 7 | 

XI = a* sin aj XI' = b^ sin X2" = sin y) 

agfiin taking positive signs for a^. b^, ci It appears, at once, that no two of 
the three magnitudes a, / 9 , 7 , are equal ; we therefore assume a > /S > 7 , 
and find 

cos (/9 — 7 ) _ sin (/S — 7 ) _ 1 

f “ (bc-f*)* 

c os (7 — a) _ sin (7 — o) _ 1 

g - (oa - g*)* ~ (ca)* I ■ 

COS (a — 0) _ sin (a - /9) _ 1 

h ” (ab - h®)* " (^)i / 

The identical relation 

COS* O - 7 ) + COS* (7 - o) + cos* (a - /9) - 2 cos {0 - 7 ) cos (7 - a) cos (a - /9) = 1 
becomes 

abc + 2fgh - af * - bg* - ch* = 0, 
a relation already known to be satisfied. 

From the preceding values^ we have 

MD. — XXI' = (ab)^ sin (a — /9) = (ab — h*)* , 

JV'Xl' — M^l" = (be)* sin (^9 — 7 ) = (be — f * )* , 

XXI" — N£l = (ca)* sin (7 — a ) = — (ea — g* )* ; 
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(be - f»)i Z - (ca - g*)l jlf + (ab - h*)i N =0. 

(be - f»)l n - (ca - g*)i Xl' + (ab - h>)i Xl" = 0 

We have already (§ 214) obtained the similar relations 

(be - f*)i fu - (ca - g*)* + (ab - h*)i = 0, 

(be - f ®)4 ijii- (ca - g*)i 1712 + (ab - h*)* 17,, = 0, 

(bo - f*)* fn - (oa - g»)i + (ab - h*)* = 0, 

(bo - f*)l On - (oa - g*)i V12 + (ab - h®)i v„ = 0. 

The foregoing linear relation between Z, M, N, is consistent with these 
relations. 

Similarly, wc have 

cos (y9 — 7) — cos (7 — a) cos (a — 13) = si n (^ — a) sin (7 — a), 

that is, 

af -gh= (ca — g*)i(ab-h2)i; 

and also 

bg - hf = - (ab - h*)* (be - f 2)^, 
ch - fg = (be - f 2)i (ca - g®)^, 
in accordance with the results already (§ 214) given. 

Similarly, when the values of XI, XI', XI", are substituted in the fundamental 
relation 

XI/)'® + 2Xl'p'(/' + Xl"f/'® = 0, 

so that it becomes 


p^B.^ sin a + 2pq'b^ sin 0 + sin 7 = 0, 
and when we use the equations 

sin /3 = sin a cos (a — — cos a sin fa — 0) 

= (ab) “ - {h sin a — (ab — h®)^ cos a), 
sin 7 = (ca) " ^ (g sin a — (ca — g®)^ cos a), 

we find 


cos a __ sin a 1 

a/)'® + 2hpq + gg-'® 2 (ab — YL^)^pq + (ca - g®)* q’^ 


say. Then 

U* = (ap'* + 2hpY + gg'*)’ + {2 (ab - h*)*pY + (oa - g®)* gi'®}* = ^ . 


F. o. 



402 


SECONDARY QUANTITIES AND MAGNITUDES 


[CH. XII 


Consequently ^ 

L _ cos a 
9 ^ P 

fl _ sin et 

9 ~ 9 

Similarly, we find 

if _ b* cos 0 
9 ~ 9 

^ _ b* sin B 

„d ' ^ 

N Ct^ 'Y 


p'* + 2hpY + 69* 

2 (ab - h®)* jo + (ca - g»)* 


= h/}'* + 2b/)Y + ^9 
= - (ab — h®)^ p ® 


+ (bc-f2)*(^a 


9 9 

XI" sir 


= gY* + 2fyY + ®9'* 


y = = - (ca - g»)* Y* - 2 (be - f *)* Y9' j 

We note, as immediate corollaries from the formulae, the two results 
i (%' + Cl'q) = q' Kab - h*)i p* + (ca - g>)*pV+ (be - f *)* ({*], 

- (ny + n'Y) = - «' {(ab - h>)* p'*-^ (ca - g»)* oY+ (be - f»)* g'*}. 

9 

The quantity within the bracket on the right-hand side will recur later ■ 
we wnte 

W = (ab — h*)* p'^ -I- (ca — g^)* Y9" + 9 *■ 

and so the two preceding results are 

- (ny + n'g') = g' ir. - (ny + n"g') = -p'w. 

9 P 


and therefore 


XI , X2'-pTr =0 
Xl' + pF, XI" 


p*}ra = xi'*-nxi", 

a relation which can be verified immediately. 

The quantity W obviously vanishes with XI, XI', XI", that is, when (§ 228) 
the surface lies wholly in a flat. 


Directioru cosines of the osculaiing flat. 

231. Fpr an alternative set of expressions for A, B, G, D, let 

I yi t -^1 I 11 “ ®11j/ui ^lli 

^9 I 2/9 1 ^9 I Vi 

fill ^iii ?Hi ■'u II 
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, 

yi * 

X2 , 

2/2 . 

fl2. 

''7121 


2/1 . 

X2 , 

3/2 , 

^221 

^22 1 


Then 

VA 

— = yi. ^ 1 . 
1/2, ^2, 
711 n 
P* ~P' 

and so for the others : thus 


Zl , Vi =ei2,/i2i ffUt ^12 » B 

22 . '^2 

£l 2 f 1^12 

I Vi = 622f ^2| ^22i ^<22- 

^2 . ^^2 

$22 1 ^22 

vi = + 2ei2p'q' + ^22 3'®, 

^2 
k 
P 


A - ={eiu ei2, e2^p\ qy 

B-^=(f,„Uf 22 \p'. q'f 
V 

C- = (gii 2 <7i2i 922 $.p\ q'f 

/)— =(^llf ^<12 1 ^22$ P I O' )* 


Note Some relRtioiis can be established, connecting the quantities ei„i, /i„i, Aj,„, 

with the quantities i^rmi C(m» i^imi respectively The central equations are 

^u = X^+Q.4 'I 

f,, = J// + nM I, 

f,, = i\7 + l 2 Mj 

with corresponding relations for 17 , «i, /?; (7; u, D From the first of these, we have 

^11 _ ^ ^ ^ ^ 

P P P P 

LI 1 n , r 

— ~ "F ir ■ 

P P Ip P 

Thus 

5 11 {op'* + + (2g + 4b) p'‘^q'^ + \fp'iP + Cq^) 

= Ca^y'* + 2Yxp*q' + 70 '=* + ^np'q’ +, ^22 q'^) 

+ i [2 (ab - h*)* rt' + (ca - g«)* />] [e„p'»+ 2e,j?)V 

Thebnly relation connecting p' and q' is the non -homogeneous relation 
Ay*-|- 2 />Y-hGy 2 = l ; 


26—2 
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and the foregoing relation is homogeneous, so that the coefficients of the various combina- 
tions of p' and g' can be equated. Thus 

afii= a^ii 

4 llfii = 2 hfii + 2 afi 2 + 2 ^^ y — ^ Cii 

(2g+4b)f„= B4n+4hg,a+ 9 .^,,+ + 4 

4ff„= + 2 + 2 

^ (ca-g*)i_ 


Five similar equations result from the relation 

f 12 — + Si' A , 

and five from the relation 

Moreover, there are equations, precisely similar to these sets, in 
Vim {^ijn and f/ij^ and 

We also had the relation 

(be - f *)* fu - (ca - g>)i f „ + (ab - h*)i - o 

With corresponding relations among Cimt It is easy to see that, because of the 
relation abc + 2 f|ffh - af ^ — bg^ — ch*= 0 , all the equations are satisfied in virtue of the set 

, . ^ (afb-h 2 )J ^ 

nfii — a^i 2 = — ^y Cii 


^fll = “ 


(ab-h*)* 


Cfll - S$22 — 


Kfll- 8.^22 = 


Cjl 2 ” ^f 22 = 


_(ca- g2)i 


(ca 

V ' 

(be - f 

V ‘ 

(be - f 


f|l 2 -b« 22 -^*-^%i 2 j 

Even these equations are not independent . thus, when the two values of are equated, 
we obtain the equation in fn, fi2, f22i already given. 

When an equation 

bfii - afi 2 = y — cii 

is combined with the corresponding equations in rf and /, ( and g, v and /», and when the 
equations arc squared and added, ■we merely have an identity. 

Again, there are the relations 

’ _h (ab-h*)l 

fia-i;£ii ^ — eii, 

Bf. (ca-g»)* . 

fsj-^eii e,i. 
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232] 

and therefore 

^ = fii (p" + 2 £ P'9' + 1 9") - {(ab - 2pV + (ca - g*)i ?'*} 

_ 111 ^ _ o 

a p p ar- 

Thus 

I TM G 

a« p^ii, 

with, of course, the corresponding relations 

am = //i7ii- y/,1, 
a/i =i^fii--p^ii, 
a^ —Lv\\ — -y /ill 

When these equations are squared and added, we find 

a2=Z2a+n-a, 

in Virtue of 2fii* = a, 2fiit'ii = 0, 2611*= V^a . , and this is the old relation (5^ 229) 

Three special magnitudes of the second order, 

232. We shall require the m«agnitudes* -R, /S', T, defined by the ex- 
pressions 


R = 

» yi 1 “2^1 t ^'1 


•Ti , yi , ^1 , vi 

. 2’= 

•^i 1 yi 1 -^1 1 


^2 » y2 , 22 , V2 


^'2 1 y2 1 ^2 1 I’z 


^' 2 1 y2 > ^2 i ^2 


^11 1 yiij -111 ^11 


^11 1 yiii ^11) '^’11 


2^121 yi2i ^12 » ^12 


^'i2i yi2i ^12 j ^’12 


®Z2i y22i ^22 1 '^'22 


^'221 y22i ^22 1 ^22 


In each of these, let the values of the second derivatives, as obtained in the 
relations of § 229, be substituted ; then 

R= a;i , V\ , ^1 . i 

^^2 , yi I ^2 . ^'2 I 

LI + CIA . , Lm + HR , Ln + ilC , Lh + HZ) 

Ml + n'A, Mn + D,'C, Mk + n'D ' 


= {La'-Ma) 

a^i. 

yi. 




Xi, 

y2. 

^2, 

1'2 


1, 

nif 


k 


A, 

R, 

0, 

D 

= -V{La'-MSl), 





by the result of § 227. Hence 

i2 = F (ab)* sin (a - /9) = F (ab — h®)i 

They are taken as fundamental magnitudes of the second order by Eommerell, Math. AJht., 
vol. LX (1905), pp. 640-696. 
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Similarly for S and T : the three values are 

R= F(ab-h*)*^ 

= F (ca — g*)* ‘ ■ 

T = F(bc-f»)* 

Also, as 

R=V(Mn-Ln'% -s=v(Nn'-Mn''i T=v(Ln''-Nni 

we have 

TL-SM+RN =0^ 

The quantities ei^, fim, gimi Km, of § 231 are connected with i2, S, T, as 
minors in the determinantal forms of the latter. We can take 


R = 


yi . 


^^1 

. 8 = 

Xi , 

2/1 . 

^1 , 


. T= 

Xx , 

2/1 » 

Z\ 



a'’2 

2/2 1 

^2 

V2 


^2 , 

2/2 , 

^2 > 

V2 


X2 J 

2/2 . 

Z2 

V2 


fiij Vn, 

Sii, 1^11 


fn. 

^11 • 

fill 

vn 


fl*. 

’712, 

K\23 1^12 


fi2i ^12 1 

&2j I'la 


^221 

V2Z, 

^22} 

V 22 


^221 

’722, 

^22, 1^22 


with constituents instead of yi^, Zim, Vjm- Now 

-Cii, -/ii, -gii. -^11, care the minors of yi2, fw, vw, in R, 

®iai /lai 5^121 ^12 1 ^11, Vih Sii, *^11 1 in R] 

and therefore, by a theorem in determinants, 

I “ Cii, ei2 = R{ZiV2 — V 1 Z 2 ). 

fii 1 /12 

Similarly 

- eii, €22 =S{ziV2-ViZ2\ 

yiii yia 

- C 12 , C 22 =T{ZiV2-ViZ2). 

fl2, fll 

Consequently 


E, 

F. 

G = — — wi^a) {ET — FS + GR\ 

®lli 

^12, 

€22 


/l2, 

f22 


a result which, with other like results, will be useful in discussing (§ 247) 
the locus of the intersection of consecutive orthogonal planes for varying 
directions through a point. 

Similarly, by using the results (§ 214) 

f 

fii, Viii fill *^11 = 0 i 

• ^ fi 2 i ^12 1 fl 2 » V12 

^221 ^221 ^22 1 V22 
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we establish the relations 

Rcii — ^<^11 = 0 ' 

Rf22— Sfi2 + Tfii =0 

Rff22 “ ^9ii 0 

Rh^Z ” S}l\2 "I" = 0 

which will be required in the same discussion. 

Further, we have the relations 

+^11 ^11 + Jiifii + ^11*^11 = o> 

5^12 fii = ^12^11 +^12 ^11 + i/iafii + = Ri 

Se22 fll = ^22 fll +/22’7 i1 + ^22 ?11 + ^^22 *^11 = 
and similarly for the others ; the whole aggregate of relations of this type is 


o 

11 

v\ 

SCii f 12 = — R 

II 

M 

v\ 

-8' 

— ^12^11 = ^ j" 1 

— 6l2fl2= ^ ■ J 

II 

ei 

-T- 

—^22^11 = ^ 1 

2^22 f 12 = ^ 

-^22 f 22 = 

0 , 

results which will be used hereafter. 





CHAPTER XIII. 


Surfaces in Quadruple Space : Geodesics. 

Quadruple frames associated with a surface direction. 

233. At any point on the surface and associated with a superficial direc- 
tion in the surface, three directions have already been obtained. There is the 
tangential direction y\ z\ v\ lying m the tangent plane at the point. 
There is the principal normal Z, m, n, A;, to the surface, associated with the 
tangential direction. There is the normal A, B, C, D, to the flat, which 
contains the tangent plane to the surface at 0 and also contains the principal 
normal to the surface associated with the tangential direction. 

Now these three directions are perpendicular to one another , for 
'llx' =p''S,lxi =0, 

SAaj' =a q'^lAscz = 0 ; 

and we have, by definition (§ 226), 

1AI = 0 

Hence we can constitute a complete orthogonal frame, associated with the 
given tangential direction or, in other words, associated with a geodesic 
through the point. For this purpose, we take a fourth direction, perpendicular 
to each of the three directions ; let its direction-cosines be \, p, i/, k. 

The two directions Z, ?i, k, and A, B, C, D, are perpendicular to the 
tangent plane; they therefore are guiding lines for the orthogonal plane. 
Thus the direction \, //,, i/, k, perpendicular to both these guiding lines, is 
perpendicular to the orthogonal plane : that is, it lies in the tangent plane. 
The required direction must also be perpendicular to the tangential direction 

y\ J and therefore it lies along a line in the tangent plane perpendicular 
to this tangential direction. Hence* its direction-cosines are given by the 
equations 

V\ = X2 i^Ep -h F(f) — Xx i^Fp' + 

Vp = 3/2 (Ep +Fq')- 3/1 {Fp -I- Oq) 

Vv = ^2 (Ep'+ Fq) - zx (Fp'+ Of) ' ' 

Vk = V 2 {Ep'+ Fq) — vx {Fp' Of) 


See the example m g 210. 
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If the four perpendicular directions thus obtained constitute the conven- 
tional setting (§ 25) of an orthogonal frame of reference, the determinant T, 
where ■ 

X, y\ z\ v' = V, K 

I , Wi, 91, k X , y\ z\ V 

\ , fij V , /c I , m, 71, k 

A, B, C, D A, B, C, D 

should be equal to unity. Now 

= Y x^q-\-Xxp' 

p* y ^ Fq[)-y^{Fp +Gq\ y^q'+vip' 

X2, Xy {Ep Fq\ —{Fp'-\-Gq') 
y 2 , yi q , P 

1 

— Y ^1’ ^2 j 

yii y2 

and so for the other second minors, arising from the first two rows in T ; 
hence 

-FT=: a?!, yi, zu Vy 

^2f yzj ^Z» ^’2 

I , 9/1, 9? , k 

A, B, C\ D 

When we use the values of A, 5, ( 7 , i), obtained in § 227, we have 

-VT^-^A yi, zi, 9/1 
yzi ^2 j I'z 
9/1, n , k 



= -V^A^ = -V, 

so that 

T = I; 

and the orthogonal frame, constituted by the four directions, conforms to the 
conventional setting. 

Moreover, in this orthogonal frame, the guiding lines for the tangent 
plane are the tangent to the normal section of the surface and a line perpen- 
dicular to that tangent Hitherto, the directions of the parametric curves at 
0 have usually been taken as guiding lines for the tangent p4ane. When 
these parametric directions are associated with the principal normal of the 
geodesic and the normal to the osculating flat, we have an alternative fr^fii'e 
of reference for the configuration ; but it is not completely orthogonal. 
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Accordingly,^ there are two frames of reference, which are equivalent to 
one another for the present purpose. In the orthogonal frame, there are 
four orthogonal directions, viz. (i), the initial direction x', y\ z\ v\ -of the 
geodesic, (ii), the direction /i, v, #c, in the tangent plane perpendicular to 
this initial direction, (lii), the direction I, m, n, k, of the radius of circular 
curvature of the geodesic, and (iv). the direction A, B, G, D, required to 
complete the orthogonal frame. In the alternative frame of reference, we 
substitute the tangents to the parametric curves in the surface for the first 
two of the preceding directions, and we retain the other two directions 
unchanged. In each frame, we have the same two orthogonal planes , one 
of these is the tangent plane to the surface : the other is the plane through 
the radius of circular curvature of the geodesic orthogonal to the tangent 
plane. Further, when different directions are taken in the tangent plane, it 
remains unaltered ; consequently, the plane orthogonal to the tangent plane 
remains unaltered, and therefore the different radii of circular curvature 
Avhich belong to the different geodesics through these directions, all lie "in 
this orthogonal plane. Tn fact, the tangent plane at any point of the surface 
and Its orthogonal plane are two fundamental planes of reference of the 
surface at any point. 

The analytical verification of the complanarity of all the geodesic radii of 
circular curvature is simple. Let 

=fii, a* 7 ni = 7 ;u, a^/ii =£ii, aU"i =1/11, 

b^^l2=fl2i 1^^77112 = ^12i b^71i2=fi2, b^^’l^ = lFi2, 

C^/2 =^22 1 C^77l2 =^22 1 0^712 ={22, =1^221 

SO that lit rrii, tii, ki, are the dircction-cosines of the radius of curvature of 
the geodesic touching the parametric curve q = constant, and /ji 7712 , 712 , A;a, 
are the direction-cosines of the radius of curvature of the geodesic touching 
the other parametric curve p = constant. Now (§ 214) 


!l 

7711 , 

fll » 

Vll 

i=o. 

!' 

7712 1 

^12 1 

1^12 


'1 ^221 

7722 I 

^221 

1/22 

i! 


and therefore 

Zi , TTli , Tlj , ki =0. 

lu J 77 I 12 , 71i2, ki2 

hi 771* , 7*2 , ki 

But 

^ ^ = Sup'* + 2Sup'q + S«q’*= + 2b*/i,pY + 



411 


234] TORSION OF A GEODESIC 

with corresponding values for m,n,k \ hence 

^ 1 . wii, 7ii, = 0 . 

I , m , 71 , k 

^ 2 , 7712, ^ 2 , k^ 

Consequently, every direction m, n, k, of a geodesic radius of circular cur- 
vature lies in the plane determined at the point by the radii of circular 
curvature of the two geodesics which touch the parametric curve. 

Again, from the equation 

^ = a* -I- 2b ^ lupq + 
with the three like equations, Ave have 

V// 

= a*p'* + Ta^p'q'tkln + 

= aV+2-VY+2l9'*; 
a* a* 

and therefore 

— 2 /?i = ap '2 + 2}\pq -I- gq^ = - = *■ cos o. 

Similarly 

^ 'lllu = hn'* + 2hp'q' +fq^= — = ^ cos jS, 

p ^ ^ ^ ^ p p 

— = g n'* -I- 2fp'g' + eg'* = — = — cos 7 . 

P P P 

Hence the angles a, 0, 7 , of § 230 are the inclinations of the geodesic radius 
of curvature to the respective directions li, nii, ni, ki\ 77112 , riu, A' 12 ; 
ht 772 , ^' 2 , O'!! of which lie in the orthogonal plane at the point. 

Torsion of a geodesic. 

234. The torsion and the tilt of any geodesic can be determined by the 
use of the orthogonal frame of the geodesics through a point, for which the 
tangent plane to the surface is one of the planes of reference. We already 
(§ 226) have had to consider the flat 

X —x^ y — yt z — z, y — w = 0 . 

, y\ , zi , *^'1 

^2 , y 2 . ^2 I V2 

I , 771 , II , ■ ^ 

This flat contains the tangent plane to the surface, the equations of which are 

x — Xj y — y, z — z, v — v =0. 

, 2/1 , . Vi ' 

X2 , y2 , , V 2 
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It also contains^ the osculating plane of the geodesic, determined by the 
tangent and the principal normal, the equations of this plane being 


a; — a;, 

y-y» 

z-z. 

v — v 

, 

y' . 

, 

v' 

1 . 

m , 

1 

k 


Now the binormal at any point of a curve lies in the flat which contains two 
successive tangents to the curve and the principal normal to the curve at 
that point ; and, within that flat, the direction of the binomial is perpen- 
dicular to the osculating plane of the curve. Hence in the case of the fore- 
going geodesic, the binormal at the point lies in the foregoing flat ; and its 
direction in the flat is perpendicular to the foregoing osculating plane, that 
is, the direction of the binormal is parallel to a line in the tangent plane of 
the surface, this line being perpendicular to the tangent to the geodesic. The 
said line has, for its direction-cosines, the magnitudes denoted (§§ 210, 233) 
by /I, I/, where 

VX = {Ex 2 — p' H- (Fx 2 — Gxi) q' 

= X2 {Ep* -I- Fq) — Xi (Fp' + Gq), 

with corresponding expressions for p, v, k. 

With the customary notation (§ 134^ for the principal lines at any point 
of a curve, the direction-cosines of the binormal are 


?(a,' + /,pV' + pV"), 

and three similar expressions. Also, we have px'^= py” = ?/i, p^*= ?i, pw"= k, 
with the current significance of I, m, n, k, for geodesics ; hence there are the 
four equations of the type 

^ (*' + pr ) = -^ (ic, (^p' + Fq') -Xi{Fp'+ Gq')] 

^ (y' + pm') = i {y, {Ep+ Fq') - yi {Fp' + GjO} 

^ + pfl' ) = 1 (Ep'+Fq') - z, (Fp'+ Gq)} 

^ (v' + (Ep'+ Fq') - V, {Fp'+ Gq')] 

p V 7 

From this set of equations ivarious inferences can be derived. We have 

= 0 , %lx2 = 0 ; 

hence 

'lxxV= - (a;iijD'+ a?i 2 q') = - {Lp' -h Mq\ 

^X2V— - 11 (xiip + ^22^') = - {Mp' -I- N^q'\ 
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= p'^^Vx^ + q'Xl'x2 

= - (Zy» + 2Mp'q' + Nq'») = --. 

P 

First, multiply the equations by x\ y\ z\ v\ and add : the result is an 
equation, satisfied unconditionally. 

Next, multiply by I, m, n, Jc, and add: again the resulting equation is 
satisfied unconditionally. 

Next, multiply by l\ m\ n\ k\ and add : then we have 

? 1 + = y{{Ep'+ Fq'Ktx,l') - (Fp'+ Gq') (2*iO} 

= 1 I Lp' + Mq', Mp'+Nq 
j Kp + Fq , Fp' + Gq* ' 

The determinant on the right-hand side we denote by T. Now in Frenet’s 
curvature formulie (§ 197) for curves in quadruple space, there arc four 
equations 

dc2 Cl C 3 
ds a' 

where Ci is a typical direction-cosine of the tangent, C 2 of the principal normal, 
and Ca of the binomial. Thus Ave can take Cg = Ci = x\ C 3 = X ; and there are 
then four equations of the type 

P O’ 

Squaring and adding, we have 



The foregoing result now becomes 

^=\ Lp'+ Mq, Mp' + Nq' = T, 

I Ep' + Fq ' , Fp' + Gq’ I 

thus giving an expression for the torsion of a geodesic. 

Further, 

= ap * + 2hpY+ 

P 

with like expressions for M and for N, so that 

- (Lp'-\-Mq') = ap'® -H 3hp'Y+ (S + 2b) p*q^ -I- fq^^ = ap'® + 3hp'Y + 3kp'^'® + fq\ 
P 

with the definition (§ 213) of k ; and, similarly, 

- {Mp* -h Nq) = hp'® -h 3kp Y + 3fp V® + co'®. 

P 
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Hence 


V 

pa-' 


-p H q, 

P P 


Ep' + Fq' 


M N 

Fp'+Qq' 


a/)'® + 3h/)'®g''+ SlLp'q'* + fg'®, 
h/)'® + 3kp'*g + Sfp'q^ + eg'®, 
another expression for the torsion of the geodesic. 


Ep' + Fq' I , 
Fp'-\-Gq' I 


Tilt of a geodesic. 

236 . Further, wc have seen that an orthogonal frame for the geodesic 
(or, indeed, for any curve) through the point has the four lines x, y\ /, v\ 
being the tangent : I, u, k, being the principal normal : \, p, i/, #c, being 
the binormal of the geodesic along the direction x\ y\ z\ v'-. and 5, C, D, 
for its principal axes. Thus A, B, G, D, as given in § 22(1, are, in effect, the 
direction-cosines of the trinormal of the geodesic ; and we have 
^Axi = 0, XAx2 = 0, 'S.Ax' = 0, SilX = 0, 
l.Al = 0. 

Accordingly, reverting to Frenet’s formulae (§ 164), we select the relation 

dcs _ Cj C 4 
ds T 

where C 4 is the typical direction-cosine of the trmormal, so that — A, B, C, D, 
in turn. 

' Now, typically, we have 

VI2 = X2 (Ep'^ Fq') - x^ (Fp -I- Gq'), 

and therefore 

y^+h = (Ep' + Fq') {x^p’+ x^q) - {Fp'+ (?,') ^xup'+^l^q) 

+ S m I, W + Gq). 


Taking the four equations for the four values of C 3 , multiplying them in turn 
by Ij 7n, 71, kj (the four values of C 2 ), adding, and using the relations 

2 / 2 ® = !, Il2h = 0, 

2 ZZ 3 = 0 , 'S,lx 2 = 0 , S/iKi = 0 , SZa?n = L, 'llxi 2 = M, '2,1x22 = N, 

we have 

I — 

a- ds 



= Y Lp' + M^, Mp' + Ne[ 

. Ep' + Fq', Fp' +Oq' 

the expression already (§ 234) obtained for the torsion of the geodesic. 
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Next, take the same derived equation for the four successive values of Ca, 
multiply hy A ^ B, C, D, (the four successive values of C 4 ), an\l add, then, as 
= SZa^4 = 0, Silir2 = 0, = 

= n, S-d-iCia = fl I I 

we have 

VIA - (Up' + Fq') (ny + n"q') - (Fp’ + Oq') (ny + ny) 

= (Ep' + Fq')(-p'pW)-(Fp'+Oq')(q'pW) 

= -pW. 

where W has the significance given in § 230. Also, from the quoted Frenet 
formula, we have 

as a- T T 

so tiiat 

-J^ = W=(a.To- h“)t y» + (ca - g*)* p'q + (be - f*)*^'*, 

thus giving an expression for the tilt of a geodesic. 

Tljis result is in accordance with the observation (p. 402) that T7 vanishes 
when the surfiice lies wholly in one flat, so that the tilt of any eurve on the 
surface is zero. 

Summary of results : covanants LN — ilf ^ EN — 2FM + GL. 

236. Summarising, we have results associated with the binary forms 
U + p'(f^G g'* = l, 

U' = Lp^ + 2 ilf p*q + X r/* = ^ , 

= xip'a + 2n>Y + n"(7'2= 0. 

Their three Jacobians are 

/ U” U'\ V 

ny + n'v =- jl, 

\Lp'+M(f, Mp-\-Nq 

r = J (-/ ^r) = I Lp + Mq'. Mp' + AY = I, 

lEp'+Fq, Fp' +Gq 

/U" IT\ V 

III = j j = I ny + ny, ny + n'v/ = - ^ . 

^ ^ ^ \ Ep' +Fq' . Fj^)' + Oq' 

Now, between any two quadratic forms 

01 = aip^ + 2hip'q' + biq\ 02 = 012 ^* + 2h^pq + 
their three invariants 

ai6i — Ai* 0162 — 2/ti/i2 + 61 a2, a262 — 
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and their Jacobian 

j&i 


J = J = I aip' + ^19 . V' + h^q 

1 hip' + biq 

there exists the relation 

= (tti 62 - 2 hih 2 + 61 a2) ® i ^2 - (0262 - — (“i&i — ^1®) ®a“- 

We apply this relation to the three pair-combinations of U, U'\ in turn, 
writing 

JSN -2FM +G//=A nn"-n'^ = 7, 

ED."-2Fn +Gn = y, LN -M^^a ■ 

LD." - 2 j/xi' + i\rn = S, EG -F^ = V\ 

We find, firstly, 

r^ = ffUU'-aU^-V^U'^ 


that IS, 


® 2 * 

P P 


Secondly, we find 


^ — |x JV -M*-j{EN- 2FM + (?X) + - X’»)| 

X-^. M-l . 

P P ! 

nr ^ V <? ! 

Jf , E 

p p ! 

W^=hlf'U"-7)U'^-aU"^ 


that is, 

Thirdly, we find 


v = - 


r» ■ 


m^=yUU"~v^U"-vU^ 
= -Vf 


leading again to the result 


v=--i. 


There is also the algebraical relation 

UW+U"T- U'Ul^O, 

which is satisfied idehtically by the magnitudes involved. 


that is, 
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Later (§ 240) it will appear that the quantity g — b, there denoted by 3^, 
is an invariant of the superficial configuration. Now 
g - b = LN+ nn" - (in =»_ n'2) 

72 


and therefore LN ^ a co variant, can be expressed in the form 


72 72 

LN-ilf* = g-b+^ = 3^ + ~. 


Again, the relation 
72 

ff' 


J = - ji.V - jW » - J {KN - 2FM + OL) + 


has been established; hence, substituting the foregoing expression for 
LN — we have 

p \p=® a“ T^y 


yielding an expression for the covariant EN — 2FM + GL. 

When the surface exists in one flat, so that there is no tilt and 1 /t is 
zero, the foregoing formula for /iiY— becomes 


LX - Ji/2 = g - b ■ 


in effect, the formula which then gives the Gauss measure of curvature of the 
surface lying in the flat, that is, existing in a customary homaloidal triple 
space. 


Lines of curvature on surfaces in quadruple space. 

237. In the discussion of the curvature (and the lines of curvature, in 
particular) of surfaces in homaloidal triple space, two alternative equivalent 
methods of procedure are adopted. 

In one of these methods, the direction of a curve of curvature on the surface 
is such that, at every point along the curve, the principal normal of the super- 
ficial geodesic touching the curve meets the principal normal of the similar 
superficial geodesic at a consecutive point. Usually two analytical conditions 
are required, in order to secure that a couple of lines in homaloidal quadruple 
space shall meet , and apparently only one possibility of satisfying these con- 
ditions is provided by a variable direction on the surface, so that-ipn'md fade 
the method indicated would not be applicable to quadruple space. It appears, 
howevbr, that the two conditions assume a different organic form when 
lines are principal normals of consecutive geodesics. 


P.Q. 


27 
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With the preceding notation, the equations of the principal normal of the 
geodesic through the point x, y, z, v, in the direction p\ q\ are 

x = x-\- IDf y = y + w-D, z = z-\- nD^ v = v + kD, 

where B is the variable parameter along the line. For the principal normal 
of the geodesic through a consecutive point at an arc-distance from x, y.z.Vf 
along the direction p\ the equations are 

x = x + x'h + +VS )A, z = z z'S + (n + nfB) A, 
y = y + y*^ + A, iJ = w + u'S + {k h- k'B) A. 

If these two normals meet, there must be values of D and. A which make 
X, y, i, V, the same in the two sets of equations : clearly two conditions will 
be required. We then have, at the common point, 

lD = xB + (l +rB )A' 
mD = y'B (in + ni'B) A 
iiD = z'B -f (?i + n*B ) A 
kB = vB-{-(k ^-^''S)A. 


First, multiply these four relations by x\ y\ z\ v\ and add ; then , 
0 = S + A(Sa-r)5. 

But, as '^x'l = 0, we have ^ 

P 

and therefore 

' A = p. 


Next, multiply them by in, n, k, and add ■ then, as '%ll' = 0, we have 


D = A'll^ = A, 

so that 

D = A = p, 


as is to be expected from the geometrical configuration. 

Next, multiply the four relations byX, fi, p, k, the direction-cosines of 
the line in the tangent plane perpendicular, in that plane, to the direction 
x\ y', z\ v ' ; then as 

t\l = 0, = 0, 

we have 


Now, in the Frenet formulae, we have the relation 

, dc2 __ __ I ^ 
ds p o- ’ 

where (?i = x\ y\ z\ Ca = I, m,n,k\ Ca = X, p, v, k. Hence, as = 0, 
- = 2^* = 2i3l- = 2\i' = 0, 

O’ O’ as 
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for the geodesic in question ; that is, as a condition for th^ concurrence of 
normals at successive points to the tangential geodesic, we have 

-'= 0 . 

<r 

Thus the torsion vanishes, again a result to be expected from this direction : 
because an osculating plane is stationary when consecutive radii of circular 
cur^ture intersect. 

Finally, multiply the four relations by A, B, C, D, the direction-cosines 
of the fourth arm of the orthogonal frame , then 

because A (= p) is not zero. But we have, as typical of four equations, 

p ^ 

and 2 Aj;' = 0, 2il\ = 0; thus the new condition is satisfied without any 
residuary relation. 

Ct||isequently, by this method, wc find certain properties of the geo- 
metrical configuration — viz. that i) = A = p, as is to be expected ; and, as 
a residuary relation, wc have 


for the geodesic touching the curve of curvature . that is, after § 234, the 
direction p\ q\ must satisfy the equation 

Lp'+Mq\ 1 = 0 , 

I E]> + F,/, Fp’ + Gq' ! 

which can be regarded as an equation of curves of curvature on the surface. 


238. In the alternative method adopted in the discussion of the curvature 
of surfaces in homaloidal triple space, we use an implied definition or property 
that the radius of circular curvature of a geodesic touching a curve of curva- 
ture is a maximum or a minimum among such radii for geodesics, which are 
tangential to directions through the point. In this definition the implication is, 
not that p is a maximum or a minimum along the specific geodesic (for that 
would require the property p'= 0), but that p, regarded as a function of p' and q\ 
acquires a maximum or a minimum by a choice of p' and r/ among the 
possible values that are limited by the equation Ep'^ -h 2Fp'q' -H Gq^=l. The 
definition thus is distinct, in quality, from the earlier definition which con- 
templates a property arising from continued progress along the curve ; here, 
such continued progress does not enter into the consideration. 

We proceed to us6 this implied property : that fa, we require direetk^As' 
at any point on the surface, such that pi and q provide a maximum or a 


27—2 
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minimum value, of p among all directions through the point. The circular 
curvature of the geodesic is given by the relation 

~2 “ + (2g + 4b)p'®g'* + 4fpY“ + 

When the surface does not lie in a dat within the quadruple space, the 
right-hand side is not, unconditionally, the perfect square of a quadratic 
function of p' and q\ Accordingly, the use of the method allows us to obtain a 
maximum value or a minimum vs^lue of l/p® (not of 1/p) for values of p' and 7', 
subject to the relation 'SiEp^ = l. On a real surface, the curvature is real, 
though it may be sometimes positive, sometimes negative ; thus, among the 
minimum values of llp\ a zero value would have to be considered. A zero 
value of the circular curvature of a geodesic implies a direction that is 
asymptotic (or linear) and is not the direction of a line of curvature in the 
customary conception : hence, in the analysis to which this method of pro- 
ceeding leads, there might arise a necessity for discriminating between the 
directions of lines of curvature and the directions of asymptotic lines. The ' 
necessity would certainly arise if the surface were contained in a flat. 

It is desirable however to possess, at once, the central analytical rrfations 
which bear upon the maximum and minimum values of the curvature. The 
foregoing expression for l/p® has to be made a maximum or a minimum subject 
to the permanent condition affecting p and g' ; the ei{uations, critical for this 
property, are 

ap'® + 3hp'V + (g -I- 2b)pY® + ^ W + 

hY' + (g + 2b) py + ^ 

where \ is the usual multiplier, to be determined after the construction of 
the critical equations. Multiplying the two equations by p' and (/ respectively, 
and adding, we have 



Also we have 

L = (ap'® -I- 2hpY -h gg'2) p, 

if=(hp'®+2bpY + f(z'“) 
iV^=(gY® + 2fpY +cg'®)p; 
and therefore the two equations are 

Lp'fMq' = -^(Ep'+Fq’)' 

Mp' + Nq'=^iFp'+Gq') 

'These two equations appear to be the same, formally, as the critical equations 
for the principal curvatures of a surface in homaloidal triple space. But there 
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is one essential difference ; in triple space, L, M, N, are independent of 
and q* ; in quadruple space, L, M, N, usually involve p* and q\ 

If this method be pursued further, it gives the directions of maximum 
and minimum curvature by the quartic ecjuation which results from the 
elimination of p and which, initially, has the form 

Lp' +M(/, Ep+Fq' =0, 
iMp' + Nq\ Fjy+Gq' 

already found. This form veils the order of the equation, the explicit form is 
ap'3 + 3hpV+(g + 2b)pV/* + f( 7 '®, Ep' + Fq' =0, 
hp ® + (g + 2b) p V + Fp' + Gq' 

an equation of degree four in the ratio p' : q, determining four directions. 

The magnitude of the maximum or minimum radii of circular curvature 
of geodesics through the point is the resultant of the two critical equations 
when the ratio p' : q' is eliminated. It is manifest from the form of these two 
equations that this resultant equation can be taken as equivalent to the 
condition that the quartic equation 

ap'* 4hp'»g' + (2g + 4b) i^q'^ + Mp’q* + cq* - {Ep^ + 2FpY+ Gq'^f = 0. 

in p 7</ shall have equal roots, or that the discriminant of the left-hand side 
(regarded a.s a binary quartic in homogeneous variables p and q') shall vanish. 

Equation determining maximum or minimum values of p 
principal measures. 

239. We proceed to investigate, on the basis of this last analytical 
property, the explicit form of the eipiation determining p. 

For simplicity, we write 

(^p'2 + 2FpY+ k',f\ c'5p, q')\ 

taking 

EF = /t\ EG + 2F^ = 3k\ FG=f\ G^ = c\ 

and, for symmetry, we add 

F^ = b\ EG = g\ 

so that g'+ 2b' = 3k' corresponds with the relation g + 2b = 3k. We no»v take 

a' ^ h! ^ k' . r c' 

Uq — a 21 ■“ h 2 1 ^^2 “■ k 21 ^^3 2 * ® 2 ’ 

p p^ p p^ p^ 

SO that the quartic, whose discriminant is to vanish, becomes 

(«o, «i, ^ 2 , «3, a4$p, = 

Let 1 and J denote the quadrin variant and the cubin variant of this quartic, 
so that 

I = ttofli — 4aia3 -I- Sag®, 

J = OoagOi -h 20x0203 — ao«3® — — «2“ j 

■ 
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then A, the discriminant, is 

' A = /3-27J2 

When substitution is made for no* “a* we find 

where 

7o = ac — 4 hf + 3 k®, 

7 , = ac' - 4 h/' + 6 k 7 -' - 4 fA' + oa' 

= G®a- 47 ’Gh + 2 (F» + 37 ’®)k- 4 B 7 T+ &’®o, 
72 = o'c'- 4 /t'/' + 3 &'* 


Similarly, we have 


where 




Jo = akc + 2 hkf — af® — ch* — k®. 


71 = a’ (ko - f®) + 2h‘ (kf - ch) + 2/' (hk - af) + c' (ak - h*) 

+ A;'(ac + 2hf-3k®), 

72 = a (fcV -/'*) + 2h {k'f' - c'h’)\2t (h’k' - a'/') + c (aT - /i'®) 

+ k(a'c' + 2fc'/'-3fc'®), 


Jo = a'k'c + 2h'k'f' - a'P - c'A'® - A;'®. 


By direct substitution for a\ h\ k\ /', c\ we find 


^3 = 




27 




•Modified expressions will be found for Jq and Ji, later. Meanwhile, it is to 
be noted that tAvo new quantities /q and arise out of 7, and other two now 
quantities Jq and Jx arise out of J"; of these four quantities, 7o and i7o are 
the quadrinvariant and the cubinvariant of the quartic form for l/p^ while 
Ix and Jx arc invariants intermediate between this quartic form and the 
quadratic form 'ZEp'^ — 1. Thus we have 


/ = 7o- 


Ix 4F« 

p®+3p«’ 


JrlVUo 8 F® 

® p* 27 p® ■ 

WJien theHe vnlnea are substituted in the vanishing discriminant 

I»-27J» 
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the terms in and disappear, as is to be expected , and the resulting 
equation is found to be 

1111 ^ 

-4 - + /i.4 = 0, 

where 

/4iZ)o = /i® - 18 V^hJi + 8F*/o/i - 16F*7o. 

MzDo = 3/o/,» - 187*/i/o - 27Ji» + 4F*V, 

— 54i7Qt/i, 

while 2)o is given by the expression 

2)o = V* (/i* - 16 FVi + F*/o) . 

It may be noted that the value of is the discriminant of the quartic 
expression for 1/p®, a quantity Avhich should vanish (and is found to vanish) 
when the surface exists in a flat, because then the original quartic form for 
1/p® is an algebraical perfect s(juarc. 

Thus there are four principal magnitudes pi, P 2 . Pa, ^ 4 , arising out of 
this equation, being invariaiitive measures of curvature of the surface. These 
four measures are expressed in terms of the four invariants 

■^0, 

and, conversely, the four relations are potentially sufficient for the expressions 
of these four invariants in terms of the four principal measures pi, pz, pj, 


The invariants 6 and 11. 

240. Modified expressions c.an be obtained for Jq and Ji. We already 
(§§ 218, 239) have a quantity k, expressed in terms of the fundamental magni- 
tudes g and b by the relation 

3k = g-|-2b. 


We now introduce the magnitude g — b of §208, writing 


so that we also have 


30 = g-b, 

g = k + 2^, b=k-6>. 


Among the fundamental magnitudes a, b, c, f, g, h, there subsists the neces- 
sary relation 

0 = abc + 2fgh - af ® - bg® - ch® ; 

hence 

Jo = akc -I- 2hkf - af® — ch® - k® 

= ac (k - b) + 2hf (k - g)- k® + bg® 

= 6 (ac — 4hf) — k® -I- bg®. 


bg® = (k - 0) (k® -1- 40k -f- 40®) = k® -h 30k® - 40® ; 


But 



4>2\ 

and therefore 
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Jo = 6 (ac - 4hf + 3k2) - 4^® = OIo - 4^®, 
a well-known form that occurs otherwise in connection with the algebra of 
the quartic form. We have seen that Iq and Jq arc invariants, so that 0 also 
is an invariant ; they are expressible in terms of the principal measures of 
superficial curvature, and therefore 0, as an invariant, also is expressible in 
terms of these measures. 


Again, there is an invariant IT, which can be defined by 
= ^ (be - f*)* - (ca - g®)* -I- C? (ab - h®)* 


U 


= y(ET-F8+GRX 


where W is the concomitant of §§ 230, 235. As will be seen later (§§ 252, 258), 
the vanishing of II implies an exceptional property of a surface. With the 
relations already (§214) established, we have 

n* = ^ (be - f ®) + (ca - g®) + (ab - h*) 

- 2FO (af - gh) - 2GE (bg - hf ) - 2EF(ch - fg) 


relation which also can be written in the form 


na=- 


a, h, 

h, b, f, F 
g. f. c, G 
E, F, G, 0 


Now the foregoing value of Ji is 

Ji = E^ (kc - f*) + 2EF (kf - ch) + 2FG (hk - af) + G* (ak - h*) 
+ 1 EG (ao + 2hf - 3k*) + | J"* (ao + 2hf - 3k*) ; 

O O 

and therefore 


Ji-U^ = E^c (k - b) + 2EFf{ls, - g) + 2FGh (k - g) -i- 6?=®a (k - b) 


But 


+ || /o+ 2 (bg - k*) • + f * 


-g/„ + g*-k* 


k-b=^, k-g = -2e, bg - k* = k^ - 20*, g*- k* = 4k0 + 40*; 

consequently 

Ji - n* = 0 {E*c - 4>EFf- ^FGh + G*a + k (4J’* + 2EG)] + ^ F*/o - 4F*0*, 

O 

and therefore 

Ji = - 120*) + n*. 

Thys n®, expressible in terms of t/i, /i, /q, 0, is an invariant; and it is*there- 
fore expressible in terms of the principal measures of superficial curvature. 
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Further, with these results, we have 

i>0 V"-* = /i* - 1 6 F» + 1 F* (/„ _ 1 2fl*) + n*| + F*/o 

= ( 7 i- 8 F*tf)*- 16 F*n* 

so that 

Db = F* ((/i - 8 F*fl)» - 16 F* n»}. 

Again, 

* ^L^D^ = /o» - 277o» = /o* - 27 {Oh - 45*)*= (/« - 35*) (J, - 125*)* ; 

and modifications of /aiA /A 3Z), are possible in which the quantity 

/i — 8 V^O is important. 

Note. Two remarks may be made, in passing. 

It is clear that, as there now are four (and not merely two) lines of principal 
geodesic curvature at any point of a surface in free quaflruple space, the 
Gauss measure for a surface in a triple homaluidal space does not correspond 
to a similar measure of curvature (whatever be the main measure adopted) of 
a surface in homaloidal space of more than three dimensions. This divergence 
in result might be expected from a consideration of the spherical represen- 
tation surface in triple space : a comparison of the surface quantity 

dS 

P1P2' 

where dS is an element of superficial area bounded by lines of curvature, 
with the corresponding (Quantity in the spherical representation, provides an 
explanation (or a justification) of the Gauss measure which is not offered* by 
any configuration in quadruple space 

Further, manipulation of the equations will obviously be required if, 
instead of being used to express measures of curvature in terms of invariants 
/o, lit Jot Jit they arc required to furnish expressions for these invariants in 
terms of the four measures. In particular, it is desirable to have the value of 
the quantity 3^, or g — b, which persists for any surface, whatever be the 
number of dimensions of the most limited homaloidal space containing the 
surface. In § 236, it has appeared that the deviation of g — b from ZrJV— 
(now a covariant and not an invariant, and no longer the Gauss measure 
V^K for a surface in triple space) is measured by the square of the tilt of the 
geodesic along which LN — is a concomitant of the surface. 

Degeneration of forms when the surface is contained in a flat, 

241. After the preceding remark, it is interesting to see how, when the 
surface exists in a flat so as to become a surface in homaloidfvl triple space 
and therefore to have its geodesics devoid of tilt, the foregoing, relations 
ultimately simplify into the usual relations in the Gauss theory of surfac^ee in 
that triple space. 
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We then hav^ XI = 0, XI' = 0, XI" = 0, 

so that a = Z® , f = i2 = 0^ 

h = M\ g-JV^zi, 5=oi, 
c = N\ h = LM) T=oJ 
and 3k = Zi\^+2i^/^ S0 = LN-M‘\ U = 0. 

We write LN-M^ = KV\ EN - 2FM + GZ = HV\ 
using new symbols H and K. Then 

Jo = ac - 4hf + 3k* = ^ {LN - Af i*)* = ^ V*K ^- ; 

O O 

Ji = “ + Cf * - ^EFMN - 4>FGLM + 1 {LN + 2Af ) {EG + 2F^) 

= {EN - IFM + GLf -t^{EG- F*) {LN - M ®) 

-v‘{a‘-\K). 

/i-8F2^=r^(^2-4/0; 

e=\{LN-M^)=\v^k-, 

j„=eh-^=^^v*K»-, 

Ji=^Ji + 5F*(j„-i2fl=) + n* 


When these values are substituted in the equation for the principal measures 
of superficial curvature, we find 

I) = V*[{h-S Vyf - IGF* n^) 

^ly^B = F12 (IP - 4>K f (ff 2 _ 2K ), 

fi^B = 0, 

fi^B = 0 ; 


and therefore the degenerate form of the equation, giving the principal 
measures, is 

Fw (5* - 4Z>) _ i (tf* - 2K) + J?»| i = 0. 

We thus have the zero root 



repeated : thy-t is, we have the two zero curvatures and the two asymptotic 
direction^ at the point. Further, if l/pi“ and l/pz® are the roots of the other 
faf.fcoy'. Pi and p2 are the roots of the equation 


1 


^ + /f = 0, 

P 
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in accord with the Gauss result for a surface in homaloidal tn’nle space. Also, 

= - -Y, 

\pi pz^ 


so that the ignoration of the remaining factor is merely an assumption that 
the finite principal radii of curvature are unequal. 

Note. The degenerate form of the equation for the principal measures of 
cui»^ature can be deduced simply from the initial postulate that we have to 
seek the vanishing discriminant of 

a/*+ 4hp'Y + 6kp'V» + + cq* - \ (Ep'^ + 2Fpq' + Gq'^f. 

We write 

0 = Lp'^ + 2il/pVy' + Nq'\ U= Ep^ + 2Fp(/ + Gq'^ ; 
and then the requirement is to secure a zero value for the discriminant of 

I P 

that is, of 



(@+lu] 

V p J 

V p J 


Now the discriminant of the product of two binary forms is the product of 
the s(|Urire of their resultant by the product of their respective discriminants. 

The discriminant of 0 — - C/' is 
P 

[k--B+ \)y*, 

V P P / 

and the discriminant of 0 + - t/” is 

P 

so that the product of their discriminants is 

r*{i-?(fi*-2^-) + 77*}. 

The resultant of 0 — - U and 0 + i tT 
1 P P 

= ■ i . resultant of © and U 
P* 


1 

L. 

2M. 

E, 

0 

P' 

0, 

L. 

2M, 

N 


E, 

2F. 

E , 

0 


0. 

E. 

2F, 

G 


= i {{LO - 2MF + NEY - 4 (EG - J’f ) (LX - Jlf*)] 
= i(ff*-4^) V*. 
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Hence the discriminant of 0® — ^ is 

7« {S' - 4^)« - i (5* - 2K) + ^*1 i , 

agreeing with the result otherwise derived. 

Locus of the centres of circular curvature of geodesics through a point. ■ 

242. Given a surface in homaloidal triple space, the centre of circular 
curvature of any superficial geodesic through a point 0 lies on the normal to 
the surface, whatever be the direction of the geodesic at 0 ; and for different 
directions through 0, the centre ranges between and C 2 , the two principal 
centres of curvature of the surface at 0. When the surface is synclastic, the 
locus of the geodesic centre is the portion of the normal lying between 
Cl and C 2 , this portion being described twice each way for the full tale of 
directions round 0. When the surface is anticlastic, the specified locus is the 
remainder of the normal outside the portion between Ci and C 2 : the descrip- 
tion of the locus can be taken from Ci to positive infinity (for a positive 
radius of curvature), from negative infinity to C 2 and back from C 2 to negative 
infinity (for a negative radius of curvature), and then from positive infinity 
back to Cl (again for a positive radius of ourvature), thus completing the tale 
of directions round 0. 

It is natural to investigate the locus of the centre of circular curvature 
of 'geodesics through a point on a surface, for all the superficial directions 
through the point, when the surface is given in homaloidal quadruple space. 

For a geodesic on such a surface, determined by the direction p\ r/, 
through the point C, let Xg^ Zg, Vg, be the centre of circular curvature, so 
that 

Xg-X = lp, yg-y = mp, Zg-z = np, Vf,-v = kp, 
then we have 

= — = ^iiP^ + 2fi2 pV+ ^227 * 

= y = vu p'* + ^vup'q' + vaq'^ 

For a clearer indication of the curve, it is convenient to change tl 
in the quadruple space. We take new axes of Z and F, so 1 

ii 

'%(x — x)xi-^ZE^, Xix — x)x^ = yG^. 
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2a7ifii = 0, 2x1^12 = 0, 2a;ifa2*0, 

for 1 = 1, 2 ; and therefore 


2®! {Xg - a;) = 0 , i %X 2 (xg -x) = 0. 

Hence, as two of the equations of the required locus, we have 

Z = 0, V=0, 

in accordance with the known proposition that all the principal normals of 
the geodesics lie in the orthogonal plane. 

Again, in that plane, two distinct directions are given by fu, t/u, fn, vu, 
and fail V 223 1 ^ 22 ; we take axes of X and of F, such that 


Zai = 2fii(j;-i®). Fci = Sf,, (® - «). 
IVJoreover, for ^ = f, f, v, we have (§ 214) 

= 'I'Oxi + ^^22 J 


and therefore 


U='l^i 2 {x — x) = ^ {TSfii — ®) + RX ^22 (x — a;)} 


Now by direct substitution, wo have 

-fii (^a - = P* (ap'* + 2hp'q + g<^) = Lp, 

(®j - = p® (hp'® + 2bpY + fgt'*) = Mp, 

= p® (g/* + 2fpy + cg'») = Np , 

and therefore for the locus m question, now manifestly a curve in the X T 
plane, we have 

Xa.^ = Lp = p® (ap'® + 2hpY + 8? *) 

X^,a.i + Y~ci=U=Mp = p’‘ (hp'» + 2bp'2' + fq^) ■ 

JJ O 

Fc* = jyTp = p* (gp'» + 2fpY + cg'») , 

First, for the locus itself, we take 

Xa*p'2 + 2 Up'q'+ Yc^q'^ = 

= 1 

= Ep^ + 2Fp'q' + Gq'\ 

so that 

(Za* -E)p'^ + 2{U-F) p'q' + ( Fo* - G) g'* = 0. 

Also) • 

Xb^ (gp'* + 2fpV/+ eg''®) = Fo* fap'® + 2hp'5' + gg'®). 
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(gZa* - al^c*) + 2 {tX&i - hyo*) p'q’ + (oXa* - g Fc*) q'» = 0. 

We have to eliminate p' and q' between these two equations. Let 
X, = ( iT" - J*) (cZa* - g Fc*) - ( Fc* - G) (fZa* - h Fc*) ' 

= ^ aoS* - (oF - fff) Za* + (gF -hO) Fo* 

^ = (Fc* - G) (gZa* - aFc*) - (Za* - F) (oZa* - gFc*) 

= - acS* - (gG - oF) Za* + (aG - gF) Fc* 
p = (Za* - F) (fZa* - h Fo*) - ( F - F) (gZa* - a Fc*) 

= ^ ac8» - (fF - gF) Za* + (hF - aF) Fc* 

O 

where 

5® = X* + y® + 2X Y cos BT, cos BT = ^—7 , 

(ac)i 

a- being the angle between the axes of X and Y in their plane. Then the 
eliminant in question is 

— 4Xi; = 0, 

a curve of order four. 

For this curve, the terms of the fourth order are 

a*o» (l - (Z» + Y^+ 2ZFcos bt)* ; 

the terms of the third order are 

'' ac ( JC 2 + y 2 + 2X y cos bt) h, , 

where Ui is linear and homogeneous in X and F; and the remaining terms 
are of the form 

W2, 

where Wa is homogeneous of the second order in X and Y. Also bt is the 
angle between the coordinate axes. Hence the locus is of the lemniscate 
type; it has a double point (real or imaginary) at the origin, where the 
tangents are given by 1^2 = 0. 

243. Next, proceeding from the equations 

Za* ~Lp, F = Mp, Fc* = Np. 

we have 

Z F(ac)* - F* = {LN - p* 

FFc* - 2FF+ GZa* - (FF - 2FM + GL) p. 

Hence r 

IZF(ac)* - F*} - (FFc* - 2FF+ GZa*) + F» 

= (iF - Jf*) p* - (FF - 2FJIf + GX) p + y 
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by the property already (§ 236) established. Now for the principal directions 
of curvature at 0, we have (§ 237) 



a 


hence the coordinates of the four principal centres of curvature of geodesics 
satisfy the equation 

(ZF(ao)i - !/■*) - (EYci - 2FU+ OXiii) + = 0, 

obviously a conic in the plane of the locus. 

This conic will re-appear, later (§ 251), from another source. 

The four principal directions of curvature yield a maximum or a minimum 
radius of curvature (§ 238); and therefore the radius, in each of the four 
instances, is a maximum or a minimum distance from 0 to the lemniscate — 
that IS, the line is a normal to the curve. Thus the four centres of principal 
curvature of geodesics through the point are, at once, the feet of the four 
normals from the point to the lemniscate and also the intersections of the 
lemniscate with the foregoing conic in the XY plane. And it will be found 
that the lemniscate and the conic touch at these four points. 

Centre of spherical curvature of a geodesic, 

244. Wc know that the centre of spherical curvature of a curve is the 
intersection of its osculating Hat by three consecutive normal flats (§ 143). 
When we have to deal with a geodesic on the surface, the centre of spherical 
curvature can be obtained as follows. 

It IS known (§ 142) that the centre of spherical curvature of a curve lies 
on a line, through the centre of circular curvature and drawn parallel to the 
binomial. In the case of a geodesic, the direction-cosines of the binormal 
(p. 412) are X,, p,v,K \ and therefore the ecpiations of the line, joining the 
centre of circular curvature and the centre of spherical curvature, are 

J' — x = lp -H XiM 
y~y = mp^-pu I 
z —z = np +VU I 
V —V = Ji'p -h KU ) 

where u is the current parameter of the line. 

The normal flat at the point is 

S (a; — x) d — 0. 

Because '^xl — 0, = 0, the line lies in this flat. 

The intersection of the normal flat by a consecutive normal flat is a normal 
plane of the curve though it is not the orthogonal plane of the surface; it is 
represented by the two equations ' 

2 (.T — a;) ar' = 0, 2 (T; — x) I = p. 

Because 2^X = 0, the foregoing line lies in this normal plane of the geodesic. 
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The intersection of a third normal flat^ consecutive to the first two, with 
those first two, is^'given by associating, with the preceding pair of equations, 
a third equation 

— + p' = p\ 

because Xx^l — 0. Thus the point, where the foregoing line (already known 
to lie in the intersection of the first two normal flats) intersects the third 
consecutive normal fiat, is given by 

S {Ip + Xu) V = p. 

Now 

m = 0 . 

Also, the direc Lion-cosines of the binormal to the geodesic 'are given, by 
X, p, 1 /, K, as lying on the surface, and (§137) by four expressions typified by 


+ pp'x" + p'a'"), 

that is, as px" = I, typified by 

-^{x'+pvy, 

thus, as in § 234, we have four relations of the type 


X = ^ («' -h pV), 

Consequently, we have • 

Nqw, because 2 j?7 = 0, we have 

'S.x'V = - tx"l = - 1 . 

P 9 

Also, from one of the sets of the Frenet equations represented by 

dc2 Cl ^ Cs 

ds p a ^ 

(where C 2 = Ci = x\ in general), we have 


Hence 



and therefore the equation for the determination of u is 

1 


that is, 


u = p, 


u = a p . 


We thus obtain the customary expressions (§ 142) for the centre of spherical 
curvature of the geodesic, regarded as a curve in quadruple space. 
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The association of the osculating fiat of the surface along a geodesic is 
immediate. Its equation is (§ 226) 


that is, 

I 

Now 

and therefore 


X — Xt 

1 

i-z. 

v — v 


, 2/1 . 


Vi 

SOz 

2/a . 


Vz 

1 

, m , 

n , 

k 


{x 

-x) = 

0. 



lAX 

= 0; 


{Ip + \u) = 0, 

that is, the binormal lies in the osculating flat in question, while the centre 
of spherical curvature is the intersection of the osculating flat with the three 
consecutive normal flats. 


Centre of globular curvature of a geodesic. 

245. The centre of globular curvature of the geodesic on the surface can 
simili,rly be obtained. It lies (§147) on a line, through the centre of spherical 
curvature and having the direction-cosines of the fourth axis of the orthogonal 
frame of the curve , hence, if V denote its distance from the centre of spherical 
curvature along that line, the coordinates of the centre of spherical curvature 
are 

J' — js = Ip -I- \a-p' + .^1 V 

y ^ y = uip + p.<Tp + BV 
z — z = i}p + vap' + CV 
V — V = k'p + forp' H- DV 

where V has to be determined. On the other hand, the centre of globular 
curvature of a curve is (§ 148) the intersection of four consecutive normal 
flats, which (when combined for purposes of intersection) are together repre- 
sented by the four equations 

2 (:!;-«) a;' = 0 , 

2(J-a:)Z =p, 

l{rv-x)V =p', 

2 (3; - a:) I" = p" + la'V = p"-^- 

Let the foregoing values of x — x, y — y, z — z,^v^v,he substituted in these 
equations in succession, three of the Frenet equations being 




f 

Cl 



5 . Ca 
p .(T * 


Ca 


Ca C4 
a T * 

I 


Cj — X j Cj — If Ca — C4 — ^ . 


where, typically. 
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The first equation S (S — a;) a;' = 0 is satisfied, because 
tafl = 0, = 0, lx A - 0. 

The second equation is satisfied, because 

2/2-1, 2/X-O, 2/il = 0. 

As regards the third equation, we have proved (§ 237) that 

2xr = -; 

<r 

from the second of the quoted Frenet equations, we have 


HAV = thlt = - - 2^1/4 + - 2 i,Z, - 0 ; 
P «■ 


and nr — 0. Thus the third equation is satisfied. 

For the fourth equation, we need the values of 1", m'\ n'", k " , they can be 
derived from the Frenet equations. We have, typically, 0^ = 1 \ and therefore 
the second Frenet equation gives 


Ca = 




CaCT 


Hence 



2\r = 2/3/2" = - 


/ 

<7 



I.Al"=lUh"= — ; 

CTT 

and therefore the fourth equation determines V by the relation 


that is, 



V = T 




a- 


We thus have the coordinates of the centre of globular curvature of the 
geodesic on the surface, the quantities p, o-, t, being the respective radii of 
circular curvature, of torsion, and of tilt, of the geodesic through the direction 
p\ q\ with the values already (§§221, 234, 235) obtained. 

The centre of spherical curvature is (§ 235) given by four equations of the 
form 

X — x^ Ip + \(rp'] 

and thcfrefore the radius of spherical curvature R is given by the usual 
toAlxula 



245] GLOBULAR CURVATURE OF A GEODESIC 435 

The foregoing value of V is easily transformed to 

<rp 

and so we verify the formula (§§ 149, 152) for the radius of globular curvature 





CHAPTER XIV. 

Curvature of Surfaces in Space. 

Line of intersection of an orthogonal plane by the consecutive normal fiat\ 

246. The foregoing methods are the manifest extension, to a surface 
freely set in homaloidal quadruple space, of the methods adopted for a surface 
in homaloidal triple space. 

There is an entirely different method of proceeding, the results of which 
complement the foregoing results. We have seen that, whatever direction be 
chosen in the tangent plane at x, y, z, v, the principal normal of the superficial 
geodesic through that direction lies in the orthogonal plane, the equations of 
which can be taken in the form 

'Siix — x)xi = O'! 

'St (x — x)x2 = o] 

obviously lying in the normal flat 

2 (^ — ic) = S — ir)\xip' + 0. 

But we know two directions /, m, n, h, and A, If, C, D, each of which is 
perpendicular to the directions x^, yi, Vi, and x^, y^y z^y Vj; they arise out 
of the orthogonal frame of the geodesic. Hence the equations of the ortho- 
gonal plane of the surface can be taken 


X —Xy 

y-y, 

v — v 

1 . 

m , 

« , 

h 

A , 

B . 

G . 

D 


and consequently any point lying in the orthogonal plane can have its 
coordinates expressed in the forms 

S — a; = iAi + AAa, y — y = m Ai -I- ^Aa , 
f — ^ = ^iAi-|- (7Aa, v — V = Z;Ai -I- DAa , 
where Ai and A a are parameters. 

These two forms of the equations of the orthogonal plane are equivalent 
to one another, and can be interchanged (paired together, of course). 

The normal flat at a consecutive point along the direction jd', 5', at a 
small distance S from x, y, z, v, is given by the equation 

s,{x—x — (xip' Xif) 8] [xip* + Xzq' + = 0, 

x' = Xip" -I- Xzq" + + 2xi2p'q -h Xz^q'^. 


wh*eie 
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■ 

This flat intersects the foregoing orthogonal plane in a line, because the 
intersection of any flat and any plane is a line. Of this line, two of the 
equations are those of the orthogonal plane itself ; a simplified third equation 
for the line is derived by using these equations to modify the equations of 
the consecutive normal flat. Thus, along the line of intersection, we have 

(p' + p"6) [1 (x - x) x^] = 0, (q' + q"B) {S (x - x) x^] = 0. 

Moreover, for every curve, we have Xxa/' = 0, and therefore 

2 {Xip' + X2q') (xip" + X2q" + Xup^ + 2xi2p'q + X22q^) = 0. 

Using these results to modify the equation of the consecutive normal flat, we’ 
have a third equation of the line in the form 

(2 (x - x) {xiip'^ + 2 xx 2 pq + a? 229 '“)l S * {2 {xip + X 2 q'f] B, 

that is, 

%{x-x) + 2xi2p'q' + X22(p) = 1 . 

■ 

But, from the equations of the plane, we have 

(rp'2 + 2r>Y + r Y*) (s = o, 

( Ap '2 + 2A'p'q + A'V*) (2 (X - a;) ^ 2 ) = 0 ; 
and therefore the third equation of the line becomes 

X(x — x) {(iCii — — X 2 A) p'^ + 2 (xi 2 — xiV' — X 2 A') p'q' 

+ (X22-X,r" -X2A")r/^} = l, 

that is, 

2 (^‘ x) I = p, 

Avhere I, wi, 71, A', p, belong to the geodesic at the initial point. 

This third equation can be obtained more briefly by taking the equation 
of the consecutive normal flat in the form 

X(x-x^ x'B) (x' + x"B) = 0 , 

which, when combined with the equation of the initial flat, gives 

S(x^x)x"=Xx'^=h 

that is, again the equation 

X (x — x) I = p. 

Thus the three equations of the line of intersection of the initial ortho- 
gonal plane by the consecutive normal flat are 

X(x —x)xi = 0, X(x — x)x 2 —(\ X (x — x) I = p. 

But 

Xfxi = 0, Xlx2 = 0. Xl^=l; 
and liherefore the equations can be taken in the form 

X {(x-x- Ip) Xi] =0, 2 {(5; — a; — Ip) X 2 ] = 0, X [(x — x — Ip) l\ =0. 

i 
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When these three equations, linear and homogeneous in the four quantities 
of the type x — x — lp, are resolved, they become 

X — Ip y — mp z ^ z ^np v — v^kp 
A B G ^ D ■ 


Thus the intersection of the orthogonal plane by a consecutive normal 
flat is a straight line, which passes through the centre of circular curvature of 
the geodesic at the point and is parallel to the fourth axis of the orthogonal 
frame, that is, in a direction perpendicular to the tangent plane of the surface 
and perpendicular also to the principal normal of the geodesic. 

It may be remarked that this line (which, of course, lies in the orthogonal 
plane) is the locus of the points 

5; = fl; + ZAi + .4A2, 

with like expressions for y, i, Vj in the orthogonal plane, when the parameter 
Ai is specifically equal to p, and A 2 remains the current parameter of th^ 
line. 


Note. Various forma can be given to the equations of the orthogonal plane, two of 
which already have occurred, viz., the form 

2(^ — — 0) 
j72^oJ 

and the form * 

y-y, u-v = 0 . 

^ , n , k 

■d j 1 I ^ \ 

We have had relations 

2j;ii = 0, S.r]fj] = 0, 

so that 



.ri 


.Vl 






m, 

n. 

i - ?l , 

^•l 

1 k, 

1 , 

m - 1 , 

m. 

n 

*?iij 

fill 

'^ll fill 

Vll, 

fll '*lli 

fill 

*711 fill 

*7ni 

Cu 

*722 » 

f22i 

*^22 f22i 

1*22, 

^22 <*22 1 

f22i 

*722 f22i 

*7221 

(21 


Similarly we have had relations 


SJ/'2^ = 0, — 

SO that ^2» y2» -^2j i’2> are formally in the same ratios as yi, ri, Vi. 
ratios are not the same ; hence 

I , m, 71 , k 
fin ^ii» fill ^11 

£221 V22» .Ciif V 22 

Also, from the central equations typified by 

^28 “ A 2 , 

we have 




0, 

D 

fill 

*7iii 

fill 

<*11 

f22i 

*722 1 

f22i 

V 22 


But, 111 fact, these 
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Thus the equations of the orthogonal plane can be taken 

v-v =0. 

(ii 1 In 1 Cii I 1^11 

Szi } >721 I C22 I 1^22 

This form is an expression of the property that the orthogonal plane contains the principal 
normals to all the geodesies through y, z, v, and therefore, in particular, contains the 
princiiul normals to the geodesics touching the direction constant and the direction 
constant. 


Intersection of two consecutive orthogonal planes : first form of result 

247. Thus far, we have taken account only of the intersection of the 
orthogonal plane by the consecutive normal flat. Now let account be taken 
of the intersection of the orthogonal plane by the consecutive orthogonal 
plane. As two planes usually intersect in a point, this point of intersection 
will be a point (usually a specific point) on the foregoing line, so that we 
Shall have, usually, a specific value for A 2 . 

Instead of utilising the equations of the line, we can obtain the result 
otherwise, as follows. The equations of the original orthogonal plane are 

S (5; — a;) = 0 | 

S (ir — a;) a ;2 = 0 I 

and those of a consecutive orthogonal plane are 

2 [2 — X - {xip' Xzq) S} [aJi-^-ixiip -\-Xjiq) 8] =0, 

X{x-x-{xip X 2 q) 8 } {x 2 + {xx 2 p* + 3 ^ 229 ') 8 ) = 0 , 

which are 

S (21 - a;) a^i + (2 (2 - a;) (a^up' + a;^ q) - {Ep + Fq)] 8 = 0, 

2 (^ — a?) a ;2 -h (2 (2 — x) {xizp' + X 22 q) — {Fp' + Gq)] 8 = 0. 

Hence the two eejuations, which arc to be combined with the equations of 
the initial orthogonal plane in order to provide its point of intersection with 
a consecutive orthogonal plane, are 

^{x-x) (a:np + a^i* q) = Ep' + Fq \ 

Xix-x) {X 12 P + X 2 iq') = Fp + Gq* ) 

To obtain the coordinates of the point of intersection in question, we now 
take the equations of the initial orthogonal plane in the form 

2 — a?, y — y, i — v — v =0, 

I , 7Ji , a , k 

A , B , C , D 

whiah are also expressible by equations of -the type 

X = X l\\ ”4“ A A 2 , 
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with Ai and A 2 as the parameters of the plane. For the required point of 
intersection, thesd parameters must be determined so that the coordinates 
w, y, z, V, satisfy the two additional equations 

— {xxiii) + Xiiq') = Ep' + Fq\ 

S (5; - re) {xx<ip + X 2 ^q') = Fp + Oq. 

Accordingly, let the foregoing values oix, y, 2 , v, be substituted. We hav<^ 
^Ixxi = L , 'S^lxn = ilf, S /^22 = N 
^A.xw = XI, ^A.xi% = XI , ~ I 

consequently the equations become 

(Zp' +ilfg')Ai + (Xl/)' +xiY)Aa = ^y 
(%' + Nq^ ) Ai + (Xiy + Xl'Y) Aa = Fj^ + Gq\ 

Multiply the two equations by p\ q\ and add: then, because 
p (Lp'^ + 2Mpq* + Nq'^) = 1, 

XlY“ + 2Xl>Y + n'Y" =0, 

Ep'^+ 2Fp'q'fGq'^ =1, 
we at once have » 

Ai = p, 

as is to be expected. 

Again, from equations already (§ 230) established, we have 
np'+n'q' = q'pW, n'p'+ny=^ppW, 

where 

W = (ab — h®)* Y* + (ca - ^)^pq' + (be - f g'® , 

so, now, the equations arc 


p ( Lp* + Mq') + A 2 Wpq' = Ep' + Fg', 
p {Mp' + Nq) - K^Wpp — Fp + Gq\ 

Consequently, 

A 2 W = , Ep* + F ^ , Fp' + G^ 

Lp'+M^, Jlfp' + Ag' 

= -T, 


using the notation of § 234. We thus have a value of A 2 . 

■ 

We have seen (§§ 234, 235) chat, if l/cr and 1/t are the torsion and the 
tilt of the geo&esic through the direction p\ g', their values are given by 
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hence we have two alternative expressions for A 2 , viz. 



To the first of these values we shall return later. Meanwhile, the coordinates 
of the intersection of two coTisecutive orthogonal planes have been obtained in 
the form 

_ I A pr \ 

iii=x+ la + A — 

^ a 

P=y + »»/>+ -fl — 

<7 

i = + flip + C — 

<7 

v = fl; + A;p +2) — 

O’ J 

where 1/p, l/o-, 1 /t arc the curvatures of the geodesic through the direction 
in the tangent plane. 

This point is called the orthogonal centre \ and the line joining the ortho- 
gonal ^centre to x\ y\ z\ v\ is called the orthogonal radius. There is an 
orthogonal centre, with an associated orthogonal radius, for every direction 
p\ q, on the surface. 

It will be noted that the orthogonal centre is usually distinct from the 
centre of circular curvature of the geodesic. 


Length of an orthogonal radius. 

248. Let po be the length of an orthogonal radius; and let Iq, nig, tIq, 
be its direction-cosines. Then we have 


and therefore 

Iq Po — ii'" fl? — Ip “1" A 

^nopo = g-y = mp+ 

xr 

'HqPo =z — z = np + C — 

XT 

^'oPo = V-V=^kp -1- 

( 

Also 

n*T* * 


Po O’Po 

■ 
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thus giving the respective inclinations of the orthogonal radius to the 
principal normal" and to the trinormal of the geodesic, all these lines lying in 
the orthogonal plane. 


Intersection of two consecutive orthogonal planes : second form of result : 
the locus of the orthogonal centre is a co{iic. 

249. Before using the expressions obtained (§247) for the coordinates 
of the orthogonal centre, we obtain another form derived* by taking* the 
equations of the two consecutive orthogonal planes, together, in the form 

S (ii; — a;) iCi = 0 

2 (ic — a?) aJ 2 = 0 
(iCiip + aci^q') = Ep' + Fq' 

2 (S - a:) (xiip' + iCizq') = Fp + Gq ' , 

The determinant of the coefficients of S — a?, y — y, i — -zr, u — v, is 

a^iip+a:uq\ yiip' + yuff ^iip'-^^uq\ Viip' Vi2q' , 

aonp' + a: 2 zq\ yup' + y^ 2 q\ + 2^227', v^p + V229' 

, Vi y y Vj 

^2 , yi y ^2 , ^2 

which is equal to 



yiii ^ 11 » 

Vll 

+ p'q’ 

^11 j yiii ^11 1 vii 

+ 9'* 

^12 ^ yi2> ^12 1 ^^12 

^12 j 

yi2i ^12 1 

V 12 


^22% y22i ^22 1 ^22 


^22 1 2/Z2j ^22 » ^'22 

1 

yi . 

, 



1 yi , 

Zl , ^'•1 


, 2/1 , Z\ y I'l 

^•2 1 

y2 y 

^2 , 

V2 


^2 j y2 1 

Z2 , V2 


^2 j yt y ^2 1 ^'Z 


The values of the coefficients of p'*, p'q', q\ have already (§ 232) been obtained : 
they are, respectively, 

J 2 , = F (ab — h®)^ , aS^, = F (ca — ; T, = F (be — f ®)i. 

Thu? the determinant in question is equal to 

Rp'^ + Sp^f + Tq'^ 

= F {(ab — h®)* p'* + (ca - ^)^pf + (be — f*)^ q^] 

= VW, 


with the significance of W as defined in § 230. Hence 


VW (x — x) = 


Ep* + F q\ yup + y\iq\ Znp' + ^i 27 'i 
Fp' + Gq, ^ yi 2 p' + yz 2 q\ ^up + ^22 q\ 
0 , ^ yi , , 

0 , y2 y ^2 I 


VllP + ^12 7' . 
Vi2p' + 1/827 
Vi 
V2 


” *^iSee the znemoir by Komifierell, “ Riemann’sehe Flachen in ebenen Raum von vier Dimen- 
Bionen,” Math. Ann., vol.^Li (1905), pp. 648-596. 
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or, with the notation of § 231, 

VW{x-x)^{Ep'^-Fq’)(extp' +e„q')-{Fp' +Oq'){e^p' +e»q) 
and, similarly, 

VW{y-y) = {Ep'-^F^) (/«/+/«?') - {Fp + Oq') {fnp'+M) 
VW(i-z) = (4,y + Fq') (yup' + g„q) - (Fp' + Gq’) (gup' + g^q') 

VW(v -V) = (Ep- + Fq') (hup' + h^tq') - (Fp' + Gq') (hnp' + A,,?') 

I 

These are the coordinates of the limiting position of the point of inter- 
section of the orthogonal plane at 0 with the orthogonal plane at a consecutive 
point along a direction p\ q\ through 0. This point is the orthogonal centre 
of the surface for that direction, and its distance from 0 is the orthogonal 
radius of the surface for that direction. 

It will, however, be observed that this orthogonal radius does not (save 
exceptionally) coincide, either in magnitude or in direction, with the radius 
of circular curvature of the superficial geodesic through the direction. 

One immediate inference can be made, as regards the locus of this 
orthogonal centre for different directions through the point x, y, z, i\ of the 
surface. 

For this locus, we have the equations 

S (i2; — ic) iTi = 0, 2 (5 — x) Xi = 0, 

which represent the orthogonal plane. Also, it is convenient (for subsequent 
purposes) to modify the other two equations , in association with this pair, aqd 
on account of the relations 

^11 “ ^11 “ F — ^2^1 fl2 “ ^12 “ F — ^2 A , ^22 “ ^22 ^1 F — 3^2 A , 

they can be written 

2 (.7; — x) (fii p' + fi 2 q') = Ep -I- ^ 5 ' I 
2 (x - x) (fi2 p' + f22 q') = J^p' + Gq ' ) 

Hence 

[12 (X - X) ful - + [{2 (J - X) f „1 -F]q'^0. 

[{2 (.« - j:) fw} - y + [(2 (•« - *) -G]q' = 0; 

consequently, the coordinates of any point on the locus satisfy the equation 

12(J-®)f„l-^, |2(J-®)fi,)-/’ =0, 

(2(J-a:)fij]-/^, {2(j;-a)fM} -6 

which represents a configuration (a region) of 'the second degree. The locus 
in question is the section of this region by the foregoing orthogonal plane; it 
is therefore a curve of the second degree in that plane, that is, the locus is a 
conic. “ 

A return, later (§§ 251, 252), will be made to the consideration ot this conic. 
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Agreement of the two sets of expressions for the orthogonal centre. 

260 . It is important to verify that these expressions for the coordinates 
of the orthogonal centre are in analytical agreement with the forms in §247, 
viz. 

x — a! = lp + AA 2 , y — y = wp + 5Aj, z ^ z = np -\-CA 2 f v — v = kp + DAz. 
where A 2 <r = pr. 

In the first place, because 

%lxi = 0 , ^1x2 = 0 , 'S,Axi = 0 , XAxi = 0 , 

the earlier equations give 

% (x — x) a!x= 0, 2 — x) X 2 = 0. 

On the other hand, we have at once 

eim + yiflm + ^1 gim + ^1 = 0 , 

^2 + yzflm + ^2 gim + ^2 ^Im = 0 , 

for the combinations lm = ll, 12, 22; hence the later equations also give 
2 (5; — a;) aji = 0, ^ (a; — x) = 0. 

It therefore remains to prove that the values of p and A 2 make the 
earlier results agree with the results given by the later equations. From 
these later equations we find, by actual substitution of the values of the 
quantities e, f g, h, from § 231, 


VWtl{x- 

■x) = - {Fp'^ + Gp'q') 

1 , 

771 , 

n, 

k 



* 1 , 

yi* 

Z\ , 




X2j 


Z2 , 

V2 



fll. 

^11. 

fill 

I'll 


+ {Ep'*-Gq'*) 

1 , 

7/1 , 


k 



SOl, 

yi. 


Vi 



Xi , 

y2i 

Z2. 

V2 



fl2i 

VUi 

fl2i 

V 12 


+ iEp'^ + Fqf») 

1 , 

m , 

« , 

k 



Xl, 

yi* 

Zl. 

Vl 



Xz, 

yz’ 

Z2, 

V2 



^22; 

V22i 

f22i 

V 22 

The first' determinant 

• • t> 

on the right-haod side (§ 226 ) 



— V (A fn H- Btju + Cfii + Bvii) — Y^Axw 

= m 
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The second and the third, respectively, are equal to FH' and FQ". Thus 
VWtl - a;) - F {- n (Fp'^ + Qp'q') + Xl' (Ep'^ - Gq^) + 12* {Ep'q^ + Fq'^)] 

= F Ep' + Fq', Fp' +Gq' 
fip'+ftY* ny + n'v 
= F Ep' + Fq', Fp' +Gq^ 

- TTp^' , Wpp' 

= FPrp; 

in agreement with the result from the earlier form 

Si (x — x) = Si (ip + AA 2 ) = p. 

Proceeding similarly from the same later equations, we find 
VWlA{x-x)=^^(Fp'^ + Gpq') A, B, C, D 

yi» ^1, vi 

^2 7 ^2 , ^2, ’^2 

fill ^Ui fill Vii 

+ A, B, C, D 

^ 1 1 yi , 1 vi 

^2i 2^2 1 ^2 I ^2 

fl2i ^12 1 fl2i ^12 

^{Ep'q'^Fq'^) A, B, C, D 

a^ii yii -^1, Vi 

^2 1 y2i ^2 I ^^2 

f22i ’’7221 f22i 1^22 

Now, by §227, the first determinant on the right-hand side 
= F (if 11 + ’^fii = FSia?!! = FZf. 

The second and the third, respectively, are equal to VM and VN, Thus 
FirSil (x -x) = V{-L {Fp'^ + G/f/) + M (Ep'^ - Gq'^) + N (Ep'q' + Fq'^)] 
= V Ep' + Fq ' , Fp' + Gq 
Lp'-^Mq\ Mp' + Nq' 

= -FT, 

with the notation of § 234. This result is in accordance with the result 
from the earlier form, viz. 

S.4 (jj-x) = 1,A (Ip -I- il A) = A2 ; 
for A^o- = pT, while (§ 236) 

T*r = F, -IFpr-F. 

■ 
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The conic-locus of orthogonal centres. 

261. The coordinates of the orthogonal centre, that is, the point of 
intersection of the orthogonal plane at a point 0 of the surface, with the 
consecutive orthogonal plane at a consecutive point in a direction q\ 
through 0, have been given in two forms. In the form (g 249) 

VW (x-x) = {Ep' + Fq) (eitp' + e^q') - (Fp + Gq') (enp' + e„q'), 
with three others, where 

VW=Rp'^-\-Spq'+Tq'^ 

the expressions indicate, associated with the point 0, a locus of such points 
for values p' and q' subject to the relation 'lEp'^=l. Manifestly, they 
express the four coordinates 5; — a;, y — y, z — z, v — v, as functions of a single 
parameter : thus the locus is a curve. Again, we have noted that the two 
relations 

Sj?! (ic - a;) = 0, 23*2 {Ji — x) = 0, 

are satisfied, and these are the equations of the orthogonal plane ; hence the 
locus lies (as obviously is to be expected) in the orthogonal plane and there- 
fore, being a curve, it is a plane curve. We have seen (§ 249) that the locus 
is a conic: we shall require a more direot expression for the equation of the 
conic. 

For brevity, we write 

V = y-y, ^ = z-z, D = v^v, 

?i = - F 171 = Efi 2 - Ff{\ « Egi 2 - i^i = Ehn - Fhy^ 

fa = Ee22 — Geix r 1 172 = -^22 — ^/ii fi = Fg22 — Gg^u , V2 = Eh22 — Ghu > » 

^3 = -^^22 — Gei^ ^3 = Ff22 — G/y^ fs = Fg22 — Ggi^ 13 = ^/i22 — Gh^^ 

and then, inserting the value of VW, viz. Rp'^ ^-Sp'q' -^-Tq'^, the coordinates 

are given by 

[f] = + (-Sf - h)p'q' + (Tf - fa) 9'* = 0| 

[ 17 ] = (Rij — Tji) p'* + {Sq - 172 ) p'q' + (Tij — 77 a) g'* = 0 

[r] = (iif - ?i) p'* + (sf- f,) p'q ’ + (Tf _ f,) j'2 = 0 ■ ■ 

[i/J = (Rv — L,) p'* + (Si> — i;,) pY + (Tv — V 3 ) q'* = 0 

Now 

= E(xiei2 + yifu + ^rgu -I- ^^ 1 ^ 12 ) — F (xiSn -I- yi/u -H Zig^ + Vi/in) 

= (?; 

and similarly, 

2^2 fi = Of ' (2 = 0» 2a’2f2 = 0, ixi fa = 0, 2a:a fa = 0. 
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Hence, multiplying the equations by xi, yi, zi, Vi, and adding; and by 
yit ^ 2 i ^ 2 i a>nd adding; we have, in turn, 

that is, as before, 

= 0, 2a;af = 0. 

Again, from the, results in § 232, we have 

Sfifii = = ERf 

2^2^11 = -^Seaafii — GSeufu = E8, 

Sfafii = ^S^aafu — ^Sciafn = i^<Si — GR , 
or, if (§ 240) we write 

Vn = ET--FS-\-GR, 

the last equation is 

2f2fii = A;^-7n. 

Similarly 


Sfifii = FR 


i^iS2z = 0R-vn 


2fafi2=^^ + ^^n , 2faf22=t?^' 

2f3fl. = ^r ) Sf3t22 = ^r j 

Hence, multiplying the four equations by fn, fni «^Uj and adding; by 
fi 2 , ^ 12 , ?i 2 , t'la, Jind adding; and by fag, V 2 z» ? 22 i i^ 2 z, and adding; we obtain, 
in turn, 

R (2 f fu - E) H- S (2 f fii - E) p'q + T (2f fxi - E) q'^ - - VUq'\ 

that is, 

and, similarly, 

(2ffxa-^Tr= n/2', 

(2ffa2-G)Ti' = -ny». 

It is to be noted that these are not three independent equations; for the 
first is 

?ii [?] + ’711 [i;] + Sii [{T] + I'll [•'] = 0, 

the second is 

fw[f] + ^12 W + ?i2[?^] + *^i2[»^] = 0 ; 
and therefore, from these two, by the use of the relations (§ 214) 


i, fii> 

^11* 

fii^ 

I'll .j 

i ?ia. 

^12. 

?12. 

|| 

1 ^221 

V22t 

^22 1 

I'll 1 


we have the third equation 

f 22 [ f ] + ^22 h ] + ? 22 [ f ] + *^22 [*^1 = 0 . 

r 

This fact is in accordance with the property already indicated, that there 
remain only two equations additional to the two deductions 

2a;if = 0, . 2a:af = 0, 

already made from the equations. 
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Usually the quantity IT, an invariant of the configuration, does not vanish. 
Consequently, eliminating p* and q\ we have 

(2f fu - E) (Sf - (?) - (Sf fu - Fy. 

for W is not an evanescent quantity. This is a region of the second order : its 
section by the plane = = — a section which constitutes the 

locus — is therefore a plane curve of the second order, that is, a conic. 


To find the fate of the conic should the invariant 11 vanish, we proceed as follows. 
We have 

2 " 3 = ^ ^ (-^^22 — ^® 12 ) 


— ^22 ~ FS + (jR)— G (^^22 ■" ^®12^ ^®ll) 

^e,^{ET-FS+OR\ 
by the results in § 232 ; that is, when n vanishes, 

Th-Sh^O. 


Similarly, in the same event, 
and therefore, on this hypothesis, 


R~ S 


where fg denotes the common value of the fractions. We likewise find 

R~s y“’“’ 




Vi U2 V3 

The four equations then become 

= W"(f-fo)=0, irp-vo)-o 

that is, the coiiic-locus degenerates to a point 

? = loi l = noy i—Ca3 V = Uoi 
in the circumstance that the relation 

Vn=ET-FS+GR=0 

should hold, exceptionally. 

In the general case, that is, when 11 does not vanish so that the conic 
does not degenerate into a point, the conic thus associated with the point 0 
on the surface is styled, by Kommerell*, the characteristic of the surface at 
that point. 


The orthogonal plane has an envelope only if the invariant 11 vanishes. 

262. Before proceeding it the properties of the characteristic conic^ 
especially in' association with the lines of curvature on the surface, one 
negative 'inference may be made, 


See p. ^54 of the memoir already (p. 442, foot-note) cited. 
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Tangent planes to the surface at two consecutive points intersect (not 
solely in a point, the customary intersection of two planes, 6ut) in a line ; it 
is the line passing through their respective points of contact. The tangent 
planes drawn at all points consecutive to a point 0 (that is, in all directions 
through 0) intersect in the point common to all these lines — th,^t is, in the 
point 0\ in other words, the envelope of the tangent plane is the surface 
itself. 

But the preceding investigation shews that, in general, orthogonal planes 
at two consecutive points on the surface meet only in a point and not a line ; 
and when different points, consecutive to 0, are taken on the surface, the 
different orthogonal planes intersect the initial orthogonal plane in different 
points, these points lying on the characteristic conic. We therefore infer that, 
in general, the orthogonal plane of a surface does not possess an envelope. 

This result can also be obtained analyticall 3 \ The equations of the 
orthogonal plane are 

(■//' ““ ij] 0C\ ■ 0, ^ (il* ““ SC^ £C^ — 0, 

involving the two independent parameters p and q. If this plane had an 
envelope, the equations of the envelope would be given by combining the first 
equation with 

2 (a — a?) iCu = Sa?!* “ 1 

2 (iZ» ^12 ^ 2ir2«rj — J 

and, simultaneously, the second equation with 

2 (x — ic) a:i2 » 2a;ia;2 = 1 

2 (x — a?) ajM = 2x2® =Gj 

that IS, the equations of the envelope would be given by the five equations 

2 (x — .^) a?! = 0, 2 (x — a;) a :2 = 0, 

2 (x — a?) aril — E, 2 (x — x) — Fj 2 (x — x) x^^ = G. 

Usually these equations cannot coexist : hence, usually, the orthogonal plane 
does not possess an envelope. 

The condition, which must be satisfied in order that the five equations 
may coexist, is 



yi . 

Zx , 

Vi , 

0 

= 0 

X2 1 

y* . 

^2 > 

Vi , 

0 


^'u» 

yii. 

^11. 

^lll 

E 


a?izi 

yi2. 

^12. 

Vl2. 

F 


®22» 

yz2> 

^22 1 

^^22. 

G 



ET- 

FS + GR = 

’o. 


where R, S, T, have the former significance (§ 232). The quantity on the 
left-hand side is equal to FIT, where 11 is the invariant defined in § 240;^, a Ad. 
therefore the invariant IT must vanish if the orthogonal plane has an envelope. 
F.u. (129 



450- 


CHARACTERISTIC 


[CH. XI^ 


But, in the event of the condition 

n = o 

being satisfied, the characteristic conic degenerates to the point 

Xf^ = E, Yo^ = G, 

in the orthogonal plane ; and the envelope of the orthogonal plane then is 
the surface which is the locus of this point in the quadruple space. 

The characteristic conic : its asymptotes and principal axes. 

263. To consider the characteristic conic, it is convenient to change the 
four coordinate axes of space with the same transformations as before (§ 242), 
because the curve lies in the orthogonal plane, as does the lemniscate-locus 
of the centres of circular curvature of geodesics. 

The new coordinate axes are given by the transformations 

— 2(5; — 

l(x — x) fii = ^(x — x) (22 = yc^ . 

The ZV plane is orthogonal to the XV plane; but the axes of X andf V in 
their plane are not perpendicular, nor are the axes of Z and V in their plane, 
their respective inclinations being oi and^'cr, where 

(EG)^ cos Cl) = — (ac)^ cos 'et = — g. 

Also we have 

S (2 - a:) f x 2 = J (rJTai + B Vet) = U, 

where U is merely used for brevity. Then the equations of the conic (§ 251) 
can be taken as 

Vci- G = - -^p'» 

But 

S(U’-F) = T(Xai-E) + R(Vci-G)+ Vn; 
and therefore the equation of the conic, now lying in the plane of XV, becomes 
S* ( Ja* - E) ( Vci - 6?) = {T (JTa* -E) + R{ Fc* -G) + Fn}*. 

Let A'o, Fo, be the centre of this conic — it is a parabola only if S*^^RT, 
a condition not generally satisfied — and let 

• n 
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then we have 

^ * ^Rfij Uq — B* = ^ 0®^ — Gr = ^Tfi, 

The parametric equations* of the conic become 

(X-X^)a.i + 2R ^ — • 

l{T(X-Xo)B.i+R{Y-Y,)oi] + S^= ^ p'q' > , 

(F-F„)ci + 2rM = -^p'» ) 

while the Cartesian equation is 

- ar*(j:-Z,)»+(ao)*(flf* - 2RT)(X-X,){Y- Yo)-eR\Y- F„)»= 

(i) The asymptotes of this conic are 

- ar* {X-XoY + (ac)* (S* - 2RT) (X - Xo) ( Y- Fo) - cii* ( F- Fo)* = 0 ; 

ur, if an asymptote be 

(X-Zo)a* = Y(F-F„)ci 
the Milues of y are given by 

(yT + R)^ = yS^ 

Now for any point on the conic, we have 


(X -Xo)a .i + 2Rp ^ 1 r( X-Zo)at+i?(F-Fo)ci+gV ^ (F-F,)ct + 2g> . 

— qf'* /Sf p'q' — p'^ 

and therefore at a great distance from the centre — that is, in an asymptotic 
direction through the centre — 

(■Y-..Yo)a* _ 1 T(X - Xo) a* + .R ( F- Fb) c * ^ (F-F,)c* 

— q'^ S p'q' 

or 

7 _ 1 yT + -R _ 1 
p'q' 


These verify the relation = 7 ^*, they also give 


that is, 


Rp'^ + Sp'q' Typ'^ = - Tq'\ 


Rp^'k-Sp'q'+Tq'^ = 0. 

The left-hand side is the quantity denoted by VW ; hence the directions of 
the asymptotes of the conic are given hy the reljltion 


Tr=o. 


Ihe elimination of and Y-Y^ merely leads to the kiown relation (§§ 230, 23^ 

VW=Rp'^^Sp'q^ + Tq’K 


21?— 2 
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(ii) The angles between the asymptotes are bisected by the axes of the 
conic ] hence the directions of these axes are (§ 206) given by the equation 


2Rp'-k'Sq\ Sp' + 2Tq' 
Ep* + Fp' + Gq' 


= 0 . 


Now (§ 230)* 

2Rp'q' + Sq'*=-, Sp'^ + 2Tp'q"= - ; 

hence the foregoing equation is 

H (Ep + F^) = 0, 

or, as p is finite along the axes, this equation effectively is 

^ {(an + En") pq ' + + n'Y*)} = o, 

that is, 

Gn-2FD:-\-ED!^ = 0. 

Thus the directions of the axes of the conic are given hy the relation 

Gil-2FQ:-\-EOf' = 0. 


(iii) For brevity, we write 


= v-yo= 2 /, 

4\ = -ar*, H\ = (ac)i(iS^-RT), = 

where 


and then the equation of the conic is 

+ 2Hxy + By'^ = 1. 

(iv) The principal semi-axes, a and of the conic are given by 

J 

sill* GT 

_1 

”4 ' 

1 1 _ ^ -I- -B — 2H cos GT 

a* i9* sin* GT 


ac {S^-^RT) 


(g-b). 


The equation of the axes of th€ conic in its plane is 

.-K* {H - A cos w) + (B — il) icy — {H — B cos vr) if = 0. 

Th\3 1 parametric equation, determining the axial directions, has already 
(ii, above) been giveil. 
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The principal orthogonal centres coincide with the jyrincipal centres of circular 
. curvature of geodesics, being the feet of the normals to the conic. 

264. This conic is the locus of the orthogonal centre ; and the length of 
the line from 0 to any point on the conic is the actual orthogoiihl radius in 
the direction of the line. iWhen this radius is a maximum or a minimum, it 
cuts the conic at nght angles : that is, the line then is a normal to the conic 
draVn from 0. Now, from any point, four normals can be drawn to a conic 
(unless the conic be a parabola, when there arc only three); thus there are 
four principal orthogonal radii, given by the four normals. We proceed to 
prove that these coincide, in magnitude and in direction, with the radii of 
circular curvature of the four principal geodesics through the point. 

The direction of the tangent to a curve f{X, Y), at any point X, F, on 
the curve, is given by the equation 

%dx+^{,dr=o. 

0 A d i 

The lino, which joins this point to the origin and has 

YX-XY=0 

for its equation, is perpendicular to the tangent (and therefore is a normal to 
the curve at .V, Y) if the relation 

rfF\ YdY ^ 

1 + ^ ^ ^ Y' 1 ^ ^ 

IS satisfied, xj being the inclination of the axes This relation is 
(A" + Fcos bt) ( F+ X cos bt) = 0. 

Let the curve be the characteristic conic 


(Xa^ - E) (Yc^-G) = {U- Ff. 

For brevit}^ we write 

Xa.^-E = a:, Yci-Cr = ij, U-F = z, 

where 

t<z=Tx + Ry^VU\ 

then the equation of the conic becomes 

xy = z\ 

We have 



Iiloreover, (ac)^ cos bt = - g ; and therefore 

X+ Fcos Br = a“^|(a; + ^) — ^ (y + G)| , i -r X ces bt = c“i |(y + ^r)— 


2?— 3 
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Hence the equation connected with the feet of the four normals to the 
conic is 

B = {Sx^^Rz){c{xJ^E)-g{y+Q)]-{Sy-2Tz)[^{y + Q)~g{x + E)] = 0, 
and the feeji of the four normals are the intersections of the conics 

xy = z®, B = 0. 

256. It will now be shewn that the condition E = 0, attaching to points 
on the characteristic conic, is the equivalent of 

T = 0, 

being the equation which determines the directions of the lines of curvature 
on the surface. As usual (§ 234), 

T= V+Jlfg', Mp'-^Nq' 

Ep' + Fq ' , Fp' + Gq' 

= L (Fp'^ + Gp'q) + M (Gq'^ - Ep^) - N (Ep'q' + Fq'^). 

In establishing the comparison between the expressions 5 and T, we shall 
need the relations 

^ = ya + iJg. Sh = Th + Rt Sf=Tg + Rc, 
VU^ET-^S+GR, 

connected with the fundamental magnitudes; and we shall use the para- 
metric equations (p. 450) of the characteristic conic 

n ,2 n , , n 

^ ~ }y ^ ^ * 2 ^“ wF • 

We proceed from the expression for H. We have 

FIT {cix + EJ) — g{y (?)] = FIl (crc — gy) + (cE — gG) (Sz — Tx — Ry). 

On the right-hand' side, the coefficient of x 

= cFH - r(c^ - gG) = S{Gi - FqI 
and the coefficient of y 

^-gVIi-R{QE-gG) = S{Fg-Ei)\ 

hence 

■ FH {c {x + A’) - g (y -H G)] = S {g {Fy - Oz) + t(Gx - Ey) -i- c {Ez - Fx)\. 
Similarly, we have 

FH {a(y + G) - g (a; + E)] = S [a,{Oz — Fy) + h {Ey - Gx) -|- g {Fx - Ez)], 
Consequently, as the express! dp for E, we hnd 
FVT 

H = {Fy - Gz) {g (8x — 2Rz) -i- a {By - 2Tz)] 

-h (Ga - Ey) (f (Sx - 2Rz) + h(Sy- 2Tz)] 

-h {Ez — Fx) {c {Sx — 2Rz) + g {By — 2Tz)]. 
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g {Sx - 2Rz) + a (Sy — 2Tz) = S (ay — 2hz + gx] 

= -S^(^p'*+2hp'q'+6q'») 

sn j. 

~ Wp^’ 

by, the results on p. 372 , and, similarly, 

f {Sx - 2Rz) + h (5y - 2rz) = - ^ Jf, 


.Hence 


c {Sx - 2Rz) + g (,gy - 22!*) = - ^ i\7. 


^^3 = -^ [L{Fy-Gz) + M{Gx-Ey) + N{Ez-Fx)\ 

= {L (Fp'^ + Gp'q’) +M{Gq^ - Fp'*)-N(Ep'q'+Fq'»)} 


iind therefore 


3 = --®^ T. 


VW*p 

Now the feet of the four normals, determining the principal orthogonal 
radii, have been shewn to satisfy the equation 


that is, they arise from directions on the surface given by 

T = 0, 

which are the directions of the four principal geodesics and therefore deter- 
mine the four principal radii of circular curvature. 


For these four directions, giving four points on the characteristic conic, 
we have A 2 = 0, where (§247) A a is the distance between the orthogonal 
centre and the centre of circular curvature of the geodesic. Hence the four 
principal orthogonal radii at a point coincide in magnitude and in direction 
with the respective four radii of circular curvature of the principal geodesics ; 
and the directions on the surface determining these orthogonal radii are the 
same as those determining the geodesic radii. Further, the lemniscate -locus 
of geodesic centres and the conic-locus of ortt^tgonal centres lie in the ortho- 
gonal plane; the four radii from 0 are normals, at their othev extremities, 
both to the lemniscate and to the conic : and therefore the lemniscaie and the 
conic "touch one another at the.se four 'principal centres. Moreover, th^ fious 
centres are the intersection of the conic S = 0 and the Characteristic conic. 
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The lemniscate-locus is the pedal of the conic-locits. 


266. We have seen that (§ 242) the locus of the geodesic centres of 
circular curvature is a curve, of the lemniscate type, and that (§ 249) the 
locus of the orthogonal centres is a conic, both curves lying in the orthogonal 
plane. If, for any direction through 0, the geodesic centre is sc^, yg, Zg^Vg, 
and the orthogonal centre is xq, yo, zq, Vq, we have 


and therefore 
and, similarly, 


Xg — x=lp, XQ — x = lp + AA 2 f 

Xq Xg — A A.2 j 

yo-yg= BAi. 
zo-Zg= CAa, 

VQ — Vg = DAz. 


Also, the line with direction-cosmes A, B, G, D, lies in the orthogonal plane 
and is perpendicular to the line with direction-cosines I, m, n, k. Hence, 
if G be the geodesic centre, F the orthogonal centre, OGT is a right-angled 
triangle, with the right angle at G; the lengths of the sides OG, GT, OF, are 
respectively p, pr/cr, po. 


Now the locus of G is the lemniscaLe-uui ve, aim the locus of F is a conic 
and the angle OGT is a right angle. It is a known proposition* that the 
pedal of a conic, taken with respect to any point, is a Icmniscatc-curve ; 
hence there arises the suggestion that, in the present instance, the lemniscate- 
curve is the pedal, with respect to 0, of the characteristic conic. This sug- 
gestion is verified by proving that the tangent at F to the characteristic 
conic is a line with direction-cosines A, 5, (7, D, in space, as follows. 

i 

The variables F, are defined by the relations 


S (5; - *) 1,1 = JTai, - w) („ = Yci. 

Thus along a line parallel to the axis of F, the variable X is constant, that 
is, the axis of F is perpendicular to the line with direction-cosines pro- 
portional to fii, 7^11, fii, uiij and, similarly, the axis of X is perpendicular to 


* It is easy to verify that the polar equation of the pedal (that is, the locus of the foot of 
the perpendicular on the tangent) of a conic 

ax® + 27ixy + hy^ + 2gx + 2fy + c = 0, 

the axes being rectangular and the pedal being taken from the origin, is 


a , 

h , 

9 . 

COS0 

= 0. 

h , 


/, 

Bin 0 


9 . 

/ . 

c , 

- r 


COB 0, 

sin 0, 

-r, 

0 
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the line with direction- cosines proportional to ^22, 7722, (^22. ^22- iW-oreover, the 
angle w between the axes of A and Y is 


that IS, 


TT — cos”^ 


(ac)i 


— (ac)^ cos w = g. 


Oil tlie other hand, the lines with direction-cosines I, m, n, k, and B, D, 
are perpendicular to one another. Let the line A, B, C, IJ, make an angle 
with the axis of A*" ; then the line m, n, k, makes an angle <f> with the line 
^22* Viit ?22» *^22 1 so that 

cos<t> = ll^ = Nc-i. 

C2 


In that case, the line A, B,C, D, makes an angle -Er — with the axis of F, 
and the line 1 , w, n, k, makes an angle tt — (isr — 0 ) with the line fn, t^u, fn, un, 
so that 

— cos (cr — 0 ) = - Y = /^a"'i . 

a» 


Consequently, the angle <f) in question is determined by the equation 

cos (ta- — _ />a"i 

cos (f) 

Next, if ijr denote the angle made with the axis of by the tangent to 
a cuive / (A, F) = 0 , we have 


and therefore 


clY sill ylr 
dX sin (-ET — -v/r) ’ 

dY 


cos (w — ylr) (i 


dV , df df 

_ + cos=r (ac)i- + g3-j. 


COS yjr 


1 dY / 9 / of 

^ rfz ® a r ® ?x 


The equation of the characteristic conic is 

a'y^z\ 

in the notation of § 254 . Hence, when the curve /(A'', F) = 0 is the 
characteristic conic, Ave have 

(ac)l U + g = act (3/ - 2 1 ^) + goi (^ - 2 I ;) 

= (ay - 2h^ + ga;), 



458 


RELATIONS BETWEEN THE TWO LOCI OF CENTRES fCH. XIV 


owing to LQo relation fill = Ta + i2g. When the parametric equations of the 
conic are used in the form given in § 255, we find 

^ ® ^ + ««'*> =-Wp 

Proceeding similarly, and using the relation fiif= Tg + Ro, we find 

Hence, the angle made with the axis of X by the tangent to the characteristic 
conic is given by the equation 

cos («■ — ^) _ ic^ 
cos ylr Na} 

Thus 

cos(a’ — <^) coa(vr — ylr) 
cos (j) cos ylr ’ 

and therefore 

<#» = *+*■ 

Hence the tangent at T to the conic is the line TG ; and the lemniscate- 
curve locus of the geodesic centre is the pedal, with respect to 0, of the locus 
of the orthogonal centre 

As there are four normals (either all reil^or two of them imaginary) from 
any point to a conic, it is clear that there are four points of contact between 
the conic and this pedal lemniscate — a result already (§ 255) inferred. 

Moreover, the principal values of po are the lengths of these normals: and 
we have seen that these are the radii of curvature of the four principal 
geodesics, the equation for which has already (§ 239) been obtained. Because 

VWlopo = VW {xo -x) = {Ep' + Fq') (evip + - (Fp* + Gq) (eup* + e^q), 

with three like equations, we have 

W - {Ep^ + Fqy t {e,,p' + e,,qy 

- 2 (Ep' + Fq') {Fp + Gq') S + e^^q) {e^ip' + e^q') 

= [(Ep' + Fi^f (bp'a + 2fp'g' + cj'“) 

- 2 (Ep' + Fq') (Fp' + Gq') (hp'2 + (b + g) p'q' + fq'^} 

-f (Fp' + Gq'f (ap'a + 2hpY + 

It is unnecessary to form the eqration which determines the [maximum and 
the minimum values of po ; the equation for these principal values of Pq is the 
same as the cited equation for the principal values of p. 

1 * Th'i result is due to KomiveTell, (§ 8 of the memoir quoted on p. 442), who obtained it 
otherwise. 
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Two invariantive relations derived through the characteristic conic. 

257. Two invariantive relations, derivable through the equations of the 
characteristic conic, may be noted here. 

Denoting the inner extremity of an orthogonal radius by xg, yo, Sq, Vq, 
we have four equations of the type 

xq — x = Ip -k- A\^. 

Honce we have 

T 

2-4 (^o-a?) = Aa = -^; 

and therefore one form of the equation (T = 0) of the directions .of lines of 
principal curvature is 

2-4 {xq — ic ) =5 0 . 

This, however, is only a difference in form; substitution of the values of 
-4, 5, 0, A from § 231, and of yo-y, — Vq- y, from § 249, merely 

leads to the equation T = 0, after reductions. 

Next, multiplying the four equations in § 248 by fn, t/h, fu, i^n, we have 
Sfii (a’o — a?) = pSZfii + AaS4 fn 
= pL + Aa n, 

or, if X, F, be the point on the conic in the X Y plane, 

Sfii (iTo — x) = Xo^ = 

thus 

pL +A.n -£ = -? 9'* 

Similarly 

pM + \tQ.’-F= ^p'q', 

p*v+,v.n--o— gp-. 

Consequently 

{pL + A,n - E) {pN+ A,n" - G) - {pM + A,n' - Ff. 

Hence 

{pL - E) {pN - G) - (pM - Ff 

+ A, in {Np - G) - 20' {Mp - F) + €l-{Lp - E)] + A,» (On" - O'*) = 0. 
The first line (§ 236) is equal to 

2 ■ 

* 

/r*’ 


Also 


A, = ^, n'*-nn"=p*Tr«.fe-^, 
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and therefore the last term also is equal to 



The relation therefore becomes 

f, (NSl - 2Mn'+ in") - (6£l - 2 Fn’+ Eil") = 2 F* , 

an equation connecting the two covariants 

Nn-2M£l'+m" and OD. -2F£1’ + ED,". 

Lastly, taking the same initial equations in the form (p. 443) 

VWpolo = (Ep' + Fq) (C 12 P + ) (®iiP + I 

with three others, multiplying by fu, fu, i/n, and adding, we have, by 
the results of § 251, 

WpoSiofii = + Fi^) {Rp^-^ Sq') - {Fp' + Gq') Rq 

= ERp'^ + ESpq' + (FS - GR) q'^ 

= EVW-VUq'^ 

Now 

2 (a'o — a;) = 0, 2 (a^o — = 0, 

so that 

'SIqOCi = 0, 2Zo«2 = 0, 

results to be expected from the fact thalf the line Iq, mo, tiq, Jcq, lies in the 
orthogonal plane. Hence 

2^0 f 11 = = Lo, 

introducing a quantity Lo bearing to po the same relation as L bears to p. 
We similarly introduce quantities Mo, No’, that is, there are three quantities 
Lo, Mo, No, such that 

^loXyi = Lo, 2^0^12 = Mo, 2^0^22 ” No. 

Qur foregoing formula thus becomes 

W{poLo-E) = -nq'^- 

and we obtain, similarly, 

W{poMo-F)= ITpY, 

W{poNo-G) HY* , 

leading to the simple relations 

PoLo — N ^ po-^o — F poNo — G 

9 -P<1 P 

It follows that there are two co variants GLo— 2FMo+ ENo, LoNo — M^, such 
that 

Po (GXo - + EN^) = 2 F* - 

V _ 

p,\LoN,-Mo*)= F*-^^ 
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Consecutive orthogonal •planes cannot intersect ir^ a line. 

268 . Thus far, we have dealt with the customary circumstance that the 
two orthogonal planes, at 0 and at a consecutive point along the direction 
p\ q\ should intersect only in a point. But it is conceivable that, for a 
particular direction or for a limited number of particular directions, the two 
orthogonal planes should intersect in a straight line : the possibility must 
bo. investigated. 

We have seen (§ 249) that the four equations of these two consecutive 
orthogonal planes can be taken in the form 

S (.T — £c) a'l = 0 

a?) »z<2 9 

S (D - x) (xiip' + = Ep' + Fr/ 

X(a: — x) (xi 22 i + iC227'3 = + (^9 

if, then, the two planes can intersect in a line, and not merely in a point, the 
four equations must be equivalent to only three independent equations. Now 
(§ 247) the first two of these equations are .satisfied by 

x — x=^lA.i y — y = + jBAw, 

i - ^ = nAi + CA 2 , V — v = k'Ai + DAi, 

where Ai and A 2 are two variables, left undetermined by the first two 
equations. When these values are substituted in the other two equations, 
they give 

(Lp' + Mq') Ai + (fl/ + n'q ' ) A 2 = Ep' + Fq I 
{Mp' + Nq' ) Ai + (n'p' + n'V) A 2 = Fp' + Gq)' 

In the circumstance, postulated as a possibility, that the four initial equa- 
tions shall be equivalent to only three independent equations, those t*vo 
equations must be equivalent to only one; and therefore they cannot determine 
the two magnitudes Ai and A 2 . Consequently, we must have 

Ljy Mq\ np' H- Il'(/ , Ep' + Fq' 11 = 0. 

Mp'-^Nq, ay-hHY, Fp' + Gq'l 

tivo analytical conditions. 

One of these analytical conditions is 

Lp' +Mq\ Ep^+Fq =0, 

Mp' + Nq\ Fp-\-Gq' 

the cejuation which gives the directions of maximum or miifimum circular 
curvature of superficial geodesies In the notation of § 234, it is aepresented 
by the equation 
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The other analytical condition can be taken as 

Lp'^-Mq', %'+nV =0; 

Mp*^Nq\ ay+nv 

or, as (§ 230) 

Jfn -in' =(ab-h»)* = ii-i- 7, 
NSl' - MCI" = (be - f *)* = r -r 7, 
in"-irn =(ca-g*)*=s ^ 7, 
and, as F is finite, the condition is 

W^O. 


that is, it can be written 


Thus the possibility postulated would require that a direction or directions 
at 0 should exist so as to allow coexistent conditions 

T = 0, F=0. 

This result can also be obtained otherwise. The two equations in Ai and 
A], as in § 247, certainly determine Ai, giving 

Ai = p. 

As the two equations are hypothetically to* be equivalent to one only, they 
must leave Aa undetermined. If the equations were independent equationSj 
they would give (§ 247) 


Aa = — 




consequently, the postulated possibility can only emerge if the equations 

T = 0, F-0, 

ar^ simultaneously satisfied. 

Now the equation T = 0 is definite and uniquely significant, as regards 
the circular curvature of superficial geodesics ; it gives the directions of the 
maximum or minimum values of that curvature. 

Two alternatives occur in connection with the vanishing of the magnitude 
W, It may be the fact that W is evanescent on account of intrinsic magni- 
tudes of the surface, so that 

be - f * = 0, ca — g* = 0, ab - h® = 0. 

Then (§ 230) 

n = o n'=o, n"=0; 

ihe surface then (§ 228) lies in a Hat in the homaloidal quadruple space : that 
is, it is a surface in homaloidal triple space. We thus return to the Gauss 
tLeoi'y of surfaces in that triple space : the surface ceases to be a general 
surface in quadruple space. 
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Consequently, there remains for consideration the alternative that the 
quantity TV' is not evanescent on account of the intrjnsic magnitudes of the 
surface. The relation 

Tr=o 

is then a significant equation: we have to enquire whether can coexist 
with the equation 

T = 0. 

We proceed to modify the expression for T, viz. 

T= Lp' + Mq\ Mp-^Nq' \ 

Ep'-\-Fq, Fp'-¥Gq'\ 

= L {Fp^ + GpY) + - Ep^^) - N {Ep^q + F(i^y 

We have had relations (§ 214) 

= F (ab - h* )*. S = F (ca - g*)*, r= F (be - f* )*, 

S2’=F*(ch- fg) , -rii=F*(bg-fh), B.S=F*(af -gh) , 
ra-iSrh + iig = 0, Th -<Sb + JJf = 0, Tg *- Sf + i2o = 0. 


l^urther, 

L =(ap'* + 2hpV+S?'*)p. 
Jif=(hp'*+2bpV+f9'*)p. 
N = (g/)"* + 2fpY+ eg**) Pi 

and therefore 

TL-SM+RN = 0. 


We also have had an invariant 11, where 


Vn^ET-FS+GR. 

Accordingly, 

RTt = RL {Fp’* + Gp'q') + RM{Gq'* - Ep'^) + {11- SM) {Ep'q' + Fg'*) 

= L {RFp'* + R C?p V + TEp'q' + TFq'*) +M{RGi/*- REp’* - SEp'q' - SEq"*) 
= {Lp'q'+ M^*) n + {LF- ME) {Rp'^ + Sp'q' + Tq'^) 

= {LF - ME) VW + {Lp'q' + Mq*) FH. 

Similarly 

ST = {LG -NE)VW+{Nq'*-Lp'' )Fn, 

TT = {MG - NF) VW - {Mp'* + JV)iY)Fn. 

We cannot simultaneously have the relations 

Lp'q+Mq‘*^Q, Nq'*-Lp'*=\i. Mp'<^ + Ep'q' =fi. 

except in the case when 
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and we have seen that, for general (non-ruled) surfaces, the circular curvature 
of a geodesic does not vanish. Consequently, if the equations 

T = 0, F=0, 

can coexist, we must have the invariantive relation 

yU^ET-FS-^OR = 0. 

This relation is satisfied, as an evanescent relation, when the surface exists 
merely in a honialoidal triple space. 

If this relation is satisfied, along a particular Curve on the surface, or if 
it is satisfied for the whole range of a surface, the characteristic conic degene- 
rates into a point, for the particular curve or for the whole range of the surface. 
But the implication is that the surface is not completely general : all the 
invariants and covariants 


E. 

a, 

h, 

g, 

L 

F, 

h. 

b. 

f, 

M 

0, 

g. 

f, 

c, 

N 


then vanish. 

Hence, for a general surface, we infer that T = 0, = 0, do not coexis’ for 

possible directions through any point, and therefore that conseentive orthogonal 
planes intersect in a point only, not in a lin^ 


Summary of curvature properties of a surface. 

1459. As regards the curvature at any point 0 of a surface in free quadruple 
homaloidal space, we thus have the following inferences. 

(i) For every direction through 0, there is the centre of circular curva- 
ture of the superficial geodesic through that direction, say the 

' geodesic centre, G. 

(ii) For every direction through 0, there is the orthogonal centre F. 

(iii) The triangle OGT is right-angled at G : the line GF is parallel to 
the normal to the flat whfeh osculates the surface along the geo- 
desic: and 

0G = p. cr=^, 

(T 

where 1/p, l/a, 1/t, are the circular curvature, the torsion, and the 
tilt of the geodesic. 

(iv) The locus of the geodesic centre is a lemniscate-curve, and the locus 
of the orthogonal centre is a conic, both in the orthogonal plane 
at 0. 

The lemniscate-locus is the pedal, with respect to 0, of the cunic- 
locus; and the two loci touch in four points. 
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(v) Through 0 there are four directions, being lines of curvature, 
with various properties : among others, they provide the maximum 
and the minimum values of the radii of circular curvature of 
geodesics. 

(vi) These maximum and minimum radii of circular curvS-ture of geo- 
desics are (in magnitude and in direction) also the maximum and 
the minimum values of the orthogonal radii. 

(vii) The four directions of the lines of curvature correspond to the 
four normals drawn from 0 to the conic; and the four radii of 
curvature of the corresponding four principal geodesics are the 
lengths of these four normals. 


A surface in n-fold space has no orthogonal centre, when ?i > 4: 

. the centres of circular curvature of its geodesics. 

260. It is important to notice that a surface possesses an orthogonal 
centre only when the surface exists in a space of four dimensions, cither 
freely in homaloidal space of that range, or within the restrictive range of an 
amplitude of four dimensions in some wider homaloidal space. 

Consider, in particular, a surface in homaloidal space of n dimensions. 
In that space, .i surface (and, therefore also, a plane) is represented by n — 2 
C( I nations. In homaloidal space of four dimensions, the orthogonal centre^ for 
any direction on the surface, is the point of intersection of two planes, ortho- 
gonal to the tangent plane of the surface, drawn at consecutive points : or, 
alternatively, it is the point of intersection of two consecutive configurations 
orthogonal to the tangent plane. 

By the first of the derivations, we should have n — 2 crpiations for the 
first orthogonal plane and u — 2 further ctpiations for the second orthogonal 
plane, that is, ’2n —4 equations in all. As the space is of n dimensions, there 
are only n (piantities of the type x — x, and therefore, as 2» — 4 > ?i when n 
IS greater than 4, the eipiations possess no common solution — there is no 
orthogonal centre. 

By the second of the derivations, the complementary orthogonal con- 
figuration of a — 2 dimensions has, for its equations, 

2 (x — a;)xi = 0, 2 (x -- x) Xg = 0- 


* For surfaces m free homaloidal space of n dimensions, reference may be mAe to a mono- 
grapli by E. E. Levi, “Saggio sulla teoria £lle superheie ^due dimensioui immerih 4n tfti 
iperspazio,” A/ni. Ji. Scuola Norm. Sup., Pisa, vol. x (1906), No. 2,^. 96. 
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The consecutive orthogonal configuration, also of n — 2 dimensions, is repre- 
sented by two further equations. Consequently, the amplitude, represented 
by the intersection of the two configurations, is of (2/1 — 4) — n, that is, n — 4, 
dimensions : it is not a point when n > 4. 

On the c^her hand, whatever be the number of dimensions (not less thail 
four) of the homaluidal space in which a surface ex'sts fre3ly, there is always 
one (and there is only one) centre of circular curvature for a geodesic through 
any direction on a surface ; there always arc four lines of curvature at any 
point on the surface, with the four corresponding principal values (maximum 
or minimum values) of that circular curvature. The analysis leading to this 
result, for a homaloidal space of n dimensions, is almost identical with the 
analysis leading to the result in homaloidal quadruple space : and, in brief 
outline, is as follows. 

Let the point- variables, the coordinates of a point in the 7i-dimensional 
space, be y, z, u, w, ...\ and let 6 denote any one of these variables. 
There are magnitudes, for a surface, denoted by F, F', F", A, A', A", the 
same in form for the general space as for the quadruple space, save that the 
symmetrical summations extend over the n variables, instead of only four. 
Let I, m, 71, k, ij, ... denote direction-cosines of the radius of circular curvature 
of a geodesic through a direction p\ q' on the surface, and let p be the 
length of this radius ; then, if t be the direcfion-coaine corresponding to the 
variable 6, we find 

- — (^u — ^iF — ^2^) P * + 2 (^12 — ^iF^ — ^2^0 P' 9 .' "I" (^28 — ^iF^^ — q*^ 

= + 2 ^i 2 pV + ^229'** 

for all the n variables 0 and the n associated directions t Hence, writing 
(again as for four dimensions, but with n-tuplc summation instead of quad- 
ruple summation) 

2^11* =a, 2^18® =b, 2^22® =c, 

2^18^22 = t 2^11^22 = 61 2^11^12 = b, 

we have 

i B ap'* + 4hp'®q'' + (2g -|- 4b) p'^g'® -1- 41pY® + c?'*- 

Consequently, as before, there are four principal directions (lines of curvature), 
giving maximum or minimum values of p on the surface, the values of p' and 
q' being connected by a relation 

Ep*^ -u 2i^Y + Gq'^ = !■ 

Hence, for the consideration of the geometry of a surface in free homa- 
loidal space of n dimensions (rz > 4), the pivot of investigation is the centre 
cf circular curvature of a geodesic. The orthogonal centre of a surface has 
significance only in quadruple space. 
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Orthogonal centre for m-fold amplitudes in homaloidal \m-fold spaoe. 

261. An orthogonal centre can arise for amplitudes of other dimensions 
in homaloidal spaces also of other dimensions. The centre of a plane curve 
1 its orthogonal centre, in this use of the term; it is a unique point. We 
have seen that a surface, in free quadruple homaloidal space, Ifas an ortho- 
gonal centre for any direction on the surface ; its locus for different directions 
is a conic, in a plane orthogonal to the tangent plane. It is easy to see, as 
follows, that a (triple) region, in free sextuple homaloidal space, has an 
orthogonal centre for any direction in the region, and that its locus for 
different directions is a cubic surface, in a flat orthogonal to the flat which is 
tangential to the region. 

We denote any point in the sextuple space by coordinates J, y, z, u, u, w\ 
the parameters for the region by p^ q, r, and use the customary derivation 
for derivatives with respect to the parameters. The eepations of a tangential 
flat are 


X — 

y-u^ - 

, IV — w 

^1 , 

yi , . 

Wx 

Xz , 

Ui , ■ 

Wz 

, 

ya . ■ 

IVz 


and therefore the ecpiations of the orthogonal flat are 

2 (r — a?) iCi = 0, 2 (3? — x) = 0, 2 (X — x) = 0. 

For the point-intersection of this flat by a consecutive orthogonal flat m a 
direction p\ q\ r\ we associate, with these three equations, the three further 
e(|uations 

2 (X - x) {xxip + x-^^f -I- Xx^r) = Ap' + Hq + G/, 

2 (X — x) (xizp' -h Xz 2 q + -1:23 0 = Hp -H Bf -h Fr\ 

2 (.7 - x) (^lap' + .^23^/' + ‘I’aa = Gp + Fq -I- Gr\ 

where A, B, (7, F, G, H, are fundamental primary magnitudes for the region, 
as in § 262. Thus there are six equations, to determine the six coordinates of 
the point of intersection, associated with a direction p\ q\ r\ in the region. 

The locus of this point of intersection, for different directions p\ q\ r', lidfe 
in the flat 


2 (7 — ar) iCi = 0, 2 (x — x) Xz^O, 2 (7 — x) x^ = 0. 
Further, it satisfies the equation 


{l{x~x)xn] - A, 
{2 (7 - x) X 12 ] - H, 

[2 {x — ic) ajis] “■ Gj 


{2 (.X - x) X 12 !] - H, {2 (7 - x) x^z] G 
(2 (7 - a;) ^ 22 ) - -B, {2 (7 - x) x^^] - 
(2 (7 - x) X 22 ] - F, (2 (x -/c) X 22 } - c 


= 0 , 
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Bt configuration of the third degree. The locus in question is therefore the 
intersection of this configuration by a flat: that is, the locus is a cubic 
surface in homaloidal triple space. 

Manifestly, there is an orthogonal centre for each direction in an amplitude 
of m dimensions existing freely in a homaloidal space of 2m dimensions ; an' 
its locus is an amplitude, of order m and of m - 1 dimensions, existing in 
a homaloidal amplitude of m dimensions. 

The same result holds for an amplitude of m dimensions existing lu a 
curbed amplitude of 2m dimensions, when the latter is primary (§ 422) to 
a homaloidal apace of 2m + 1 dimensions. 


END OF VOLUME 1 












